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A simple end field calculation is described, which utilizes 
a reciprocal theorem of mutual inductance between actual windings 
and a virtual coil. The calculation method is applied to a 
Fermilab-style magnet, and the computation results are compared 
with those obtained by GFUN. 

INTRODUCTION 
Quench of superconducting magnets usually takes place at the 

high field position in the magnet ends after training has ended. 
The magnet end windings are therefore located out of the iron yoke 
to remove the field enhancement of the iron. It is necessary in 
magnet design, therefore, to calculate the magnetic field in the 
end winding. The computer code GFUN developed by the Rutherford 
Laboratory Group, headed by W.Trowbridge, has the capability of 
three dimensional (3D) field calcultion. The code is a convenient 
program for general magnet design, and particularly 3D computation. 
unfortunately, however, GFUN was not made to be completely applica- 
ble to Fermilab-style keystone conductor wound around circular ap- 
ertures and the resulting end winding configurations, and conse- 
quently requires an approximation of winding configuration to com- 
pute it. This approximation may introduce some error in field com- 
puted. 

There is another approach for the center axis field calculation 
which is a flux theorem1 for calculation of magnet ends. The theorem 

is based on mutual inductance between actual coils and infinitely 

long virtual cos 8 winding, and converts 3D field information into 

two dimensional (2D) field integral along the magnet axis, Unlike 



computation based on Biot-Savart's law,2 this way does not need 

any tedious consideration of relative orientation of current. vector 

to a location concerned. In the present report, this mutual induct- 

ance method was attempted to extend to calculation of the 3D field 

for the purpose of easily taking into account the exact configuration 

of the magnet ends, and the results computed were compared with those 

from the above geometry configuration by GFUN. 

RECIPROCAL THEOREM 

A simple .example is derived to explain the principle of field 

calculation based on mutual inductance. Suppose that there is a 

coil c1 on X-Y plane in Figure l(a), and a field BZ parallel to z 

direction at location (X,, Y,, ZO) is calculated. If a virtual 

coil 6 with area a and current I, is assumed to be present, as 

shown in Figure l(b), it would induce a flux a0 which penetrates 

the coil a. Then, the mutual inductance M between coils a and .f3 

can be written as M = @ ,,/I,. 

On the other hand, the current I on the coil will induce a flux 

Q1 on the coil @ . Because of a reciprocal theorem, the flux Q1 

should be given as Q1 = MI by means of the above mutual inductance 

M. Therefore, the average field BZ on the coil (3 is written as 

BZ 
= @ ,/a 

= I*@O/I,a (1) 

When the area "a" of the coil "8" becomes infinitesimal, the coil 
1) 6 II is considered to give the same field on the coil 01 as that of 

a magnetic dipole moment pOaIO, and the flux 0,, in the coil "a" may 
be expressed as 0, = p,aI,aQZ,where Qz stands for a flux which is 

induced by unit dipole moment and generated in the coil "~1". Eq.(l) 

is therefore given as 
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The unit magnetic dipole moment at the location (X,, Y,, Za) 

gives the following scaler potential, $z and then field BZo perpen- 

dicular to the X-Y plane: 

B aq~ 1 a a 1 

20 =-3J=zyTg a,r ( 1 

(3) 

(4) 

where !2 = ((x-xo)2 + (Y-Yo)2 + (z-zo)+ 

Since Qz is given by integration of Eq,(4) over the area A of the 

coil- aI the Eq.(2) is expressed as 

The fields Bx,and By are obtained similarly as follows: 

N?PIiICAT~ON 'TO' MAGNET END 

A conf&gurati,on af Fermilab-style magnet end is shown in 

F$:gure 2Ca). The conductors are wound edgewise on to a mandrel. 

The field generated from the virtual coil penetrates the magnet 

winding. The radial field on a cylinder is taken through the 

winding and is integrated over the winding surface, as shown in 

Figure '2(b). The end winding geometry is taken into account for 

this integration. 

(5) 

(6) 

(7) 
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The field Bx at (X0, Y,, 8,) is therefore written as 

Bx = gjj$)jp& (A +) rdedz*Nrd$dr 

= z-jlJJr2 &(& i)dzdrdQd$ (8) 

where N stands for winding density. The fields B and B 
Y Z 

are given 

similarly as 

By = TJlJJr' & (&.$)dzdrded$ (9) 

Bz = zJJJJr2 &(& $) dzdrded$ (10) 

The integration in Eq.(8), (9) and (10) should be done over all 

coils. in the magnet. 

CALCULATION EXAMPLE 

The field on the Y-Z plane of the end winding is usually of our 

concern in Figure 2(a), and it is calculated in this example. One 

can see B = 0 on the Y-Z plane for the symmetric reason. The field 
X 

By on the Y-Z plane is written as 

[FylrrzdfW (11) 

where +' = @ 
sym + (@sym-4) and +sym 

is an angle of symmetry plane of 

the coil concerned. The function [F 1 y rd is given as 

[Fylr z = I 
S 

r2a 
ar 

z= -s 

(12) 

where s = % e + fi R (sin0 - sin+) . Fy can be expressed as follows: 
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Fy =I1 r2 $-(& $)dzdr 

=Jr2 &(J$&z)dr 

r2 2 S-S 
R $ dr 

2 = (2 - 2,) I + 5 (rosin0 - r,) 
r 

- 2*sinO~RogIR+r-ro~sinf31 

lz-zol r-roesine 
(13 

where R = (r2 r -2rr 0 *sin0 + r .2)' 
0 l 

The BZ is written as follows: 

[Fz 1 r ZdW 
’ 

FZ 
rz =-a + 2R + 2r,sinB*RogIR+r-rosin81 

(14) 

(15) 

A computational study was made on a three-shell quadrupole 

magnet3 design with an operational field gradient 0f 5O K/in,. 

Eq.(ll) and (14) were applied to different types of the magnet ends, 

and the fi.eld on Y-Z planes was computed. Figure 3 shows the con- 

figuration of the magnet end on the Y-Z plane. The field on the 

innermost layer on each shell was calculated, and the locations are 

indicated by dots. The results obtained are shown in Figure 4. The 

peak field in each configuration is around 70 kG. 

The configuration "a2" in Figure 3 was approximated by helix and 

arc lines for input4 for GFUN. The field computed was found to be 

one percent lower than results given above. 
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Takiag into consideration the configur+ti.on for GFUN,i,nput is 

slightly diffegent from the original one; the disagreement is mini- 

mal. Since our purpose 'i.s to check the gross field features of the 

magnet ends, GFUN seems to be adequate. 

CONCLUSION 

1. Magnetic field calculation based on mutual inductance between 

magnet windings and virtual coil was presented, and it was 

shown how it is applied to a Fermilab-style magnet. 

2. Although configuration of Fermilab-style magnet winding was 

approximated for GFUN input, GFUN gave a good agreement with 

the results obtained by the mutual inductance method. 
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