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AbstrzcL 

The dependence of be.35 blow-up XI ?p colliding beams uith tune 

modulation ~lpon -he modulation frequency Xas been explored jrith a computer 

simulation. It is deternined that 3. threshold frequency vTH exists; 

nodulations ai 'requenciss geater than 'jTx do not lead to beam 'blow-up. 

The relationshi; 'between this threshold and colliding beams parameters is 

discussed. 



Zntroducslxl 

In a previous ;3?2?: :.e IT 3.3 r3tec :-.a-, ,'wI;'LL3? :im;ations :f 

~vxak-strong 3 --:lizisns : now the possibili'? nf >eaz 5low-up at large 

mdu;aticn amplitudes. Tn this saper xe reporT :>esulrs 3: z'_n investigation 

,>I- ihe ,?ependence 3: this Slow-ilp upon the nodula,:i:n f?eouency, with the 

~lodulstion ampiitcie ?::~a. 

The basic features 31 3ur simulations of ihe Learn-beam interaction 

have been described previously,' 2nd iie will oniy s,romarize these briefly 

in the present paper. -article t.?ansport around ,~n *zcelerator dng 5.3 

:;imuisted as the ,~rm"c; sr‘ txo 'ransfornations: Linear :xnsport around 

the rings represented by a vqCourant-Synder112 (C-S) matrix with the C-S 

parameters 8,, 5 
Y 

and tunes wx,v 
Y; and a nonlinear beam-beam kick 

determined by assuming a "zero-length" - "weak-strong" interaction uith a 

round gaussian "strong" beara, with the strength ,of the interaction 

determined by the "beam-beam xune shift" Au. Aw = .31 is used in this 

pper, a large but possi.51~ value for Ep collisions. 

Tune godulati=n 5; si.?lu:a?ed by changing the z.2ces ‘J :: ind 'Jo_ from turn 

:o turn following 

v x = Vxo + ilx sin w,t 

vy = VT JO i a;, sin 'w.,t i 

iiith 'w x = uy = 2n/!h, vhere ?Jm is the modulation period in number of turns, 

and xhere t = N-l, :J = turn n,;nber N = i,2,3... Tn ‘.?le .zrevious ?aPer, 1 

" x0 = .3439, 'Jyo = . 1772 was chosen, a "resonance-free" xse with long-time 

itability.3 The parameters a I~ ad ay xere varied and ::z xs set at 1000, a 



Y.saul~~l~n ;eriod I.upecLsl :: 53 xlliders. 1 lzr~e xdulzsi~3-ai biow-up 

'xi54 r3te.1 :‘3r the ssec z _ -2 :< ", ' .: .' .C04, :i:here zbe -.xmlc:icc xrries 

ttie 'bean s.cross l,~w-order ess:ances (3rd an;l SCh crder). 

In cj.2 present y3per :G* I‘ls v :(3 2nd Vyo ?.t :he :smn F=zlues :. 4 , 

-1772: znd fix a = -3. x 2, : .:35, 3 case known is iave .rA~lati3nai blow-up 

St Ym = :300, znd vary !!a "rca ::a = 3 “3 :im = :OO,OOO. 'LgJre : shows the 

time 3pace swept 5Y the zsduiation in this case, showing the low order 

resonances which are crosser,. 

Siznuiation ?rocedure 

In our analysis of stability of particle motion two types of 

simulations have been used: "long-time" simulations and "reversibility 

tests". These have previously been described in some detail'r'p" and are 

briefly described below. 

In a "long-time" simulation 100 initial particle positions 3ire chosen 

randonly ;iithin s. 4-3 phase space :aussis.n distribution, ind trajectories 

<enera:ea from these InL tlsi 22ndition.3 v'o l;racked for zlilions :f CUITS 

TJf :?.e Storage .-ing. 13 she ,>resent ,22pfSr 3 niLlot :.2rn Ijng-time 

simulations were generated in each case, corresponding to 1 minute of beam 

storage In the Tevatron I. RMS x,y,. and r emittances CE x, Ey and 

E, = Erc2 A E y'; for the 100 particie ensemble were calcuiated .zvery 2000 

turns ifter Che first khousand iums and changes in these values were 

monitored. "Doubling tLzes" ire calculated from these zmittance values 

from i lsast squares fit, -which obtains 3 slope or rate of increase 

(decrease) of these values. 3e "-?oubiing ',iae" is the 37er2;e emittance 

diyi<yd 'Ly this slope, so a short 2oubliEg time indicates Seam blow-uo. 



:r.;i:.,+iuai ;xticle :rajec'ori2s ;.-2 es0 ;,onitored :'sr Jigficant 

Inpll:~lde '2.zx3E. 

In previ;us sinulations 32 noa-lztionai keam biow-up, ihe blow-:~p iia s 

~ssxl3ted :ii;l2 be 3?p*arance cc "??..aotic" 5rajectories, ;ihere a "2haotic" 

tr2,jectsry 13 a partizls trajectory .;hich cil-rerges ?xponenti;ll>~ In iime 

frolc nearby ;rajectcries In phase space. "Reversibility" :es:s 3112 

gerf oraed t3 detect these trajectorlss. In these Lests trajectories are 

tracked forward '00,000 turns and returned by ?eversir.,- the 

transformations, and fsrward and rerlurn positlsns are compared. "Thaotic" 

zrajectories ?evelop deviations exponentially and, in these cases, can 

accumulate errors of order unity in 100,000 turns. “Non-chaotic” cases 

develop errors linearly, and, in our double precision teats, develop emors 

of order 10SzO. A clear empirical separation between these two types is 

obtained. 

3eversi2llity Test 

Seversi'zility ';est3 T-r ;i set -> __ 100 p?rt:^leS :Iere Z-~Jrl I‘3r ::m = 2, 

16, :2, 54, '30, LOO, 430, ,300, :ooo, ;?OOO, -000, 10,000 and :oo,Goo. For 

ND : 10,000~ ihe tests included 100,000 I'orward and return t:wx. For 

Nm : i30,OOO ten periods were tracked ~:!,ooo,ooo turns). In each test 

trajectories xere classified as chaotic when the error over ihe :.Ll test 

lengt," _ su,,ri,~c~~~~b,~~8. The results of ihese ?epeatability tests are 

A gradcal increase in the number of chaotic trajectories f.-on zz?o for 

Nm r :5 can 38 seen ;;ith a saximun of s 50 (Qut. of 1c)O) for !Jn > 330. the 

number appears to remain constant.-r 3ecrease very 3lowly Y-or laqer !Jm 



Clew modulation fr~c.uency). 7Qij 1; y~:Jst~a;pj :raphizaliy In Fizure 2. 

A con~lenen:t~~,~ 2ehavinr 32.n be 3en '- ::;e ksnavi3r 0;‘ __A the 23pXlOV 

xponents of the ?sject.xizs. T'ne Liapunov ?.xponent is the factor ?. which 

appears in the error growth quation 

where A 's an initial error 2nd A is 0 - the expcnentially enhanced error at 

turn N. 'or Nm 2300, i does not show any s;gnificant dependence on ?Im for 

those trajectories that x-e ,c%otic with A 2 '.O x :Od3 on sverage. HO? 

Xm > 2000 a noticeable decrease in A occurs, with A = IO-* for Mm = 10,000 

and A = lo-* for Nm E 100,000, apparently approaching a S l/Nm dependence. 

This behavior is displayed graphically in Figure 3. 

"Long-Time" Simulation Results 

We have completed "long-time" simulations for values of Nm = 8 to 

Nm = 1oo,coo. These simulations Incl,xded > 3 nillion t~J!-rl.? :l minute 

Tevatron tinej. The results x-2 summarizei in Table TI, where scan 

aittanc= xiues ad "<oubling :iaes" are tabulated. 

The mean emittance .Ial,ues Zx, Z are averaged over the 
Y 

300,000 turns 

p-evious io the Lndicated ix-n numbers :Y = 0.2, i., 3. nillionj where 

measurements of r for the :OO-particle ensemble we taken every 2300 turns. 

The "doubling iimes” T are fmnd from the inverse 3f the slope of a least 

squares fit to C - C Xf :y' JE 2 + E 2 r = x Y 3s a function of tLme; that is 

AN 2 
E = zx + x ~ 2nd : - - x x- minutes 

0 0 
A 



:i:here :: 3 : 3 milllrr :ITLS = I 3inuLe .-eai ;ix. 

:.Ll emittigce ~;:L;es ,;eas-;re< ;efcre :>e _::d132:23 :.;rn ;umber are 

LXl~~~.-i I.1 *w:k,e ._..- -I" ._u ___.. 3 rime estimates. ::Ote L%t 3 negative doubling 

time Ildicates ? jezreariz;; emittance. 

These ioubli2,- z:;es can be ,:ompared :3 "statistically sig"fi2ant" 

soubiing t;mes T s 
53 f--ad :‘rgm Lhle statijt;.zai s?'ror J in the siope A: 

In the tables. - I :, I :ne xti3 cetween -he 3tatisticaliy 3ignif;ca"t 

doubling time and the radial double time is dispiayed: 

T 
SR = .2&y z !!I 

TR % 

When S3 is suffCci3tl;. lamer than 1, a statistically significant change 

:-I -. 3eam ,zmittances 15 indi:ated. Similar 2omparlso"s :^3r :< and 7 

i.mistznces i:ave :een xde :'~t S.ZY 2st ?xplicity included Ln Table 2. A 

reasonable estima-,e 'XC se obtaked from symmetr;- zy noting 

? 
0 

-T “T 
0 

x % 

from kich S j( and Sy 33" be deducea. 

Table 11 shows ??.at ior ?!m 5 ;OO, no signifi-ant i?creas~s < n total 

'beam imittances 2.~2 ,ct;served; oxwapoiated doubling tiaes are zany :~ours. 

For Km z 200 signfizan: increases appear and for 'Im & 200 fast Seam blow-up 

occurs ,;ith doub1ir.g 55~s of several, seconds. 



For ::m > 10,300 a mti223112 1z2rease 12 t'le ,231c"lated -)C,:30 rut-* 

?Xolir.s ;imes 2-n 'ES ;cse~l,-~J:q r‘:llcwi*3 ::3e :!Nm seoendence .:z:s? in the 

Jbeservatisns of Llspuno:~ euoorent. described zbove. 

T$.is behavior is dissla:;e,z s-asn~caily i.: ?igure 2 :$nere : 22 ilOp 

~ar2le~er .: 3s i f,l"c-<2" :f ::n is piotted. They show i "threshold" 

,lepedence -with incressis; 2~. :t ::a : 270 , 3 ,_- .=/_ " "~i~e"o"""' ;rajectories 

appear. The number increases :;ith ::m to an approximately constant value of 

30 for :!m _ 1000 and decreases s&n for :!m > 1000. 

3iscuss:sn a?' Xodulational 3eam 3?ow-Jp 

This study of the frequency dependence of modulational blow-up 

provides information which can be used in constructing a theoretical model 

to describe that blow-up. Cram this paper and reference 1, <we note that 

beam blow-up can occur .when a Low order resonance is swept across the beam, 

provided the "speed of sweeping" (modulation frequency) is not "COO fast" 

3"d 13t "too slow". The ~eso"a?.ce is mostly seen ken ile modulation 

:reocency 15 comparasl5 :.;lih :3e precession frequency 2f tne rrsjectory in 

:he resonance island region. 

In our case, as we can see by lnapecting Figure i, 5bere are tW0 

resonances which are actually Lnvolved in the sweeping, 

Investigation of individual oarticle trajectories show that -hey can 

be clsssifled into three groups: 

1. !sIon-chaotic trajectories; these do not change amplitude significantly. 



2. “L!3r.-,~i-,.sr:eni” “-hao:<-” :zjoctsr:es ;clicn .-main 3oniinP to 

3plit-ties T.B~ L'heir 2ri;ir.al :.siues. 

"DiverSenL" 3. chaotic '?ijectc?ies, those which change mpiitudes 

geatly In fhe j nillion :.X-n simuiations. These '?aJectories 

participate in the 'beam 31,z.w~~. for Nm > 200. 

Zn Figure 2 and Table I ie in:Lzate the z,umber sf ihese livergent 

2:1aotic trajectx-ies. 3s can clearly note a strong correlation between the 

appearance of this last kind of particles and beam growth. 

In Figure 5 we xnclw ihe lzcasion ,>f ihe particles In I;he tune 

:iag7ams. It corresponds tz the zase :Jm = 300. The betatron tune values 

are those obtained by averaging over the first 800 turns of the simulation. 

We also show in the same figure the location of the two major resonance 

xhen they are the most inside into the beam. Reversibility test and 

emittance growth measurements were done after 6 million turns. The 

,X-tiCleS, !A) that ape not swept 2:; the two resonances are stable and meet 

5he xversi>ility test ;ositlvely. The non-reversible particles that also 

2?3'<, :,3 l3r3e ?tittznc~ ~:.alies (7‘ irP sxept by ":he f~X0 Z-:SOIlaIlZF? lines. 

,klC~iLC ,zarticies 1:) which 30 ?ot grow in amplitude are confined in a 

region between the (A) and CF'? particles. 

In Figure 6 we show the same distribution 6 million turns later. The 

!') particles have been pushed 5s larger amplitude. These particles are 

those initially at large amplitude 2nd are those that are chaotic and grow. 

This is in agreement. with some observations of the beam-beam effect in the 

jps 1.. _.. CZXN xith proton and i?.ti?ro:sn beams colliding.' 
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Sm 

s 0' 

16 0 

32 10 

64 7 

100 5 

200 13 

400 28 

600 29 

800 40 

1000 41 

2000 50 

4000 46 

10,000 42 

ioo,ooo 39 

Tab;? L Results <,f Repeatabili:y Tsars 

Sumber 3f Chaotic Xumber of 
Trajectories Trajectories which 
iout ,2f 100 totai) diverge to large amplitude 

0 

0 

0 

0 

0 

3 

18 

27 

24 

22 

18 

7 
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Table II I~ne Zime SinuiaLion Resuit; 

3 

@I) 

0.2 
1.0 
3.0 

Case i: ::a = 3 

Turn !:umber 
(millions i :s 

(mm-mr) 

? r 

DEmllle Tune: .., 
L_ 

T 
R 

days) 

0.2 .01755 .01878 -.005 .005 .04 
1.0 .01752 .01883 0.071 .085 -4.63 
3.0 .01752 .01882 2.55 1.06 I.49 

Case Ii: >!m = ?2 

I 

G, 
x 

(mm-m j im-mr j 

.01894 

.01882 

.01876 

.01888 

Tx T 
Y 

(hours) 
3 

0.2 .01762 
1.0 .01777 
3.0 .01791 
5.0 .01779 

.083 .27a .133 2.94 

.688 -.928 9.30 0.42 
1.06 -.928 10.1 2.19 
7.4 -17.5 30.0 1.45 

Case III: Nm = 64 

3 z 
5x 

(X) (mm-mr) 

'3 . 2 .01740 
:.o .01745 
3.0 .01748 

=y 
(nm-mr j 

.'11906 

.3:a91 

.31X89 

Tx T 
Y 

(hours) 
TR 

-.59 .36 1.35 
35.6 -.78 I.-a 
-8.1 22.4 -3i.0 

Case IV: Ym = !OO 

z 
cx 

(mm-mr) 
:y 

cm-mr) 
Tx- T 

Y 
(hours) 

rR 

.01731 

.01734 

.01743 

.01914 -0.48 0.10 

.01904 1.32 -0.77 

.01906 4.30 -4.39 

0.19 1.85 
2.74 1.35 

51.6 0.37 

3 

0.38 
0.036 
0.565 

sR 

sR 

0.26 
2.56 
0.63 

sR 



Case :_-: sm = 200 

?; T i 
y 

(?I) (mm-m j 

0.: .01779 
i.3 .01889 
3.0 .02011 

Case ::I: Xm = 400 

s T 6 x 
(?i) (mm-mr) 

0.2 .02347 
1.0 .05540 
3.0 .07003 

Case VII: Nm = 800 

NT s x 
@f) (m-mr) 

EY 
(nun-mr) 

T T x Y 
(seconds) 

._. ;..w*,:, .:<; 

TR s-- R 

0.2 .02739 .02535 4.8 10.6 6.4 46. 
1.0 .05137 .07967 32.3 15.7 19.5 70. 
3.0 .08193 .I0930 80. 59. 64. 96. 

Case ['III: ?;m = 2000 

3 x 
(>!) (mm-mr ) 

0.2 .02594 
1.0 .07269 
3.0 .1184 

Case Ix: Sm = 4000 

XT E x 
(?!) (mm-mr) 
0.2 .02838 
1.0 .08313 
3.0 .1445 

;I 
Y 

(mm-mr) 

.01880 

.01934 

.02091 

E 
1’ 

(mm-m) 

T T x Y 
(seconds) 

TR sR 

.02333 7.8 10.4 8.8 46. 

.03664 20.2 35.9 24.2 108. 

.06560 77.6 59.7 69.6 127. 

%y 
(mm-ml-) 

r T ?( Y 
(seconds) 

T x sR 

.03051 5.7 4.4 4.8 38. 

.06938 13.4 14.0 13.7 194. 

.1553 48.6. 40.1 43.3 187. 

i 
Y 

(mm-mr) 
.a2942 
1143 

:2285 

T T x Y 
(minutes) 

13.2 -1.42 -2.97 6.9 
6.6 6.4 5.36 19.4 
6.8 9.0 7.71 84.0 

TX T 
Y 

(seconds) 
4.6 4.8 4.7 45. 

15.4 10.3 11.7 136. 
48.2 43.0 44.7 121. 

T 
R sR 

T R S R 



13 

Case x: :!m = 10,000 

XT =x 
04) (mm-mr ) 

0.2 0.02762 
L.0 0.08577 
3.0 0.21976 

Case XI: Urn = 100,000 

NT E x 
00 (m-mr ) 

0.2 0.01875 0.01876 20.8 68.8 30.4 16. 
1.0 0.02961 0.02622 17.9 27.4 20.9 70. 
3.0 0.06862 0.05353 37.8 43.0 39.8 108. 

T 
;y 

(IIUU-mr) 

T T x Y 
(seconds) 

T R S R 

0.03243 5.7 3.7 4.3 5.1 
0.08065 11.1 13.9 12.3 163. 
0.25361 38.4 32.7 35.1 361. 

; 
Y T T 

(mm-m) X(seconds) ' TR % 
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r'igure '1 Are?. of tune space swept out by _ 
Case C-.005: Vx = 0.337 + 0.005 si?!j a = 2rr(n-1)/1030 

vy = 0.1772 - 0.005 sing n = turn number 
A3= 0.01 

0.1322 -8 68 
/I\\ \ / I \ I / 

6 

0.1722 
0.3389 0.989 



15 Figure 2 

Reversibility test results; 100,000 turns fozmrd, iCO,OOO turns reverse : 
(except lo6 forwad and lo6 back for NCYCLE = 100,000). 

px/2rr= 0.3539 + 0.005 sin(Zr;N/iiCYCLS) 
)ly/21r = 0.1872 - 0.005 sin(2rrN/NCYCLE) 

N = Tu2.71 number 
= cl,//?, _... 

GX = GY = ~TTAU, Ay = 0.01 

Number 
of 

failed 
particles 

50 

.- 40 . . 

30 

2.3 

10 

0 

9 

4 

++ 

-++ 

I 

* I 
+ -zi$, ,,: :;,<;: ,?,!., 

+ 

4 

+ 
4 

100 1000 10,000 100,000 
NCYCLE 
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Slops u-tar ztiu.uuu turns. 

* 0.005 sinj27:fj~cycL~~ h = 'Turn number 

- 0.005 sin(273jNClcCL.tj = 0. I, 2, . . . 

Lx = G;'I = Zrri;Y, 19 = "-0: 

35 { 

, 

+ 

+ 

+ 

; q$gp;: ..;L:k ’ >;:I*- : 

0 * iA 
1 10 100 of 1000 10,000 100,000 

NCXClA 



Figure 3- 

mnec ;ver~zged~ C'YFT -,ar?~s c to dCG. :;Cycr~,: = $0. 

,qzrr = c.353y t 0.005 sinp 8= 2rr;c/2Go, :I = Turn nuber. 
/pz 5 :'z . 1 . ...2 - C.ZOj Sic,, G CJ~ : c;;y = irA)J, L33=0,0/ 

;i;e lwder-laft corner ccrz esponds with px/2T - AV , ,G/~T - A Q . 

3.e upper-right comer correspocds with )1~/2i~, ~42~ . 
iZ.bels: S, ,"levers;ble 3.r.d 5x311 einittance sfter 3 aillion turcs. 

C Chaotic and small enittance after 3 million turns. 

F Chaotic: and large e!nitt?nce after 3 znilliOn tzms. 
N Heversile and 13.rge enittmce after 3 million turns. 
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Figure 6 

Tunes iveraged over turns 3,CCO,clOO ,o j,GIO,&O. :;CYCL = e-,5. 

,u,/2rr = 0.3539 + O.COj sin9 6 = 2irN/eOO, li = Turn nmber. 
p/Zrr = 0.1372 - G.CO_; sins GX :: i;y = irrAV, Ai = 0.31 

The lower-left corr.er co--resDor.ds with u /2rr - .Aio,p 2rr-n9. 
The u?per-right corner cszresponds vith',ix/2rr, p 

Yf 
J 

2,~. 
izbels: 4 Reversible ax?. mail emittance after 3 miilicn turns. 

C Chaotic zznd smll enittance after 3 millior! tmcs. 
F Chaotic md l=zrge emittmce after 3 million turns. 
N Heversible and loge emittsnce after 3 million t.u=ns. 
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