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Introduction 

The bi-dimensional effect of a nonlinear kick supplied by 

one beam to the other in a storage and colliding device had 

already been investigated by E. Keill and J. LeDuff2 in the 

strong beam-weak beam approximation. The strong beam had 

elliptical cross-section and bi-gaussian distribution of the 

charge. The nonlinear kick was multiple analyzed and a single 

resonance was considered, but only the average term and the 

lowest Fourier mode driving the resonance were taken into 

account. More recently, A.G. Ruggiero and L. Smith3 approached 

the problem again, but with a different technique. They found 

it possible to describe a single resonance for the case of a 

round beam taking the exact analytical expression of the nonlinear 

kick, which means considering the contribution of all multiples 

of any order. Also it has been possible to take into accoUnt 

the contribution of all the higher Fourier modes driving the 

same resonance. Nevertheless, their calculation was limited to 

the one-dimensional case. 

The purpose of this paper is to extend this kind of calcula- 

tion to the bi-dimensional case. We shall still assume a round 

beam with bi-gaussian distribution. The nonlinear kick is taken 

to occur over a zero length interval, namely it is represented 

by a delta-function. The kick is centered to the equilibrium 

orbit, x = o and y = o. 

The main application is the calculation of the motion in 

proximity of a single, isolated and weak resonance; the 
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calculation of the resonances width; and of the stochasticity 

limit. 

Our result for the stochastic limit is higher than the 

one obtained by Keil. 
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Equations of Motion 

We assume that the strong beam is round, has zero length 

and that the equilibrium orbit of the test particle is centered 

on the strong beam. 

We shall consider both degrees of freedom. The equations 

of motion are, then, 

5 
2 

x 1 - esu x" + kx(s) x = -4n 7 
6, u2 

x Gint(s) 

Y" + ky(s) y = -4rr % l -u;-u2 Y Gint(S) 

BY 

(1) 

(2) 

where ' I d/ds, and 

u2 = x2 + Y2 . 

202 
(3) 

The r.h. side of the above equations has been calculated 

by taking a gaussian of standard deviation o for the particle 

distribution. Both beams are considered ultrarelativistic; i.e. 

v - c. kx and k are the two unperturbed linear focusing 

functions. bin&) is the periodic delta function which re- 

presents a kick every revolution of circumference 2?iR. Also, 

it is 

S,/B,: = E/BE = Nro/4m2y (4) 

N = number of particles in the strong bunch 

r0 
= classical radius of the test particle, to be taken as 
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positive for charges of equal sign and negative for 

charges of opposite sign 

Y = ratio of the total energy of the test particle to its 

own rest energy. 

BI and 6; are constant and denote the values of the beta- 

functions at the crossing point. 5, and 5, are the usual linear 

tune shifts per interaction (Amman's notation). 

We assume we can solve the homogeneous equations associated 

to (1) and (2). The solution of these equations is described 

by the beta-functions 8, and B 
Y 

and by the numbers ux and v of 
Y 

betatron oscillations per turn. 

Transformation to Angle-Action Variables 

The transformation to the two pairs of angle-action vari- 

ables I),, Ix and j, 
Y' 

Iy is accomplished by introducing the 

following generator 

2 r v 
ewJx’Y>~y) = 2Bx :- E-- 'cotg($Jx - $ s + I 

fp) + 
x 

6 t - .., 
+ +- + if- / cotg($y vY 8,' '1 

2@, L 
-rs+ 

I 
F)+ 71’ 

Y 

The details of the transformation are found in Appendix A. 

We obtain the following first order differential equations 
2 

$x’=vx+4T5x1-e 
-u 

U2 
sin2 JIx 6int(e) 

2 

I,' = -4Tl 5, 1 - e 
-u 

U2 

Ix sin 2JI, Aint(B) 

(5) 

(6) 

(7) 
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and similarly for $y and Iy replacing the index x by y. 

The angle 8 = s/R is now the independent variable and 

prime denotes, from now on, derivative with respect to 8. 

Also, it is 

Bz Ix sin2 I), + 8; I 2 
u2 = 

sin $ 

o2 
(8) 

Fourier Expansions 

The r.h. side of equations (6) and (7) and of the respec- 

tive equations for $J and I 
Y Y 

are periodic functions of the 

angles Q,, Qy and 8 with the same period of 21r. By performing 

a triple Fourier expansion we obtain 

qJ,’ = vx + 25, c fnm (Ix> y I ),i(nJI, + WY - 10) 
(9) 

nmR 

1~1 = -25, Ix 1 gnm (Ix, Iy)e i(nJlx + m$y - 9.6) 
nmll 

(10) 

9,’ = vy + 25, 1 fun (Iy’ x I )ei(n$x + WY - ae) 

nmll 

IY’ 
= -2sy Iy .& L (Iy, Ix)ei(nJlx + m'Y - le) 

where 

f nm (Ix> Iy) = 

(11) 

(12) 

= 3 +p ‘y 1 ;2e-u2 sin2 JI, e-in 'x . esim 'Y dJix dQy 

--1x -T 
(13) 
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+Tr +n 2 -imJ) 1 1 - edu -inJi, 
=- 

2 ! J 
3 e 

4Tl u2 
sin 2$x e ' W x WY 

-lI -IT 

and we used 

6int (e) = & g .--ii0 . 

(14) 

(loa) 
The Fourier transforms fnm and gnu are calculated in 

Appendix B. 

All the summations extend from - m to + -. 

Single Isolated Resonance 

We now define a resonance by choosing three integer numbers, 

with no common divisor, such that the quantity, 

x = P$ x+9J, -re, Y 

can be considered as slowly varying,and retain in the triple 

sum only terms of the form, 

.~S(PJI, + q$, - re) 3 

where s is any integer, positive, negative or zero. Equations 

(9) through (12) then become 

JI,’ = vx + 45, y ES fsp,sq (IXJ s=o 
Iy) COS(SX) (15) 
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Ix' = -4i<, Ix 1 gsp sq (Ix,Iy) sih(sX) 
s=l ' 

Ji,' =V y + 45, _ ES fsq,sp (IyJx) cos(sX) F s-o 

IY’ 
= -4i< I 

y F g y s=l 
sq,sp (Iy,Ix) sin(sX) 

(16) 

(17) 

(18) 

where sS = 1 except E 
0 

= l/2, and we have used the relations 

f =fmnmm I gnm=-g-n-m >goo=o. n,m J > , 

In particular, we also have 

X' = pvx + qvy - r + y 
s=o 

i 
4P 5, fsp,sq (IxJy) + 

+ 4q 5, fsq,sp (Iy, Ix) : ES cos(sX) * (19) 

From equations (Bg) and (Bll) in appendix B and equations 

(16) and (18) above, it is easily seen that one invariant of 

the motion is 

I 
! 

wl = qIx - pIy = constant I (20) 

The other invariant is the hamiltonian W2 which relates the 

action variables Ix and I y to the new angle variables 

% = JI, - ae , dy = $y - ' 9 pa e 

with a an arbitrary real number. 
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Observe that 
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x = pax + qcr Y 

and the equations of motion now are 

ax1 =vx-a+4S, T f sp,sq (Ix' Iy) Es cos s(pcr, + qluy) (21) 
s=o 

IX’ 
= -4i 5, Ix sp,sq (Ix' Iy) sin s(pax + qcly) (22) 

s=l 

aY 
‘zv - r-pa + 

Y 9 
45 Y f 

y s=o sq,sp (IyJ Ix) ss cos s(pax + qay) (23) 

IY' 
= - 4i 5, Iy ; g s-l sq,sp (IY' Ix) sin s(Pax + qay). (24) 

Introducing the function gi, sq (Ix, 
, 

Iy) which is defined by 

equation (BlO) of Appendix B and has the property (Bll), we 

easily derive the hamiltonian W2 from (22) and (24) above 

__~. --.-.-.-..~.~ .~~-.- 

w2 = (vx - a) Ix + (v Y 
-F)Iy+ 

- au2 Ci) F cs gIp,sq (Ix, 
5 s=e 

Iy) cos S(Pdx + qcry). 

Take note of the quantities 

5;~ Ix 
% 

T = - 5Y IY 
x 202 

J TY 202 

(25) 

that have been introduced in Appendix B to short the writing. 

As it is shown in Appendix C, we can also write 
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w2 = (vx 

-t 
- e 

(T +T 
X Y 
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-m 

1 IkP (tT,) Ikq (try) cos (exe) . 
~=d.? o 

(26) 
0 

; 

where p,, q. and X0 are defined in Appendix C. 

An important result already emerges from equation (26). 

In the case of a single, isolated and weak resonance the 

motion is bounded, because for large ~~ and T 
Y the dependence 

of W2 on X 
0 

vanishes. This is connected to the form of the 

beam-beam interaction we used in equations (1) and (Z), which 

has the property to decay rather fast as the particle moves 

further and further away from the origin of the interaction. 

The equations of motion are eas ily derived from eq. (26) 

I '= - 4p 
x 0 

o2 ($) 
J 5 0 

R IRPo (tT,). 

. IQqo (try) sin(RXo) 

I '= - 4q 
Y 0 

0 
(tTX) 

' IRqo(tTy) sin(RXo) 

a ‘= x (v 
X - E) + E,j dt emt('x + 'y),! 

m 
[ILPo(trx) ' 

0 

- IQPo '0xX) 1 IEq (try) COS(~Xo) 
0 

(27) 

(28) 

(29) 
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1 
! 

aY 
1 Z" 

?J + 5 i dt e 

-t(Tx f Ty) +- 
1 INo g.=-m '.- 

hT,) + 

0 

- IQqo ’ ctTy) 1.e.p (t-r,) cos(exo) 0 
(30) 

where I,'(x) z dIn(x)/dx. 

In particular from the last two equations we derive 

X' = pcix' + qc(y' = Epq t 

+ PC i dt e 
. 

XJ 
-(Tx + Ty)l+f pap 

m 0 
(t-r,) - IQp '(tT,) 

0 I 
0 

1 

. IRqo 
k,) Cos(ilXo) + SE, i 

dt .-t(Tx + T,) 

J 
0 

- ho ‘(try) Itp 1 (tT,) cos(llxo) 
0 

(31) 

where E 
Pq 

= pvx t qvy - r. 

Fixed Lines 

These are defined as the ensembles of points in the 

four-dimensional phase space rotating with the resonance, that are 

unchanged under the action of the same resonance. 

The equation of a fixed line is obtained by setting 

Ix' = IY' = 0 and X' = 0. 

From equations (27) and (28), we notice that there are 
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two fixed lines, namely for 

x0 = 0 and x0 = 71. 

From eq. (31), then, the equations of the two fixed 

lines are, respectively, 

1 

PC, 
dt e-t (TX f Ty) 7 .-I 

Ee=-- I. .QJo 
(tT,) - IRp 

0 
‘(tT,)- IEq 

2 0 
(tT,) + 

0 

1 

+ SC, 
dt .-t(Tx + Ty) ‘; .~I 

e=-cc ,~ Q. 
(tTy) - Ikq '(t-r,)- . 

0 
0 

'IRPo 
(tT,) + EPq = 0 (32) 

and 
1 

PC, i 
dt eStCTX + 'y) lrn 

.- 
- 1 (-1)' + 

0 

a=-al PEP 0 (tTx) IQp 0 '(tTX)- J 1190 (tT,) 

+ s5, dt e : -t(Tx + Ty) 
0 

0 
by) - IQq 

0 
‘(t-r,)-! . 

-_ 

'IQPo (t-r,)&1)' + EPq = 0. 

The motion around the fixed lines can be investigated 

by expanding the r.h. side of eqs.(27), (28) and (31), re- 

spectively around X0 = o and X0 = IT. It is found that the 

xO 
= TI fixed line (eq. 33 above) is a stable line, in 

(33) 
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the sense that the motion in the proximity is stable. At 

the same time the X0 = 0 fixed line is an unstable line, 

in the sense that a particle which happened to be in its 

proximity, leaves it without performing oscillations. 

It has been proven that the condition for existence 

of the fixed lines is 

-l<+<. 
x + SC, 

except for q = o and p, = 1 in which case the condition iS 

-l< 
PV, - r 

2P5, <O* 

(34) 

(34a) 

Let us consider the three-dimensional space with E 
P9 on the 

abscissa and Ix, Iy on the other two axis. Eqs. (32) and (33) 

represent two surfaces in this space. For fixed Ix and I Y 
we can go from one surface to another moving parallel to 

the spq-axis. The distance AE 
Pq 

which separates the two 

surfaces defines the "width" of the resonance at amplitude 

IX and I 
Y' 

This is obtained by simply subtracting (33) from 

(32). We have 

AE = Pq 

i- 1 
j ~6, i dt e -t(.rx + Ty) 'I 

il,odd i 2 
c -ep (t.r,) - IQp '(tT,)-, . 

0 0 2 
0 

1 _~ 
*I Rq 

0 
(tT,) t St, ' dt e-t(TX + =y) \Ieq (t-r,) - IRq ':tT,)]~,, 

-0 
0 0 0 
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where ~ Ldd z 9. = 1, 3, 5, ..+. 
, 

To have a general idea of the motion let us observe, first 

of all, that it is sufficient to consider the case of positive 

P >/ 141. The other case of p < (q( can be reduced to this by 

exchanging the variables x and y in the equations of motion. 

Let us consider then the plane of coordinates Ix and Iy. We 

found that (20) is an invariant, then the motion must occur 

along straight lines as shown in Fig. la and lb. Each straight 

line corresponds to one continuous set of initial conditions. 

For assigned ePq, eqs. (32) and (33) represent two curves, 

Cl and C2, which lie across the invariant straight lines. 

The case we show in Fig. la and lb corresponds to lq,/ > 1. 

In this case the curves Cl and CS cross each other at Ix = 0 

and1 =o. Y The other case with jq,] < 1 will be considered 

later. Finally a third curve, Ws, is shown. *-' The (Ix, Iy) 

plane is divided in 3 regions. The first region is bounded 

by the two axis and the curve Cl, and contains the origin 0 

which is always a stable fixed point. This region contains 

all stable small amplitude oscillations with relatively small 

amplitude and frequency perturbation, the amount of which 

vanishes as the phase point is closer and closer to the origin 

0. The second region is the region of "islands" of stable 

oscillations around the stable fixed line (curve C2). The 

boundary of this region is formed by the curves Cl and WS 

together. 

*We do not know really very much about this curve. 
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Figure la 
. 

Figure lb 
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The third region, which is the remaining of the (Ix, Iy) 

plane, contains stable large amplitude oscillations with 

amplitude and frequency modulation, the amount of which 

vanishes as the amplitude of the oscillation gets larger 

and larger. 

This is pretty much all what we can say, from a general 

point of view, about a single resonance. 

To have a better insight of the motion one should have 

a more compact expression for the summation 

+- 
R= 1 ,Q,=-m IRPo (tT,) I@, (t-r,) cos(QXo) 

which we have been able to derive only for some special cases 

such as (a) q = o and (b) p = 191, or ry = o (see ref. [3]). 

In the following we shall describe these special cases 

but first we shall look at the so-called "first mode" approxi- 

mation, where only the R = o and 19, = 1 terms are retained in 

the Hamiltonian (26). 

First Mode Approximation 

In the previous paragraph we have calculated the width of 

a resonance taking into account all the higher Fourier modes. 

We have found that even as well odd order resonances are pos- 

sible. This is in contrast to what we get by using the "first 

mode approximation" where only the average term .Q = o and the 

next 9. = 111 are retained. In this case, only even order 

resonances are possible. On the other hand, in the more exact 
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approach, a resonance is defined only when the three integer 

numbers p, q and r do not have a common divisor. In con- 

trast, in the "first mode approximation", the (p,q,r)-resonance 

is considered independent of the (Rp, Rq, Rr)-resonance, where 

L is any integer. 

In the'first mode approximation" the width of a resonance iS 

1 

AsPq = 4p 5, ~ dt e 
-tcrx + Ty) 

C 
Ipbrx) - Iply) + 

‘b -5 
Ip WTx)] 

2 2 

1 

+ 4s E, 
Y ' ! dt e 

-tc-r, + Ty) 

"0 
l 

Iq(tJy) - Iq'Wy) IE(tTx) 
! 

(36) 
2 2 2 I 

Numerical calculation of the ratio of the width as calculated 

according to eq. (36) to the width calculated taking into 

account all the Fourier modes, is made difficult by the 

problem of accuracy. Nevertheless we found that this ratio is 

substantially different from unity only for very low order of the 

resonance and large ~~ and T 
Y . 

A resonance is described also by another parameter, the 

nonlinear tune shift. This is the distance of the center of 

the resonance from the linear tune. It is obtained by taking 

the arithmetic average of (32) and (33). In the "first mode 

approximation" the tune shift is 



FJ-i”i) ,- 
-500 

2p 5, 1 dt e-t('x + 'y) [Io(t~x) - Il(tTx) jIo(tTX: + 
J 0 

1 

+ 2cl sy dt e 
-t(Tx + ry) r 

po(tTy) - Il(tTy) 
1 

Io(trx) (37) 
-6 

which is independent of the order of the resonance. Similarly 

to eq. (361, also eq. (37)i.s accurate enough if ~~ and my are 

not very large. 

One-Dimension Resonances 

These are defined by setting q = o. From eq. (C7) 

of Appendix C we have the following Hamiltonian 

w* = (v, - ;' Ix f Vy Iy f 

PO 
X0 - 2*s 

+ 2 $ (f) 1 
1 
I G 

-t(Tx f T - TX cos 
Y PO 

1 I* 0 a s=l- t [l - Ioky) e 
0 

In this case, Iy is an invariant of the motion. But the 

vertical tune is not a constant; it is modulated by the motion 

on the horizontal Plane. 

Reminding that it is 

xO = 2Po ax 

the phase equation is 

PO 
X' = (pvx - r) t $ 5, 

xO 
- 2rrs 

0 J1 (l - cos p, ) 

. j,, Io(tT\,) e-X + 'Y - 'Ix 'OS 
X0 - ZTrs 

PO ) 
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po 
x0- 2n 

= (pvx - n) + F ix i 
- 2as 

s&i 
(1 - 00s 

x0 
1 e 

--(TX f T;, - TX 00s p 
0 

0 PO 

! I&) + 
I1(T, ) T. i 

TX$.T -T cos xo - ZITS /’ 

Y x Po -, 

(38) 

The fixed points are obtained by setting X' = o with Xo = o 

andX =il. 0 
The analysis proceeds in the same way as outlined in another 

Paper3. Here we have an extra parameter, the invariant I y' to 

deal with. In the following we consider the following three 

cases: (a) p = 1, (b) P = 2, and (c) P = 4. 

A . Case: a = 1 

This resonance does not exist in the "first erode approxi- 

r.ation" , 'but it is reai and can be found only by taking Ir.to 

accoilnt all the Fourier modes. In the (x, xl)-plane there 

is one unstable fixed point, the origin, and two stable points, 

diametrically opposite, with coordinate given by the ea-uation 

7 

r - vx = 25, I? 
-(Ty + 25; 

k'Io(Ty) f 
Il(T )? 

xi. 
TY + 2TX ~ (39) 

The fixed Points exist only when 

2% > : 
r - ux 

(40) 



otherwise the motion is always stable, although violent 

distortions can also be expected. 

This resonance can certainly be responsible for beam loss. 

Particles injected in proximity of the origin can be spilled 

out along the separatrix as shown in fig. 2. Also, if the 

collision between two beams occurs in "adiabatic" way, the 

two beams would be split and locked each inside their own 

stable areas. In this case the separation of the two beams 

would be of the order of 2rx, where ~~ is the solution of (39). 

B. Case: p = 2 

The motion is generally stable, except when the relation 

(34a) is satisfied, in which case the flow diagram is still the 

one shown in fig. 2. The origin is again the unstable fixed 

point, and the other two points are stable and symmetric, their 

coordinate being still obtained by solving eq. (39) with r re- 

placed by r/2. 

This also, of course, can cause a beam growth and then a 

limitation on the luminosity achievable. 

C. Case p = 4 

The flow diagram is the one shown in fig. 3. There are 4 

stable and 4 unstable fixed points which exist only when 

otherwise the all motion is stable. 

The location ~~ of the stable and unstable fixed points are 

obtained by solving the following respective equations 
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T 
(r - 4v,) = 4E, e 

-CT, + T,)r- Il(T 1 7 
iIo(-ry) + T + T ! x Y ' 

(r - 4vx) = 45, e 
-(2Tx + 

The motion is always bounded when p > 2 and the origin is 

always a stable point. No catastrophic effect is then expected 

from higher order resonances (p > 2). 

Coupling Resonances 

For q # o, eq. (26) is a two-dimensional Hamiltonian. 

Nevertheless, because of the existence of the first invariant 

(20), it is possible to get a one-dimensional Hamiltonian with 

a proper rotation of the (x, x', y, Y') four-dimensional 

phase-space around the origin. The rotation is accomplished by 

means of the following generating function 

s = (Pox + qay) W + ax w1 

which transforms the old variables $,, I, and J1,, Iy in the new 

variables Xl, Wl and X, W through the relations 

Ix 
= pw + wl , x = Pa, + 9ay 

I Y 
= qw > Xl x * = a 

We shall investigate here only the case 

P = 191 . 

From eq. (C7) of Appendix C we have 
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PO! _ 
w2 = (v, - g' 1xtvy Iy + $ (%k) 1 $ 1+ 

0 B s=l., 0 i 

-tc-c, f Ty) 
Io(t TX2 f Ty2 + 2-c, T 

xo - 2as' 
- e 

Y 
COS 

PO 
) 1 

from which we derive the phase equation 

6s 
PO 

PS - + 6s 

X'=cpqt$- 1 
x 6rx SC Y 6-c 

y c 
l-e 

-(TX + Ty) 

0 s=l s I,(&,] + 

-(TX 

+e 2p 

+ Ty) PO 

0 
I1 [2PSx + 2qsy - Tx ; Ty (PC, e + SC, k,] * 

r I1 (J-W5 1 pm + Tx + Ty , 
where 

s = TX2 t T 2 + 2Tx T 
x0 - 2Trs 

cos 
Y Y PO 

The fixed lines can be derived from this equation as 

usual, by setting X' = o with either X0 = o or X0 = TI. 

Let us consider the lowest orders p = 1 and p = 2 and the 

case that 5, = c,, i.e. 13,~ = By*. 

A. Difference Resonance, q < o 



m-258 
1500 

We have the invariant 

and the new variable 

On the (X, W)-plane there are two fixed points. The 

origin i = o is the unstable fixed point, and the stable 

fixed point is obtained by solving the following equation 

-w 
1 + &-(2pW + Wl) - Ed ' (1 + ijl, Io(2PW t ijl, t 

-ii1 
- e (2pW t $1, 11(2pW + Wl) = 0 . 

Observe that the location of the unstable fixed point depends 

on the invariant $1. The picture of the motion on the (X, W)- 

plane is thus similar to the one shown in fig. 2. 

B. Sum Resonance, q > o 

We have the invariant 

ii1 = TX - T 
Y 

and the new variable 

w = .ry/q . 
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On the (X, W)-plane there are two fixed points. The stable 

one has for coordinate the solution of 

EPq f &Se 
-(2pW + Gl) 

L 

IO(q) + 
i1 il(il) 

2pw + w1 
1 

= 0 

and the unstable one has for coordinate the solution of 

Epq (2pij t ijl) t 2p< [l + 

-(2pW + wl, 
- e IO (2pW t Wl) 1 = 0 . 

Also here, the location of the fixed points depends on the 

invariant Wl. The picture of the motion of the (X, id)-plane is 

similar to the one shown in fig. 4. 

Several Crossings per Turn 

We assume that there are nc crossings per turn occurring 

at homologous locations, i.e. same B,* and the same 6 
Y*' 

and 

equally spaced. In this case eq. (ltia) is replaced by 

6int(B) = 2 i e 
iRn c I3 . 



-22- m-258 
1500 

All the analyses remain unchanged except the following 

changes: 

- 5, and 5, are now replaced respectively by nc 5, and 

"c 5,. 
- The only possible isolated resonances are those with the 

third integer number r that is an algebraic multiple of 

"c' 
Thus the strength of a resonance (if you want, the width) 

increases by a factor nc, but the density of the resonances 

decreases also by the same amount. 

Several Revolutions Between Crossings 

In the case the particle receives the two-dimensional, 

nonlinear kick every nr revolution, Eq. (14a) is replaced by 

-i+ 0 
6 int(e) = & 1 e r . 

r 9. 

The only changes are the following: 

- 5x and 5 y are now replaced respectively by Sx/n, and 

6,/n,. 

- A resonance is defined by the three numbers p q and r, where 

p and q are algebraic integers (p>O), and r is any algebraic 

multiple of l/n,. 
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Thus the strength of a resonance is now decreased by the 

factor nr, but the density of the resonances increases also, 

of the same amount. 

The Stochasticity Limit 

According to Chirikov4the stochasticity limit is reached 

when many nonlinear resonances overlap. As done by Keil, we 

take as criterion for resonance overlapping that the area 

covered by resonances in a square region in the (vx, vy) - 

plane of unit area becomes unity. 

The extension of a resonance in the (vx, vy) - plane is 

given by the quantity ~~~~ we have calculated above. This 

quantity gives the range of pvx + qvy - r which is locked to 

the resonance. The extension of the same resonance along the 

vx-axis is obviously given by Aspq/p, and the extension along 

the vy-axis by AE~,/\~~; 

by summing all Aepq /P 

The sum of the areas occupied by resonances is obtained 

for resonances p >, 191, and all Aspq/\ql. 

I> where, for obvious reasons, we assume for resonances p < 1q 

p > 0. 

We first observe that the width of a resonance, Aspq, 

does not depend on the number r, also in the "first mode 

approximation". For assigned p and q there are exactly 

p resonances all with the same width, in a square region 

of the (v,, vy)-plane of unit area, if p > lq/ and lql 

resonances if p i 191. 

Also, to calculate the sum of the area we should use 

eq. (35) for the width AEON, and we should sum over any p 

and 9, because even and odd order resonances are possible. 
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Nevertheless, one should take into account in the sum Only 

those triplets (p, q, r) that have no common divisor. 

Encouraged by the fact that the "first mode" approximation 

gives an accurate estimate of the resonance width, we shall use 

eq. (36) instead of eq. (35) in our summation. But in this way, 

odd order resonances do not give any contribution. To balance 

this, we shall sum over all possible triplets (p, q, r) 

including those that do have common divisors. 

Denoting the sum by S, we have 

+ ,E, ISl>P 
c! 191 (2, EP 

where p and q are all even integers, and E 
P 

= 1 but ~~ = l/2. 

By inserting (36) in (41), we .obtain the upper limit 

I 
,I[- p/ 1 dt e-t('x ' TY)[Ie (fx,) f 

"0 2 

1 
-1 PI (tr,) JIs (t.r,) f ByI Y ‘r” Ep191 . 

2 2 
p=o q=-m 

(try) - 1%' (tT,) Ip (t-c,) 1 
0 2 2 

By using the relations 

(41) 

tm 
c n=--m 

In(x) = ex 

and 
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Y 
Y-l=1 

n In(x) = 5 
L IO(X) + 11(x) 1 

where, in both summations, n is any integer, odd or even, we 

finally have 

s S 4S, T(T~) + 4Sy Thy) (42) 

where the function 

T(x) = ebx [IO(x) + 11(x) 1 L_ 
(43) 

is plotted in fig. 5. 

It is not difficult to see, by inspecting (41), that all 

the contributions to S come only from the one-dimensional 

resonances, namely the q = o resonances contribute to the first 

term, in 5x, and the p = o resonances to the second term, in 5 y' 
No explanation is offered, at the moment, why the bi-dimensional 

resonances (p # o and q # o) do not contribute to the sum S. 

In the case one of Bx* 
* 

and B is much smaller than the 
Y 

other, the corresponding term at the r.h. side of (42) can be 

neglected. The stochasticity limit (S=l) is then reached for 

5 - 0.25. Conversely, if B,* = By*, the stochasticity limit 

is reached for 5 - 0.125. In both cases, the limit occurs at 

x = y = 0. 

We cannot avoid to observe that most of the contribution to 

the function T(x), plotted in fig. 6, comes mostly from the 

lowest order resonance p = 2 or q = 2. Indeed if the contri- 

bution of this resonance is ignored, T(x) is smaller and given 

by the lower curve in fig. 5. In this case the stochastic limit 
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X Y 

= 1.25, for 

and for 5 - 0.4 if j3,H - B *. 
Y 
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0.8 if, say B,* 
* 

5 - >' B Y ' 

This result is in disagreement with Keil's results. The 

disagreement can be stated in the following way. We found 

that the contribution of the higher order resonance is smaller 

than the contribution of the few lowest order resonances. Keil 

found just the opposite. The discrepancy can be due to (a) the 

different definition of the resonance width, and/or (b) to the 

fact that Keil performs multiple expansion of the nonlinear kick 

and stops the summation to the order 30. 

If we are to believe our result, (which, we believe, is in 

much better agreement with the experimental observations) we 

infer that the experimental beam-beam limit is mainly caused by 

few low-order resonances, and that it is rather below the 

stochastic limit. 

In the case of one kick every nr revolutions or nc kicks 

every revolution, we would still obtain the same result if the 

summation of the resonance widths is taken over a square of area, 

respectively, l/nr2 and n 2 
c . 

Clearly, what is more important, especially in the second 

case, is a local summation of the widths. Likely the stochastic 

limit is a function a tune. To prove this, we limited ourselves 

to the one dimensional case (By* = o and y = o), then we summed 

the widths of those resonances that fall in a smaller interval 

of tune, let us say, between 0.1 and 0.2, or 0.2 and 0.3, and so 

on. The results are shown in the next table where the maximum 

tune shift cmax allowable is reported versus the tune. The am- 

plitude ~~~~ is also shown in the table. 
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Range of the tune 
(incl.) - (excl.) 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0.1 0.050 0.0 

0.2 0.984 4.9 

0.3 0.473 1.4 

0.4 0.984 4.9 

0.5 2.884 19.0 

0.6 0.050 0.0 

0.7 0.984 4.9 

0.8 0.473 1.4 

0.9 0.984 4.9 

1.0 2. a84 19.0 

5 max 2-c max 
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Appendix A 

The action variables are related to the angles and to the 

old variables through the operator (5) by means of the relations 

and I = as --. 
Y a JIY 

Similarly, the variables p, and py canonically conjugated, 

respectively,to x and y,are given by 

and as Py=F' 

This yields 

X =t!w sin (I$, - 2 s +I?) 
X 

/I- V 

px =v2 < ;os (JI, - $ s +JF) + 
X 

5,’ 

+2 - sin (JI, ux -g-s+ 
I 

$qj 

(Al) 

and similarly for y and p 
Y' 

The equations of motion (1) and (2) are derived from the 

Hamiltonian 
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12 12 1 
H=2px + F py + F kx (s) x2 + + ky (s) y2 + 

+ 4~ G Gint (s) F (x,Y) 
5 

where 

2 
aF-l-emU x -- 
ax 

U2 

2 
aF-l-eSU y 
T-y- 2 

U 
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(A2) 

(A3) 

u2 being given by (3). 

The new Hamiltonian derived by means of the generator (5) 

is 

V 
vY = 2 Ix + r Iy + 4~ h Gint (s) F (x,y) 

5 
(A4) 

where, now, x and y are functions, respectively, of $,, 

Ix and $,, Iy, and of the independent variable s, as shown, 

for instance by (Al). 

To obtain (AQ),we have made use of the known relationship 

k5 - 1 + i312/4 = _ F , 
0 

Observe that the function F(x, y) at the r.h. side of (A4) is 

multiplied by a delta-function. It is, then, possible to replace 
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the explicit dependence on s with the value of F(x, y) at 

the location of the kicks. With a proper choice of the origin 

we have at every kick 

By taking 8 q s/R as independent variable instead of s, which 

is accomplished by multiplying the Hamiltonian by R, we have 

finally the new Hamiltonian 

H2 = RHl =vI 
XY 

+v1 + 
Y Y 

5 
+ 4' ;;" 'int (0) F(Lx Bz'sin $x , LIZ sin $,) 

where we have used the fact that 5, and 6 Y 
are both periodic 

functions of B with period 2a. 

The equations (6) and (7) (and the similar for $, and Iy) 

are obtained from 

aH 
VJ: = & and aH2 

X I' = - a$, X 

and by using (AZ) and (A3). 
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Appendix B 

Let us make the following expansion 

2 +a 
1 - ecu = u2 -m %(w)eiwu2 

J 
du2 

where 

m 

F(o) = + 
J 

' - e-x cos wx dx 
X 

0 

= & log lo2 + 1 w2 
and let us insert (Bl) with (B2) in equations (13) and (14) 

+oO 

f 
1 =- 

nm 3 J 
dw(log 

837 -m 
O",: ') II +J eiwu2 sin2 *x . 

-in$x -imJI 
* e e ' W, WY 

+- 
1 

g =- 
nm dw(log 

871 3 i 
sin 2$, . 

-co 

-inJlx -imJ, 
* e e ' W, WY 

where u2 is given by equation (8). 

(Bl) 

(B3) 

(B4) 
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Let us introduce the quantities 

(B5) 

We can write 

iou 2 -iwT -iwT cos 2$ 
e = e 

iw(rx + TV) 
e 

x co=2 $Jx 
e Y Y 

= e 
iw(Tx + my) 

kIh ji C-i) k+h JK(wrx) Jh (wT~) * 
I 

3 
c 

2i(r$, 
- e 

+ h$&> 

i 

where the double summation is from -m to +m and J K (x) is the 

Bessel function of first kind and K-th order. 

In deriving (B6) we have made use of the following relation 

eix cos J, = fm 
1 iK JK (x)eiKJ' . 

KZ--m 

By inserting (B6) in (B3) and (B4), by expanding 

2i$x 
sin 214, = e - e 

-2iqx 

2i 

2iJIx -2i$x 
sin 2 Qx = - 

and by making use of the relations 

J n-l (x) + Jn+l (x) = F Jn (x) 

(B6) 

J n-l (x) - Jnfl (x) = 2 Jn' (x) 
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where prime denotes derivation with respect to the argument, 

we finally obtain 

tm mtn 
f : 

=ik _; 
.iw(.rx + T ) w2 t 1 

nm Y (1065 w2 )(-ij2 Jm (0~~) * 
-co F 

(UT& - i JA (UT,) dw 
7 

tm 

8 i 
m+n 

=k 2," 
io(.rx + T ) w2t1 - 

nm Y (log w2 )(-I) ' . 

. Jn 
ndw (wT~) Jm by) w? 

7 7 x 

for n and m both even numbers, otherwise 

f nm = gnm = 0 . 

In particular equation (B8) can also be written as 

g nm (Ix’ Iy) = 2By: girn (Ix’ Iy) 
x 

where 

tm 

eiW(Tx + T Y (log IA ) 2+1 
mtn 

2 )(-i) T . 
2 w -m 

. Jn ( dw mx) Jm (0~~) 7 . 
2 F 

(B7) 

(B8) 

(B9) 

(BlO) 
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This function has clearly the property 

g;, (Ix’ Iy) = <, (Iy, Ix) . 
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(B11) 
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Appendix C 

The Hamiltonian W2 is given by eq. (25). Observe that 

as said in Appendix B, gz, sq is not identically zero only 
3 

when sp and sq are both, at the same time, even integer 

numbers. Thus, if p and q are both even, the summation at 

the r.h. side of (25) is over all s 5 o. On the other side, 

if at least one of p and q is odd, the summation is carried 

only over the even values of s, including s = o. 

Inserting eq. (BlO) of Appendix B in eq. (25) gives, 

with r = pa and p > o, 

w2 = (v, - ;' Ix + Vy Iy + 

- 21 $ ($) ]- eiwcTx + ‘y) log ‘,: w2 G(w) s 
-m 

where 

(CL) 

G(W) = y cs (-1) 
s(p, + 9,) 

J 
s=o spO 

(wrx)J sq (WTy) cos (sXo) (C2) 
0 

x0 = 2(Pocxx + qocry) (C3) 

and 

P = 2P o' 9 = 2qo> if both p and q are even, 

P = PO, q = q,, if at least one of p and q is odd. 

By using the integral representation of the Bessel function 



-c2- 

.-n +71 
L- J,(x) = 2T 

.i 
eix 'Ose cos(n8) de 

-7T 
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we have 

+71 +Tl 
G(w) = 1 

i7J' 
j e 

iw(rx COSB' + T 
Y 

c0s 8” ) 
E(t3', e”,xo) de’ de" (C4) 

-T -IT 

E(ef,e”,xo) = y C-1) 
s(Po + 4,) 

E 
s=o 

s COS(S~~~‘) cOs(sqoe”) COS(SX~) 

= + .:i, 
i 

6 
I 

po(et + IT) + qo(e’l + 7~) + X0 + 2m 
3 

+ 

+ 6 c p,(et + a) - q,(e" + a) + X0 + 2Tn 1 + 

+ 6 
[ P,(e' + n) - q,(eff t 71) - x0 - 27rn 

3 
t 

+ 6 Lpo(el 1 + IT) t q,(e” + 71) - X0 - 2nn 

!3 

. (C5) 

Let us insert (C5) in (C4) and shift the integral variables 

8' and 0" by T. We obtain 

tm jr j” de, de,, e-iW(Tx COSe’ t ~~ COSe”) . 

0 
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*‘I '1 t x 
6(8' + 908 o + 27rn 

) + s(e' - 
q,e” - X0 - 2nn 

PO 
t 

PO 

q e" t x 
t s(e" - O 0 + 2*n q,efl - X0 - 27rn 

PO 
) + s(e' t 

PO 
) s 

1 

We perform first the integration over 8'. At this purpose 

we observe that the number of delta-functions falling in the 

interval between o and 2~ is independent of the angles .9" and 

xO’ 
This number is obviously p,. Thus we have 

qoe t x0 - 2lrs 

G(w) = &- 
o Sir 1 de e-iWTy COSe{-iUTx COS po + 

-iwT cos 
qoe - x0 t 2~s 

t e X PO 

We insert now (~6) in (Cl) and we remind that, denoting 

with R a constant, 

+m 1 
1 z? J ,iflJR 

1% w2 + 1 dw _ 
2 

_-i 
w w 

J 1 - eVtR 
t 

dt 

-cc 0 

We have 

(~6) 

2s 1 

w2= x (v - $) Ix t vy Iy t & (G)'T J de j * - e 
-tHs 

- e 
-tHs 

0 B s=l t 
dt 

0 0 

where 
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H 90 
e It x0 t 2lTs 

si = TX (1 - cos 
PO 

) t ~~ (1 - case) 

Let us perform first the integration over 0 

w2 = 
(UX 

- ;' Ix + vy Iy + 202 ($, j q[1- P+(t) - P-(t) 1 (C7) 
0 

where 

P,(t) = e 

o e + x0 + 2~s 

po 
trY cos e 

e de . 

Let us remind the expansion 

x cos e = 
+- 

e 1 +-co 
IK(x) eiKe 

where IK(x) is the modified Bessel function of first kind and 

the K-th order. It should not be confused with the action 

variables I x and I . 
Y 

Using the fact that 

PO 2iTiK F PO 
for K = Rpo , .C integer 

Ce O= 
s=l 

0 , otherwise 

we have 

2Tr 

P,(t) = e 
-t(Tx + Ty) +a, cos e 

4Tl 1 g,=-c.2 IQPo 
(tr,)e 

*i9.Xo 

J 
e tTY iRqoe 

e de. 
0 
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But it is 

cost3 iRqoe 
e d0 

0 

then we have 

-tc.rx + Ty) +- 

1 .Q,e=-CO IRPo (tr,) IQq b.r,) e 
iiRXo 

0 

P+(t) + P-(t) = e 
-t (TX + Ty) +- 

c $ZLrn IRPo (try) COS(ilX,) (ca) 
0 

Inserting (CS) in (C7) yields eq.(26). We believe there 

is no way to get a more simplified, general form for the 

Hamiltonian W2. 
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