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SUMMARY

Danby and Jacksonl have given an empirical procedure for
designing quadrupoles with profiles made up ofsstraight line
segments. In this note it is demonstrated that conformal
transformations may be employed to give a theoretical basis
for designing these quadrupoles. The median plane fields

compare favorably with those obtained from LINDA using the

profile suggested by the transformation.

METHOD

Following the method outlined previously2 one may begin
by expressing the complex potential W in the A-plane due to
current filaments that are imaged to produce a line of constant
flux, U = 0, for |A| = 1. Figure 1 indicates the details for

one such current filament and its images.

Fig. 1 Magnetostatics for Single Current Filament
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If N such current filaments are located at )\ = Aok' then

VoON | A-1) (AT A-1) |

W= o2 )nok Ok (1)
k=1 (k—hok)(k-kok)

The A-plane is transformed to the s-plane using
T 1
g = -5{}\ +. x) (2)

and is shown in Fig. 2 where it is considered as the starting

plane for a Schwartz-Christoffel transformation.

Fig. 2 Geometric Details of Starting s-plane

The real axis of Fig. 2 is bent at the points indicated to
produce a polygon with verticies having interior angles shown
in parentheses. Figure 3 shows the resulting z-plane. Since
the line U = 0 is a line of constant flux, the desired profile

of one half of the pole has been formed.

2 e — N
v V=Y X

Fig. 3 Geometric Details of Final z-plane
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The transformation is
_.'.Tl s
4
I 1 ds (3)
- r
Cl ] G(s) (S—T)3/4(S+T)l/2

where the form of the arbitrary constant has been chosen for

later convenience and

G(s) = (1+s) 172 ()
(1+§)1/4f1+§)1/2 .
o Y

If a w-plane is formed using

s

ds

w = A (5)
1 jT (s—-’r)?’/4(5+’r)l/2

Eq. (3) may be written as

.
-i— rw
_ ae 4 I dw

G(sy (6)

0

where a is considered as the half aperture as shown in Fig. 3.

To evaluate Eq. (5) 1let

s =1 - 27T t4. (7)

Thus

dt (8)
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i
4
4A.e
_ 1 1 -1 1
w = 72_'—4/5__;— [K(/é‘) - Ccn (tr ‘/E)i] (9)

where K is the complete elliptic int_egral3 and cn is the Jacobi
elliptic function.3 For convenience choose w = im for s = -1
or £t = 1. Thus

T
W i
T V2T o 4 (10)

EEEn

and Egs. (7), (9), and (10) give

(11)

H:W(MM”*MWJ,
S S it gy e a4
o . P ;

Fig. 4 Geometric Details of w-plane

For w = i¢ (Path Pl), s varies from T to -T.
For w = im + p (Path P2), s is real and negative.
For ¢ = p (Path P3), s is real and positive.
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If in Eq. (6) one integrates along path Py from 0 to im and
associates im with z = ae one finds

0
d
c, = [O a4+ (12)
where
E =1 - 2T cn4|:K(/%)(l—%), f%] (13)

The pole profile is given by Eq. (6) using an integration first
along path Pl and subsequently along path P2. Thus the contour

is

-

T
LT —i—= (p
17 e 4 dp (14)
G(s)

)
where s is given by Egq. (11) using w = im + p. On the median
plane of Fig. 3 the relation between x and p in the w-plane is
given by integrating Eg. (6) along path Py Thus

X = (15)

avZ [P dp_
Cl G(s) '

o)
where s is determined from Eq. (11) using w for which ¢ = p.

Thus

-

s =T - 27T cn4[Ki/%)(l -~ (1-1) %), /3} (16)
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which by properties of the Jacobi elliptic function is real.

MAGNETIC FIELD
Since the imaginary part of the complex potential W has
been chosen as the magnetostatic potential, if one lets

H = HX + J.Hy then

* . AW . dW di ds dw
a”x Js aw 3z ° (17)

o
il
| el
|
I
'_l

After obtaining the various derivatives from Egs. (1), (2),

(5), and (6) one finds

\4 2/3K| A\c
o= iﬂo . (/5) 1, */fs-1 G(s)[l + c(x)J, (18)

Ta A 2T
where
x X 1 1 1 1
C(A) = 5% ) + - - — | = 1.(19)
2N L il 1
et Ut wen R & S S S
- "ok ok :

The gradient of the magnetic field may be found from

*

o
jas

dH* ds dw
as aw 3z - (20)

o
Ny

Taking the imaginary part on the median plane (y = 0) gives

f1). 12
H' ( ) = VO 2/—2—K%‘/§)Cl . l-]-(g—-r) . 3/.']_'- l __];. l _l. l ‘%% .
y T Ta 4 \2'IFE 4 o+ 2 Y+E

=

agy (1+c<x>) + 3 {cm—n(x)) ¢*(®), (21)

where ¥ is the real part of A and
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N
D(X)=__X._.. z ._.__1:.___ + 1 - 1 - 1— -1

2
2TN ! 1 2 1 \2 2 2
k=1 X ) . (X"‘)\ ) ( -\ )
A(; AOk (X-A;k) ok X" ok

In designing a quadrupole it is customary to specify the
central gradient H;(O) instead of the excitation V,. From Eq.

(21) for £ = 7 and x =1

\% Z/EK/—l—)c ?
H;](O) = 'n-o 'n-a{\l/-z- 1 . %—'GZ(T)'[:]-'FC(].)] = _BO-
Thus
H (x) -
= 11 1 1 _ 1 1) [
H' (0) = [l + 4(&-1) (§ T+¢ 7 o+ 2 Y+E)j 5T [1 + C(X)}
Y

PARAMETER ADJUSTMENT

The profile design is accomplished by finding the constants

, 0, Y, T and the set W17 Wogr oo Y ON where o and Pe

P P

OI
are the values of p in the w-plane corresponding to the maximum

e

field gradient and the gradient at the "good field limit," and

\ is the location of the kth current filament in the w-plane.

ok
The design data is consideredlto be Bé, B

1
y B
max

end’ 2’ ¥end’
and the set Zgq Zgo -+ 20y where Z ok is the location of the

kth current filament in the z-plane.

(22)

(23)

(24)
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Since the design is independent of the level of excitation,
there are five dimensionless constants plus the current fila-
ment locations Yok to be determined from four dimensionless
input numbers plus the desired coil locations Z, s One other
condition may be imposed on the unknowns. A condition of the
type imposed previously in connection with a continuously
curved profile2 is not possible for the present contour.
Instead of removing the duodecipcle term, one may find a
Y that yields a given slot width. The remaining parameters

are adjusted by Newton's method as explained previously.

NUMERICAL RESULTS

The relations developed here have been coded for the CDC 6600.
The parameters are adjusted by alternating between adjustment of
Por Por @r T in the main routine and adjustment of the current
filament locations Yok in a subroutine. After an adjustment
has been found another subroutine calculates the contour, the
field along the contour, the accunmulated flux along the contour,
and the gradient along the median plane. For confirmation,
the contour determined by the complex variable transformation

was inserted into an iterative magnetostatic program LINDA.

The median plane gradients agree within .l percent.
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