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PURPOSE

Since many gquestionsg regarding synchrotron phase motion
can be answered using a linear approximation for the restoring
force, it is of some interest to cast this approximation into
the form used in betatron motion} Two examples of the utility
of this formalism are given--motion in the adiabatic region

and motion near transition.

SYNCHROTRON PHASE MOTION

In the usual approximation2 for synchrotron phase motion the

energy gain per turn is

dE _ . N
In = V sin (! wRth he), {1)

where V is the peak voltage per turn and Womp the angular
frequency of the radio frequency, h is the harmonic number and
® angular position of the particle. Since the revolution

frequency is

at = 27 - 27 (2)
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where w is the angular revolution frequency it is customary to
introduce the variable
P = J dE [eV-sec] {3)

If one also introduces the phase of the particle relative to

the radio freguency phase

¢ = ho - [ wppdt (4)
one has

- _ -L .

P = -3— sin ) (5)
and

& = hw - Wpp (6)

REFERENCE MOTION

The designation reference motion is used to distinguish
between the motion of a particle satisfying Egs. (5-6) and a
particle which is approximately synchronous (hw = wRF)' Since
there are more unknowns in Egs. (5-6) than equations it is
possible to choose the reference motion in many ways. For
example, exactly synchronous acceleration will be executed if
P and V are constants. Adiabatic turn-on provides an example
in which the reference motion is only approximately synchronous.
In any case, if the reference motion is designated by the sub-

script R, one has
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b o= Y o
PR = -35 sin ¢R {7)
¢R = hwR - Wppe (8)

The deviation of the general motion from this reference
motion may be determined by examining the difference P - PR
If, instead of using this difference as a variable, one

chooses
P -P_ =nhJ {9)

the variables (J,¢) will be canonically conjugate. Thus,
Egs. (5-9) give3

J = 2Vh(51n $-sin dp) (10}

=
I

&R + h(w-wg) . (11)

Even in this general motion it is customary to linearize Eg.
(11) by expanding the actual angular frequency about the refer-
ence angular frequency and retain only the first term. Thus

one obtains

J = ~o h(Sln d=-sin ¢R) (12)
- . hzwﬁ R
b= op F E J, (13)
R
where
2 2
Yo = Y
- T R
KR = -3 . (14)
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Here v, is the value of y_ at transition and E_ is the total
T R R

energy of the reference particle.

LINEARIZED SYNCHROTRON PHASE MOTIOHN
If one designates the difference phase ¢ - ¢R by
n= 9 - ép (15)

and expands Eg. {12}, retaining only the term linear in n one

obtains for the canonically conjugate variables (J,n)

. V cos ¢R
ST —zmm " (16)
and
. hzméKR
n = % J. {17)
R

To bring out the similarity of Egs. (16-17) with those of
betatron motion it is necessary to change the independent variable.

Thus, let

2
t h"w_.K
s = [ — R R g, [(ev—sec)-l] (18)
R

Then, designating differentiation with respect to s by a prime

one has
J' = ~Kn (19)

nt =4Jd (20)

where
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E_V cos ¢
K = R 75 R. ((ev—sec)z] (21)
2Th mRKR -
Thus, Egs. (19-20) become
n" + Kn = 0 (22)

and the similarity to betatron motion is evident. The solution
of Bg. (22) may be put in the form of that used in betatron

motion.4

S 4
n = Y2BW sin [ §§ + v (23)
o

where the constants of the motion W, and ¥y, have been chosen

such that the Jacocbian

s{a,n) _ g, (24)

The function B satisfies the second order nonlinear differential
. 4
equation

2 2

—%s'+sz<=1 (25)

l [ 1]
5 BB
as is the case in betatron motion. An instantaneocus fregquency,

the synchrotron angular frequency, may be introduced as is clear

from the phase in Bg. (23):

2 2
g =2149s _ E_EEEB (26)
g dt BE_ °
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INVARIANT BOUNDARY CURVE

Since J = n' one has

s s
J = %ﬂ {%os(f %ﬁ + Y) + % B' sin (I %§ + Y)}- [eV-sec]

o)

(27)
® ds
Eliminating the phase ] T + v between Eq. (23) and (27) one
o
has
_ L gs2 L, 1 1,.2) 2 i}
W = > BJ 5 R'JIn + 38 (l + 3 8 ) n, [eV-sec] (28)

which since W is a constant of the motion, one recognizes Eq.
(28) as the invariant curve of Courant and Snyder.4 The phase
area contained within this boundary ellipse is (area of beam

within one bucket not h buckets)
£ = [[ dJdn. [eV-s5ec] {29)

But since (W,y) are canonically related to (J,n), Eg. (24)
gives

E = [! dwdy = 21W, {30)

the interpretation being that the phase area associated with
the boundary curve i1s a constant. Thus all the notions related
to betatron motion have been carried over to the linearized
synchrotron phase motion. One must, however, construct the

fB-function for the general case.



-7~ FN-244

0302

CONSTRUCTION OF THE B-FUNCTION

Let nqy and Moy be two real independent solutions of Eq.
Thus

L] "

from which one may show that

d ' A
ds (”2”1 B T‘1”2) = 0.

Choose, then, any two real independent solutions such that

- =1
By direct substitution into Eg. (25) one may show that

_ 2 2
B = Anl + 2Bnln2 + Cn2

is the general solution if
AC - B2 =1

where A, B, and ¢ are dimensionless constants.

(22).

(31)

(32}

(33}

(34)

(35)

Since the B-function is related to the boundary curve, the

two remaining constants may be found by specifying the initial

orientation of the ellipse.
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The properties of the ellipse5 are in particular
_ (BE _
nR— —ﬁ—\/Z_BW (36)
A S Y £
Jr=28 =3B AF (37)

Hence, 1f nR{O) and JT(O) are given, one may find R(0) and
B'{0). Once the specific solutions ny and My have been chosen,

the constants A, B, and C may be found.

SYNCHROTRON MOTION IN ADIABATIC REGION

The adiabatic regime is defined as motion in which the
coefficients in Egs. (16-17) do not change appreciably in one
synchrotron oscillation. This condition is satisfied for
synchrotron motion except in the region near transition. Thus
under this condition and assuming that one desires to populate
the phase plane within the invariant ellipse such that it is
approximately upright and does not tumble, the solution of

Eg. (25) becomes (B" and B' neglected)

(38)

Eq. (23} becomes

t
n = [= sgin (J gdt + Y): {39)

where Eg. (26) gives
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he _Vecosd
_ R R
= wR./"'E?ER_ - (40)

Eg. (39) demonstrates that the adiabatic damping of the phase

oscillation varies as

VB = (41)

i

SYNCHROTRON MOTION INCLUDING TRANSITION

Herrera6 has calculated this motion recently. It is of

interest to see how it fits into the preceding formalism.
His basic assumption apart from using a linear theory is that
the reasonable variation of ¥ near transition (here taken to

be at t = 0)

Y =Yg + Yo t (42)
giving
hszKR
= = ~Mt (43)
R
where
2 2¢
2h7w. Y - -
M= — T7 [(eV) l—sec 3} (44)

2
ETYT(YT 9

provides an M which may be taken as constant for all times.

Thus, Eg. (18) becomes

S = == M t*, [(ev—sec)“l} (45)
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Eq. {21) becomes (V and ¢R assumed constant)
Vcosd
K(s) = w——=X® . L [(ev-secr?]  (46)
21hvM V-5

If the reference phase changes from ¢R prior to transition to
ﬂ—¢R just after transition, Eq. (46) is wvalid both above and

below transition if ¢R is the reference phase below transition

at the "time" (-s) away from transition. For convenience let
cosd

a = — R [‘eV-sec)B/%} (47)
2thvM

Egq. (22) becomes

2
o+ & = 0. (48)

V=5

Two independent solutions which satisfy Eg. (33} are

R A AN O (49)
and
R A N O (50)
where
- 42 (g4, (51)

Egq. (34) gives

B = 3 (-s) [AJ§/3(V) + 2BJ2/3(V)N2/3(V) + CN§/3(V)]. (52)
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The choice of A, B, and C is made as follows. One wants
the boundary curve to be approximately an upright ellipse

for large (-s). For large (-s} Egq. (52) becomes

B = %E(—s)l/d‘ [A + C + 2B sin (2v—-g—11)+ (A~C) cos (EV-%F—)] (53)

FPor no tumbling the coefficients of the trigonometric terms
must be zero. Thus B=0 and A=C. Eqg. (35) then gives
A =1 B=20 cC = 1. (54)

Thus

(55)

™
i
=
=
+
3
bo
I
“)
1
23
4
NN
~
w
N
+
=
o
~
[#%)
)
| EW—

Near transition, Eg. (55) becomes

B = %1635)4/3P2t£ + /% (-8} + .... (56)
3
Hence, at transition
2(0) - & (%Ef/3fztlj (57)
3
8'(0) = —/% (58)

For the NAL bocster one has approximately

V = 654 kV/turn
by = 70°

Yp = 5.4458

E., = 5.1096 GeV
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h = 84

H

396.6/sec.

For these parameters

B(0) 7.08/eV/sec

Il

B'(0) -1.15

Detailed numerical studies by Lee7 following the trapping and
subseguent acceleration of many particles indicates that the

trapped particles indeed may be put into an upright ellipse

and that at transition the ellipse is characterized by

B (0)
B'{(0) = -1.19

]

7.26/eV/sec

in reasonable agreement with the analytical results above.
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