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I. INTl:Ol~UCTION 

TIZ aclcli.ii~on of higher hxrmouics to the accelerath:g ware is not new. Allen 

and Itces at SIAC have studied the addition of a set of hie;h harmoaic’ cavities dh:ive:i 

by the beam to co!001 the bu:lch length in electron-positron storage rings. Klaus 

at LRL considered the addi.tion of several higher harmonics to improve the bun&- 

ing factor. People at CERN have also siucXc:d the we cf both the first and higher 

harmonic cavities to accelerate the beam in order to reduce the power rcquiremcnts. 

Symon at W’isconsin hns invest.igated the use of a second harmonic in order to double 

the number of bunches. 

The purpose of tliis paper is to investigate some of the advantages of including 

a sqxtrate set of rf cavities operating at twice the frequency of the main accelerating 

cavities. The results show that’the maximum value of the phase oscillation fre- 

WCllcY CJs can be reduced between 30 and SOS/o, the bunching factor I3 can be in- 

creasecl by 20 to 40%, the tol-al power can be reduced up to 40%, the variation of 

the space charge betatron frequency shift with longitudinal position is substantialiy 

reduced, and the possibility of separately controllin, - the phase focusins and the 

energy gain may be useful in treating the problem of accelerating through transi- 

,tion energy. 

In this paper the relative phase between the two sets of cavities is always 

chose11 such that the synchronous particle arrives at the main accelerating cavities 
.~ 
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when l:he pltasc~of the accelerating field is es and arriws at the auxiliary 

cavitjcs when the accclcmtir,g field is zero. Significant improvements may bc 

mndc if the rclntive plmsc angle is varied; however, this is loft for fukc study. 

II. NoTATIOI\ 

The notation that is used in this report ins given below: 

v 1 V is ihc tota1 peak voltage of the main cavities. 

v2T’ is the total pea!; voltage of the auxiliary cavities. 

9s is the synch:conous phase angle of the, main cavities. 

h is the harmonic number of the main ca\itics. 

f is the revolution frequency. 

P is the momentum. 

7j 5 p/f S/dl, = - - 1. 
( > ,‘z yt” * 

7, is the value of y at transition elicrgy. 

E, = rest energy of particle. 

is the canonical~ momentum. 

OS 
is the ljhasc oscillation frequency. 

a subscript o refers to the value of parameter n-hen vl= 1.0 and Vz=O.O, 

a subscript m refers to the maximrun value of a parameter, and 

a subscript P refers to the linear value of a parameter. 

The energy gain per turn for a.particle which crosses the main accelerating 

cavities at a phase angle of @ is thus given by 

JE 
dcnr = d [q zl+y +‘“ia ~Lz(y-$) 1, (1) 

_- 
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The phase motion of a partjcle is described by the following Ikunilto;~ian: 

% .i 
Jj- 1‘ g2ir 1”/“’ ‘^i’: .-,, 1- 
c ) -y- Jr e \! p-j?) % , >2:‘Eo r! 

. 

F( ‘i”) c yb; pm $2 - cg3.c y - ( cj- ‘f&J ~,(:.~.L, y -1 -jj 
+ vz m_;._ h r 1 -- -3 (,!A$(pyTj I@ 

FN-108 
0430 
0434 

(2) 

(3) 

III. REDUCTION OF LIPlrE;.4R SYNCHR.07’RON CSCIIJATIOX FRE:gUE:r\iCY 

The linear synchrotron oscillation frcqucncy Ldsa is given by 

-I,. :-,.:w-----, 
(4) 

Thus, in order .to decrease usa by use of second harmonic, v2 must be negR,tive; 

However th,ere is a limit to how much \6e can decrease v2 before use becomes 

imaginary. From now on we will always assume that v1 is positive and 

v,,,- 
(5) 

so that (J sB is always real. We see that in principle we can always make (J 
se 

go to zero. FIowcver, when us. = 0 the motion is completely nonlinear, and the 

value of w sp is irrelevant, since none of the particles oscillate at this frequency. 
_. 

So far, nothing has been discussed as to how the voltage vlV and the syn- 

chronous phase 9, must vary as the voltage v V 
2 changes. In order for the 
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v 2 is varied, it i.s ncccssary for the maximum 

stal~k phrase axa AnI (called t~lie l~,ucl;cl arca) and the vokagc gain per turn of 

lhc synclp5nous 1xlrik!1.c to be held constant. The bucket area, of one of the h 

buckets is given by L!” 

where I< m is the masjmum value for which there arc two root.s to the equation 

F(e) = Km and the limits arc dctermincd by F(+Im) = F($,,,) = Icnl . The rolt- 

age gain per turn of the synchronous particle is 

rr e v, v S& ‘i”, * 

The constraints that r- G and Am = Anlo determine v1(v2, @,,) and $s(v2, OS,). 

These functions of’ v2 are shown in Figs. 1 and 2 and the corkponding linear syn- 

chrotron oscillat~ion frequency w 
SP 

is shown in Fig. 3 for several different values 

of @so * Note that for angles of @so < 30’ as v 2 decreases (becomes more 

-a negative) YI decreases and 0, increases to satisfy the above constraints. 

IV. NONLINEAR SYNCHROTRON FREQUENCY BEI%4VI?~ 

Since the nonlinear motion of particles enclosed in the tf bucket becomes 

more important as the linear freqxncy use decreases, it is necessary to deter- 

mine how the frequency os changes with particle oscillation amplitude for various 

values of v 2 . We will chracterize the amplitude of a particle by the area tGt 
__. 

its phase trajectory encloses; for example, if a particle’s phase trajectory ec- 

closes an area A, then we define its phase oscillation frequency to be ws(-4). The 
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phase oscillation Crequencg is gi~ven by’ 

where 

c 
2 n i: ‘/I e \’ L/-‘;, c($ v ‘5 

cd = .‘i ___C.IC -. _ .% 
s.eo 

? -L 3 ET, > 3 

FN-108 
‘0430 
0434 

(8) 

(9) 

K is a constant that varies between zero and, Km, and the limits of 0, and 

q2 are given by K = F(qS,) = F(Q2) . The c~rrc~p~nding ~>ILxs& area is given 

by ‘A = 2~‘~($!~$5~~)1~’ \y$;--g c& ’ @o). ” 

The dependence of ws@) upon the value of v2 is shown in Figs. 4 through 7 

for various values of $so with again the constraints that the bucket area and 

synchronous energy gain per turn be held cons’&nt. 
., 

Note that for small values 

of negative ti 2 the maximum value of ws is governed by the linear value while 

for larger values of negative v2 the maximum value of ws is ioycrned by the 

nonlinear values. Thus, while the linear value of ws -can be reduced to zero, 

there is a limit to how far the maximum values of us can be reduced. At- 

‘tempts to further reduce the maximum value of ws by varying the relative phase 

of the two rf systems have not been made, and it is possible that such attempts 

might be more successful. 

-5- 
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The .binxhing factor l3 cnteri~ng space charge calculations is the ratio of 

average to peal; pariicle dicnsij:y. The rariat?,on of B with “2 is sluciiecl in 

this section. If wc assume that the phase area A wlbin a pha,se trajectory is 

uniforml~y fill~ed with pnrticlcs, then the wmbcr of particles witllin an clement 

d@ is proportional to W(+)dQ. The average particle density is proportj.onal 

I. to - 27i .I- 
\<I&$ = & A , and the bunching factor js 

wm = 
F---T .~ 

“L;J?- kz#-j ; ~~ :(11)~ . 

and K is the constant used in Eq. (7). The dependence of R(A) upon v2 is 

shown in Figs. 8 through 11 for various values of es,. For the case where 

the phase space occupied by the particles is 70% of the bucket area, the bunch- 

ing factor is shown as a function ~2 in Fig. 12 for several values of OS,. 
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The total amount of power required by a system of 12 cavities j~s dcpcudent 

upon many faciors, and a complete dcscript%on of the system must be known be- _~. 
fore definite ansv;ers can be pbtaincd. Hocever, it ins still interes1in.g to make 

sonz c&mates of how the addition of a set of sccoud harmonic caviiics will 

cbangc the power rcyuirements. 

The p0w.x delivered to the beam will bc indepcnd~nt of the rf system and so 

will not change by adding additional second harmonic cavities. 

The power losses jn the ferrite and walls account for the major po1tiLion of 

ths powor requirement and is consMxed here by assuming that the shunt imped- 

ance per unit len$h is constant, independent of frequency. If the shunt impedance 

of the first harnmnic cavity is equal to S, then the sh<mt inqcdncce of the second 

harmonic cavib (vAich is one-half of the length of the first harmo-nit cavity) is 

s eyual to a ) where f is equal to ox when the tuning range of the second harmoxic 

cavity is equal to the tunin,o rru,lge of the first harmonic cavity, and f << 1 for a 

narrow tuning range of the second harmonic cavity. The total power l.osses can 

be written as 

. 

P- 
v,\l z - h!, __L. ~ r-/z 

c ‘) 
v* \J ----1 -3 1% a ( 544) t ~! 

2, 
-jxjl; : .. : ‘(12) 

where N1 end N2 are the number of first and second harlnonic cavities, respec- 

tiveIy, ancl jvlV/NII and v2V/N2 1 are the peak voltages per cavity. 1 By defining 

Po as the power loss for the case where v1 = 1.0 and v2 = 0.0, we have 

P/P+-,% i q+;) i13) 
0 
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p ::: ( 5qp/J, /<, s .) 

<: i 
\ 

For the case whc~x2 we have an equal ~lunlhr of first and second hnrmo~tic 

cavities (IV1 =T N,), the poccr loss ratio is g-ivcn by 

Jyp, z ( ,-)J12 4’ i 1’ ?F-; I 
< 

(14) 

(15) 

while for the case where WC hare qua1 gap ficlda on both sets of cavities (the 

voltage on a second harmonic cavity is one-half tile vo:iage on a fi,rst harmonic 

-5 v2 cavig’, since the gap dimensions are in the ratio 0.5:1 and thns N2 = 2 ;-- X1) 
I I 1 

the power loss ratio is g-i.ven by 

:~Jyo z: ( $ ‘j .i’ /q .‘i;;. 1 ) 
(1.G) 

For the case &ere the second harmonic cavity. has a narrow tuni~ng range, the 

power loss ratio is approximately given by 

(1-o 

The power requirements for these various cases are shown as a function of v2 

in Figs. 13 through 16 for various values of @so. 

The above treatnient for power losses in the dual cavity system is by no 

means complete. For example, by removing the restriction that the auxiliary 

cavity does not.accelerate the synchronous particle, it should be possible to 

-s- 
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Also, for the case wberc lhe tuning r-a@ 

of the main cavivjty is ‘C~OSC io 2:1, it may be possibk to we the aLLzil~iary cavity 

in the lat~tcr pnul. of the tmi,ng range as a fm,~d&.cntal cavity to aid in the acccl- 

erc~‘<ion *: 

VII. VAI<IRTI:OX OF UEThTI23N F:~QUEKC~ 
WTII LOXGITUDIlYAL POSlTION 

Since the variation of the space charge betatron frcqoency shi;t ~rith long$;ll- 

dinal posjtj~on can inlrodncc sgnchrobelatroll resonances, it is desirable to reduce 

this variation. The variation of the betatro!l frequency arises from the fact that 

the pariicle density varies with~longitadinal position. For the case \&ere the 

variation of the transverse beam dirnewjons is small over the le@h of a bmlch, 

the vacmm chamber height is small compared to the bun& length, an; image ef- 

fects are negligible, the betatron frequcnq 7 shiR AI) is proportional to the particle 

density per unit lcn.gth h. If me asskne that the ,phase area wi.thin a phase trajcc- 

tory is uniformly filled with particles, then Av is proportloral to the canonical 

momentum W. Figure 17 shows the variation of W and hence Av \vivilh longitudinal 

position for two vahles of v2 with @so = 30’ and A/Am0 = 0.75. The bctatron fre- 

quency shift AV can also be written as 

where R is a constant afid L the bunch length. 

_- 

*The authors woU;cl like to thank Dr. bI. A. Allen for pointing out this possibility. 
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Scvcral values of an are $vcn in the table below for the two curves in Fig. 17. 

The ~ra1.u~ of the average betatron frequency shift is reduced by including a set 

of second h~armwic cavities, but more important(as can be seen from Fig. 17 

or bjr comparing the values of al) th, n variation of Al) Nth z is reduced by approx- 

imately a factor of 2. 

VIII. USE OF IIIGHI~I: HARMONICS 
IN ACCEIEE~4TlNG THROUGH TRANSITION 

The problem of bunch lcngkh oscillations due to space charge forces at trausi- 
.l-4 

tion energy has been pointed out by S&ensecn and Hereward and a method of 

correcting it called the “triple switch” has been proposed. The introduction of a 

higher harmonic set of cavities could also be useful in correcting the bunch l.ength 

oscillations. 

The introduction of the higher harmonic cavities, phased such that the synchro- 

nous particle arrives when the voltage on these cavities is zero, can be used to 

cancel the defocusing space charge force. For the higher harmonic cavities, let 

the harmonic number be p times the fundamental frequency and the total voltage 
_, 

- 10 - 
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be ~~~17. Then 15q. (3.1) Of ikf. 4, which descri~bcs the linear phase molion, is 

modified as given below: 

where $ = 0 - +s 

N = total number 01 parikks 

2 -%as j.s the maximum bunch lengih for a parabolic bunch 

R is the racks of the accelerator 

go is a geometrical factor 

to is time at transjiion enera 

R is the radius of the accelerator 

(Note k&t in this equation q is positive below transition an,d that the phast? is 

jum$ccl o:~ly on the fmxlamental cavity. j 

Thus, in order to cancel tlnz space charge defocusing, we must have 

VP = 
.zi? lq;.~* &/$ 

p .z l/ Fp-2; 

with ro the classical particle radiUs. We see that it is inversely proportional 

to the harmonics factor p; however, if p becomes too large, the linear approsi- 

mation for the focusing due to the higher harmonic cavities is invalid. Thus, me 

must restrict p by 

(21) 
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WC lake, for cx;an1plc, 2. b00stcl: with the fol.lo\ring para:m.cicrs: 0434 

h-S4 eV = 0,s nkv 

/r. = 1.53 x lo-lo cm 9 :: 7 

go = 2.5 R= 75 III 

N = 4 >: 10= q,, f 0.3 l-ad 

E. = 0.93S MCV p=4 

and obtnjn v p = 0.035s. This js ” rather small voltage md sliould bc easy to 

obtnin in practice. 

The ELU~~OI:S WOUM like lo thnxli the \;alrious participants of SLU)II~~CT stu.dy 

gTOUp at tllC! NEltjOiX4 iiCcClCl%lO~~ Laboratory for mRq7 sij,m&,j.ng disc1~ssjO:~. 

In particular, it is a pleasure to acknowl.ed~e the help o: Drs. hf. A. Allell, 

Q. Kcrm, J. M. Petsrsou, K. H. Reich al:d K. R. S~IIIOIL 
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