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ADVANTA G]BS OF A SIZp OF SECOND HARMONIC RF CN’I‘TT_ES*

.
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1. INTRODUZTION

The addiﬁion of higher harmonics to the accelerating wave is not new, Allen
and ees al SLAC have studied the addition o:f a set of high harmonic cavitics dviven
by the beam to control the bunch length in eleciron-~positron storage rings. Klaus
at LRI considered the addition of sceveral higher harmonics fo improve the bunch-
ing factor. People at CERN have also studicd the use of both the first and higher
harmonic cavities to accelerate the beam in order 1;6 reduce the power reguirements,
Symon at Wisconsin has inve'stigate_d the use ol a sccond harmonic iw order to double
the number of bunches.

The purpose of this paper is to investigate some of the advantages of including
a sepavate set of vf cavities operating at twice the frequency of the main aécplerating
cavities. The _reSults _show that the maximum value of the phase oscillatic_m fre-
queng:iz Ly can be reduced between 30 and 50%, the bunching factor B can be in- -
creased by 20 to 40%, the toial power can be reduced up to 40%, the variation of
the space charge betatron frequency shift with longitudinal position is substantially
reduced, aﬁd the possibility of separately controlling the phase focusing and the
energy gain may be useful in treating the problem of accelerating through transi-
tion energy.

In this paper the relative phase between the two sets of cavities is always

chosen such that the synchronous particle arrives at {he main accelerating cavities
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when the phase of the aceelerating field is qbs and arvives al the auxiliary
cavitics when the accelerating ficld is zero., Significant improvements may be
made if the relative phase angle is varied; however, this is left for futurc study.

*

II. NOTATION
The notation that is used in this report is given below:

v,V is the total peak voltage of the main cavilies.

1
V2V is the total peak voltage of the auxiliary cavitics.
qbs is the synchronous phase angle of the main cavities.
h  is the harmonic number of the main cavities,

i is the revolution firequency.

p is the momentum.

n=p/ df/dp = (-—}2--—}72)
vy
£

Y, is the value of y at transition energy.
E = rest energy of particle,

f

v, is the phase oscillation frequency.

E-F ' ]
W o= (_____s_) is the canonical momentum,

a subscript o refers to the valué of pafameter when vy = 1.0 and Vzé 0.0,
a subscript m refers fo the maximum value of a parameter, and
a subscript £ refers to the Iinerar value of a parameter.

The encrgy gain per fura for a.particle which ecrosses the main accelerating

cavities at a phase angle of ¢ 1is thus given by

o E | ' |
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The phase motion of a particle is dcsci‘ibed'by the following ITamilionian: (()]i if
2., X : o
0y (PTREDNN o prey E
%”3:--"( v E. ) A + eV IR J 2
E v E, #
with . - _ .
- . ’ A ‘f.') - 0 - f.—- ! ' )'E
F( ' )= ,[C/)“ ez Ced ﬁ ( ¥ Eé) St ‘{ J -+
LV ALt N - G
0. REDUCTION OF LINEAR SYNCHROTRON CSCILLATION FREQUENCY
The lincar synchrotron oscillation frequency gy is given by
P !
-guh4ﬁev'i —y
e 15 ettt f e et .!
“es= ( o ¥ E, Fltey
(4)

aﬂhffev " et e Ay
:. ( %'L ~°' Eu‘ ml L ({Jﬁ 4+ D.. ’U.g) .

Thus, in order to decrease Wy by use of second harmonic, v, must be negative.

2

However there is a limit to how much we can decrease v, before ey becomes
. . - £

2

imaginary. From now on we will always assume that v. is positive and

1

> - Y |
Ui 2 2 Cort 91 - )

so that Wy is always real. We see that in principle we can always make W,
S

go to zero. However, when w

s 0 the motion is completely nonlinear, and the

value of Wep is irrelevant, since none of the particles oscillate at this frequency,

So far, nothing has been discussed as to how the voltage V1V and the syn-

chronous phase qbs must vary as the voltage v,V changes. In order for the

2
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investigation to be mcnning[uljas Vv, Is varied, it is necessary for the maximum

2
stable phase areca Am (called the buckel area) and the voltage gain per turn of
the synchréncus pariicle to be held constant, The buclket area of onc of the h

buckets is given by

where Km is the maximum value for which there are two roots to the eguation

F(o) = K, and the limits are determined by F(¢ 1m) = F(¢ 2111) = Km . The voli-

age gain per turn of the synchronous particle is

F - f.’ fifn v SL-/T"‘« (';'6; 4 o

The constraints that /= ]; and A= Amo determmg ViV, & 1) and q’:s(vz, Deo)e

These functions of v, are shown in Figs. 1 and 2 aund the corresponding linear syn-

2
chrotron oscillation frequency Wep
c

of 4)80 . Note that for angles of Peo < 307 as v

is shown in Fig. 3 for severzl different values
9 decreases (becomes more

negative} vy Ascreases and ¢S increases to satisfy the above constraints,

IV, NONLINEAR SYNCHROTRON FREQUENCY BEHAVIOR
Since the ronlinear motion of particles enclosed in the rf bucket becomes

more important as the linear frequency Wy decreases, it is necessary to deter-

i
mine how the frequency 28 changes with particle oscillation amplitude for various
values of Vg - We will characterize the amplitude of a particle by the area that
its phase trajectory encloses; for example',- if a particle's phase trajectory en~

closes an area A, then we define its phase oscillation frequency to be wS(A). The

-4 -
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phase oscillaiion {requency is given by

: ‘ i . e -/
e ey 1y } :
wy = We, TT ¥ @ \ frosm “‘« | {®)

where

atih peVes .\ 2
- ( / -5 _
Yo T Y ( T (@)
.' - %L \Q E‘I’) 3 _

K is a constant that varies between zero and Km, and the Jimits of 1 and
¢, are givenby K= F(g’)l) = F(q)z) . The corrésponding phase area is given

by

- e (L dwo ,

The dependence of wé(A) upon the value of vy is shown in TMigs. 4 ihrough 7
for various values of ¢’so with again the constraints th;u, the bucket area and
synchronous cnergy gai11 pér turn be held constant. Note that for small values

- of negatiye vz 'the maximum value of o8 is gox;'ernecl by the linear value while
for larger values of negative Yy the maximum value of w, is gO}rerned by the
nonlinear values, Thus, while the linear value of W “can be reduced to zZero,
there is a limit to how far tl?e maximum values of 2 canAbe rreduced. At-
"tempts to further reduce the maximum value of wy by varying Vthe relative phase
of the two rf systems have not been made, and it is possible that such atiempts

might be more successful,
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V. INCREASE OF BUNCHING FACTOR.

| The binching factor B entering space charg‘e calculations is the mtio‘of
average to peak particle densify. The variation of B with Vo is studied in
this scction. VIf we assume that the phase area A within a phase trajectory is
uniformly filled with particlcs, then the nuumnber of particles within an element

d¢ is proporiional to W(¢ydgp. The average particle density is proportional

1 . 1 - .
——— 17 P p— ~ - P
to 5 Wde ir A, and the bunching factor is
__A . | o
B ' (10)
m :
where
2 L]
B°yeVE, | - |
W=l —a K- F(o ):I ] (1Y
nl #hton [ s ' )

and K is the constant used in Eq. (7). The dependence of B(A) ﬁpou vy is
shown in Figs. 8 through 11 for various values of Peor For the case where
the phase space occupied by the particles is 70% of the bucket area, the bunch-

ing factor is shown as a function v, in Fig. 12 for several values of P o

2
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VI. TOTAL POWER REQUIREMENT 0434

The totui amount of power requirved by a system.of 17 cavitics .is dependent
upen many Tactors, and a complete desceription of the system must he known be-
fore definite answers can be pblained. However, it is still interesting to make
some cstimaf‘;es of how the addition of a set of sceond harmonic cavities will

change the power reguirements.

will not change by adding additional second harmonic cavities.

The power losses in the ferrite and walls accownt for the ﬁnajor portion of
the power requirement and is considered here by asswmning that the shunt imped-
ance per unit length is constant, independent of frequency. If the shunt impedance
of the first harmonic cavily is equal to S, then the shunt impedance of the second
havmonic cavity (which is one-hall of the length of the first havmonic cavily) is
équal to % , where f is egual to one wﬁen the tuning range of the sccond harmonic
cavity is equal to the tuning range of the first harvmonic cavily, andf < liora
narrow funing range of the second harmonic caﬁty. The total power losses can

be written as )
Ni ,U—'\l ')2‘ ”2 1;7, \] ‘

Pt e U)o,

where Nl and N2 are the number of first and second harmonic cavities, respeb—
tively, and ile/N 1! mw.d[\er/N 2{ are the peak vollages per cavity. By defining

P0 as the power loss for the case where v, = 1.0 and Vg = 0.0, we have

1

Ve = (e 2 Sew) o
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2 X , (14)
For the case where we have an equal number of {ivst and second harmonic
cavities (N1 = Ny)s the power loss ratio is given by
g I P ' '
— :}. A .
73,2 (wla 2fw) 2

while for the case where we have equal gap ficlds on both sets of cavities (the
voliage on a sccond harmonie cavity is one-half the voliage on a first harmonic

v

caviy, since the gap dimensions are in the ratio 0.5:1 and thus Nz =2 — Nl}

the power loss ratio is given by

Y A r . _ ' :
-// =T }qrf“‘l :
o - i ] Vo
/P, _( L A o : (16)
For the case where the second harmonic cavity has a narrow tuning range, the
power loss ratio is approximately given by
- 1 B 2: : - .
-y C we + .
P/ Py Vi o an
The power requirements for these various cases are shown as a function of Vo
in Figs., 13 through 16 for various values of ¢so'
The above treatment for power losses in the dual cavity system is by no

means complete. For example, by renloving the restriction that the auxiliary

cavity does not-accelerate the synchronous particle, it should be possible to

-8 -
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further reduce the total power Joss. Also, for the ease where the tuning ranpe
of the main cavity is close to 2:1, it may be possible to.u,fse_tlle auxiliary cavity
in the lafter part of the tuning range as a fundzﬁncntal cavily to aid in the accel-
era_ticnh:""’; .
- ViIIL | VARIATION OF BETATRON FREQUENCY
WITI LONGITUDINAL POSITION
Since the variation of the space charge betatron frequency shift with longitu-
dinzl position can inlroduce synchrobetatren resonances, it is desirable to redice
this variation. The variation of the betatron frzaquoncy avises from the Ia.ct thal
- the particle densily varies with longitudinal position. For the case where ﬂle
‘variation of the transverse heam dimensioné is small over the length of 2 bunch,
- the vacuum chamber height is small compared to the bunch length, afn'd image ef-
fects are hegli@‘_ble, the betatron frequeﬁcy shift Ay is proportional to the particle
density per unit length A, If we assume that the phase area wi.thil_l & phase trajec~
tory is uniformly filled with particles, then Av is proportional to the cancnical
momentum W, IFigure 17 shows the variation of W and hence Ay with longi‘c;:dinzfl
position for tw-o values of Vo With ¢ =30°and A/Amo = 0,75. The betatron fre-

dquency shiflt Ay can zlso be written as
)

AD= K 2. G cee(2iiny vd,) -
‘ ned | (18)

~where K is a constant and L the bunch length.

*The authors would like to thank Dr. M. A. Allen for pointing out this possibility.
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Several values of a are given in the table below for the two curves in Fig. 17.

a
n n .
VZ/V1 =0.0 vz/vl = -, 455

0 .558 .435
1 . 232 .118
9 . 079 | .073
3 . 043 . 040
4 . 028 _ .026

The value of the average betatron freguency shift is reduced by including a set
of second harmonic cavities, bul more impoxtant :\as can be seen from Fig., 17
or by comparing the values of al}‘ the variation of Ay with z is reduccd by approx-
imately a factor of 2,
VIII. USE OF JIGHER HARMORNICS
IN ACCELERATING THROUGH TRANSITION

The p» oblem of buich IOHth oscillations due to spa ce charge forces at transi-
tion encrgy has been pointed out by S¢renseen and Hereward 1-4 and a method of
c;orrecung 11; called the "iriple swltch" has been proposed. The introcluctior_; of a |
higher harmonic set of eavities could also be useful in correcting the bunch length
oscillations. . | | — | N

The introduction of the higher harmonic cavities, phased such that the syx-lchro.—l
nous particlé a;rriv;es when the voltage on these cavities is zero, can be used to

cancel the defocusing space charge force. ¥or the higher harmonic cavities, let

the harmonic number be p times the fundamental frequency and the total voltage

- 10 -
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be VPV. Then By. (3.1) of Ref. 4, which describes the lincar phase motion, is

modificd as given below:

- ry 1/
dfRXE AEN TEV A e s ey
a (a2 ) o e e Spe leeridp U )0
L3 x R
o S e
— Jhoe O hk
L de \ (0 o ay
L0y n ™ }
Y (o

where ¢ =¢ - Pg
N = total number of particles
ZE;ma:x is the maximum bunch length for a parabolic bunch
R is the radius of the accelerator
o is a geometrical factor
to is time at fransition energy
R is the radius of the accelerator

(Note that in this e_quafion n is positive below transition and that the phase is

jumped cnly on the fundamental cavity.“)

Thus, in order to cancel the space charge defocusing, we must have

37 ha E, o N

A, = s e - : L
F PeVX*R 45, 20)

with T, the classical particle raditis. We sce that it is inversely proportional
to the harmonics factor p; however, if p becomes too large, the linear approxi-
mation for the focusing due to the higher harmonic cavities is invalid. Thus, we

must restrict p by

4 5 |
F -4 3MW (21)

-11 -
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We take, for example, a booster wilk: the following parameters:
h=84 ev = 0.8 MoV - -
X = 1.53 X 10"16 cm v=1
g, = 2.5 ' R=175m
N=4 x 107 = 0.3 xad
T ‘ Prnax 7 03 rad
Eo = 0,938 McV p=4.

and obliain Vp = 0.0358, This is a rather small voltage and should be casy to

obiain in practice.
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