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“Anarchy” is the hypothesis that there is no fundamental distinction among the three flavors of neutrinos. It
describes the mixing angles as random variables, drawn from well defined pitglefistributions dictated by
the group Haar measure. We perform a Kolmogorov—Smirnov (KS) statistical test to verify whether anarchy is
consistent with all neutrino data, including the new result presented by KamLAND. We find a KS flitpbab
for Nature's choice of mixing angles equal to 12%, consistent with the anarchical hypothesis. In turn, assuming
that anarchy is indeed correct, we place lower boubds®> > 0.019 (two sigma) and 0.0011 (three sigma) on
the remaining unknown “angle” of the leptonic mixing matrix.

All fermions in the Standard Model of particle physics there is no reason to expect that the MNS matrix is trivial, and
(SM) seem to come in threes. The three copies of eactid-  lepton flavor transitions are observable in principle. In this
mental matter particle have in common all properties exceptase, the most sensitive probes for lepton flavor transitions are
one —the mass. It is common to say that there are three famiteutrino oscillation processes, through which a neutrino pro-
lies, generations, dtavorsof each matter particle in the SM. duced in a well-defined flavor statg is detected in a different
Currently we do not know the reason behind the number thredlavor statevs after propagating over a macroscopic distance
nor why the matter particles should “repeat” at all. Therefore,... The transition probabilities depend on the mixing angles
it is important to look for any information that may shed light and the CP-odd phase of the MNS matrix, plus the difference
into the origin of flavor. of the neutrino masses-squarédy?, = m? — m?

iy — g
Within the SM, it has been known for quite some time that  gj,ce 1998, there is compelling evidence that neutrino fla-

different quark flavors can mix quantum mechanically, and,q; tansitions do occur when the neutrinos traverse macro-
that the weak interactions can turn one flavor into another. ThEcopic distances. Atmospheril [2], sollir [3], and, very re-

“amount” c,’f mixing is summarize_d by the s_o-called Cabibl:’O_cently, reactor neutrino experimen’s [4] have all observed data
Kobayashi-Maskawa (CKM) unitary matrix. The CKM ma- o,nqistent with the neutrino oscillation hypothesis. In light of

trix, in turn, can be parameterized by three mixing angles,|| \he experimental evidence, it appears that neutrinos have
012,013,023 and one complex phasgthroughout, we use the  \asses and that leptonic flavors mix.
“PDG parameterization’[1] for the mixing matrices). A non-
vanishing phasé indicates that SM processes can violate CP  There are two striking features regarding the values of the
invariance, distinguishing matter from anti-matter in a subtleoscillation parameters which are extracted from the current
manner. With the beautiful data from th&factory experi- neutrino data. One is that the neutrino masses are extremely
ments, we have been able to confirm the CKM frameworksmall. Neutrino oscillation experiments have determined that
and measure all angles and the CP-odd phase @fit)%  the neutrino mass-squared differences ack [18}:3;] =
accuracy. (2 — 7) X 10_3 eV2 [] and Am%z = (4 — 20) X 10_5 eV2
A noteworthy feature of the CKM matrix is that it is rather [¥]. These results, combined with direct searches for neu-
well approximated by the unit matrix, meaning that the quarkrino masses [1] ylel'd that the heawes_,t neutrino mass is less
mixing angles are all small. This fact, combined with the factthanO(1) eV, over six orders of magnitude smaller than the
that the quark masses are quite distinct (the ratio of the lightestmallest charged fermion mass of which we know (the elec-
to heaviest quark mass@(10~?)), is interpreted as evidence Iron mass). The other is that, of the mixing angles, two
for the existence of some underlying symmetry or physical?1z; #23) are known with Some precision, and are both large:
mechanism that differentiates the quark families and hence exin’ 2023 2 0.9 [{] andsin® 2012 2 0.4 [H].
plains the hierarchy in the quark masses and the small mixing Assuming a three family mixing scenario, there are two
angles. more parameters in the MNS mixing matrix that are still un-
In the SM, all neutrinos are exactly massless. This beingnown: ¢,3 andd. In particular, if§ # 0 neutrino oscilla-
the case, one can always choose a basis where the Makiien processes need not conserve CP. Leptogenesis midels [5],
Nakagawa—Sakata (MNS) unitary matrix, the leptonic analogn the other hand, try to relate the existence of matter but no
of the CKM matrix, is the unit matrix without loss of gen- anti-matter in the Universe to the CP violation present in the
erality. This means that there are no SM processes througheutrino sector, making its observation of the utmost inter-
which one lepton flavor can turn into another. This hypothesigst. CP-violating effects parameterized by the CP-odd phase
has been indeed confirmed by all experimental searches fgrof the MNS matrix can be probed in accelerator-based
charged lepton flavor violation to dar® [1]. baseline neutrino oscillation experiments if, for example, one
If neutrinos have masses, and these masses are distincgmpares the flavor transformation probabilities of neutrinos



and anti-neutrinos (written here in vacuum), ) o ) )
TABLE I: sin? ¢, in the MNS and CKM mixing matrices, according

s N 2 to the PDG parameterizatioll [1]. In square brackets we quote the
Pve = vy) P(zue = V) -, 165126125213613523623 currently allowed experimental values for the CKM (MNS) entries
. . Ami,L . AmisL . A L h % (th i i .
<ind sin L il . Amis (1) at the 90% (three sigma) confidence level

4E 4E 4B “angle” CKM [90% expt.] MNS [30 expt.]
V| [(6.2 —23) x 107%]|  |U.s|* [0 —0.05]

wheres;; = sin#f;;, ¢;; = cos 6;;. Itis well known that the sin” 61
observation of CP violation in neutrino oscillations is possible [sin” f12| sinfc [0.048 —0.051] | sin® s [0.2 —0.5]
onlyif 61, andAm?, are “large enough” (and the atmospheric  [sin” 62z |[Ves|” [(1.4 —1.9) x 107°]|sin® famm [0.35 — 0.65]
parameters are also large, as has been established by the atmo-

spheric data). The KamLAND result has shown that this is the o N

case. The remaining question, therefore, iswhethgis also ~ * () = J_, f()dz’. For Eq. IB),

large enough to render the experimental search for CP viola-

tion possible. The only information we currently have is that Fle) — 0 }f s %’ 1 3
013 is relatively small:sin 6,5 < 0.05, constrained by the () = f }fx i [1’ J (3)
1T x .

CHOOZ experiment6].

The purpose of thislletter is two-fold. First_, we examine ifwe then compard () with the best possible guess for a dis-
the current data “requires” new symmetry principles in ordekyipution function Fyess(x) that can be obtained given that
to control the structure of the MNS matrix, analogous to the, _ ;. has been “drawn” namely.

situation in the quark sector. Saying that there is no symme-

try principle behind the MNS matrix means there is no fun- Fauess(x) = 0(x — x0). 4
damental distinction among the three flavors of neutrinos. If

this is the case, the MNS matrix is distributed (statistically)Note that it is very easy to generalize thisXorandom draw-
according to the bi-invariant Haar measure of group theoryings ofz, which yield, saygo, z1, ..., zn-1 [F].

which dictates the probability distribution of the mixing an- _ The (two-sided) KS statistic -function”) is defined by
gles. The hypothesis here is that Nature has chosen one poid

according to this probality distribution. This is the concept

of “anarchy” in neutrinosf|7,:8]. We would like to exam- D = sup,[| Fyuess(x) — F(2)]] )

ine if the data are consistent with anarchy by performing n the example we have been discussibg,= o if 7o > 0.5
Kolmogorov—Smirnov (KS) statistical test. We find that theyOr Do = 1 -z if 2o < 0.5 (note that th,;tv&)o ex(E)r_eséions

ar(—:éperfe;:tly.conaﬁtent. irical ¢ h q agree ateg = 0.5, and we assume that € [0, 1]). If the

econd, given the empirical stess of anarchy, we study hypothesisH ; is correct, the probability that a larger value
what it has to say abodis. Anarchy prefers large values for of D (i.e. a “worse fit") would be computed from a different
13, meaning that a smaf ; would be inconsistent with the random drawing of: is [B]

anarchical hypothesis. By turning this argument around, we
can place dower limit on 6,5 at various confidence levels, P(D > Do) =2(1 — Dy), (6)
again using the KS test.

Consider the following situation: there is a model that “pre-which is, in the example we have been discussing,
dicts” that a certain quantity is described by a probability dis- .
tribution. For example, one may construct a model that pre- Plzg) = { 2z }f ro < 0.5, )
dicts that a given quantity may have any value from 0 to 1, 2(1 — o) if o > 0.5.

with equal probability. This means that the probability densityThe smaller the value P (o), the less likely it is that ,

is |1/
f(z)is (18] is correct. In this context, we allow statements suck{ads
| it e €[0,1] only allowed at thél — P(x)] confidence level.
flx) = { 0 otherwis’e ’ (2 We wish to apply the test described above to the MNS and

CKM mixing matrices for leptons and quarks, respectively.
Our model is that the mixing matrices are random variables
drawn from a “flat” distribution of unitary3 x 3 matrices.
Following the PDG convention, we define the three mixing
gmgles as in Tabll I. Within this convention, the hypothesis is
that the marginalized probability density function is given by
?_see 3] for a detailed discussion of this point)

Let us assume that the valueofs known: z = z,. The
guestion to be addressed is how well does the rasuit z;
agree with the model presented above (that the probabilit
density forz is given by Eq.R))? This question can be an-
swered using the KS test. Given that we have drawn the sp
cific valuex = x, we would like to test the hypothesis;
that the probability distribution associated with the random 4 .y .y
variablez is f(z). F(U(3))d(phases) = f(cos™ 013,8in” 012,8in° 012) = 1,

In order to do so we define the distribution functi@nl [15] (8)



where we have integrated over all (both physical and unphysi& T 5 _ — " TR ]
.. . > F sin“@,,,=0.50 > SO
cal) complex phases. The mixing angles are defined such tha - <%0, =0.50 AP
6;; € [0,7/2], Vi,j. The probability distribution is flat in ~ *° £ 251 =l
sin? 014, sin”® 023, andcos? 013. It is clear thatf = 1 is cor- F
rectly normalized, 107 \ o MNS
£ 30 9
/ fd(cos™ 013)d(sin® 12)d(sin? fa3) = 1, 9) 10°E T
g sin’@,,,=0.35
as it should be. 107k sin’8,,=0.20
Since anarchy implies that the three mixing angles are -
distributed asuncorrelatedrandom variablesaccording to 107 Sin“8,,,=0.50
Eq. @), we are allowed to perfornmsaparateKS test for each $in°6,,=0.30
of the three mixing angles. The three distintfunctions are 1050
(from Eq. ) and the line that saeeds it),
L 2
Dyo. = (1 —sin®6%5)?, (10) 107V
Dy = 1—sin®4],, (11) 85 #CKM
10" g4
Dso = 1—sin®6°,. (12) B i vnnl il il
P2 » 10° 10" 10° 10

The superscript refers to the randomly picked valuee(,
the physical value, “drawn” by Nature) of the correspond-

. - : : 2 —
ing mixing angle. We have assumed thai® 9?2723 < 1/2, FIG. 1: P(KS) for the MNS matrix as a function ofin® 6,3 =

4 40 o : |U.a|?, see text for details. The top dashed curve corresponds to
cos®0}; > 1/2. The generalization for all values éf; is = f.01 = sin® f,:m = 0.5, while the bottom dashed curve corre-

trivial and does not add to our discussife [16]. _spondstain® 6., = 0.2 andsin® .. = 0.35. The solid curve cor-
Again under the assumption that the three “random variresponds to the best fit valugs? 6.1 = 0.3 andsin? faim = 0.5.

ables” are not correlated, we define the probability that a dif-The hatched region is currently excluded by the neutrino data. In

ferent random draw would yield a worse fit as the bottom left cornerP (K S) for the CKM matrix as a function of
sin® 815 = |V.p|? is also depicted within the experimentally allowed
P(KS) = P(689,) x P(6%;) x P(655), (13)  range forV,,;|?, assuming that the valuesof.,|* andsin® 8¢ vary

within the range indicated in Tadle I.
whereP (6);) = 2(1 — Defj): as in Eq. ). Therefore

- _ <2 0 <2 n0 <4 0 <2 0
P(KS) = 8sin” 015(2sin" 015 — sin”015) sin” 033, (14) 29 4q tapulated in Tabl I. For the best fit values of

By using the best fit valuesin?6;» = 0.3 @] and sin? 0t and sin? 0sc1, ONe is able to “rule out(les)? <
sin? o5 = 0.5 [1] for the MNS matrix, we find 0.019 at the two sigma level anfl/.5|? < 0.0011 at the
three sigma level. Figl1 also depid® K .S) as a function
P(KS) = 2.4(sin’ 013 — %sin4 f13). @15) of sin? 013 = |V.p|? for the CKM matrix within the 90% ex-

perimentally allowed ranges defined in Tallle I.

Given the boundin® 6,5 < 0.05, the anarchical hypothesisis It is worth recalling that anarchy predicts a flat probability
consistent, with probability2%. distribution for the CP-violating phase[], and hence the

One can also check whether anarchy works in the quarRistributioninsind is 1/|cosé|, peaked aind = *1. If an-
sector. Using the values tabulated in Tallle |, one obtains &rchy is correct, chances are that the observation of CP viola-
probability smaller thar x 10~2, implying that the hypoth-  tion in long-baseline oscillation experiments is indeed within
esis that the CKM matrix is a random unitary 3 matrixis ~ reach!
safely discarded (at more than the five sigma level). Hence, We now summarize our results, with more discussions to
a fundamental distinction among the three flavors of quark$ollow. We have statistically tested the hypothesis that the
seems to be required. MNS matrix is a matrix drawn from a random “flat” sample

Once we have established as consistent the hypothesis thaftunitary3 x 3 matrices. According to the KS test performed,
the MNS matrix is a matrix drawn from a random sample ofthis “anarchical hypothesis” is consistent with the data. The
unitary 3 x 3 matrices, we now turn the argument around,anarchical hypothesis fails the KS test when it is performed
and try to place a lower limit ofl;5. What we require is that with the CKM matrix. Our result is different from other at-
P(KS) > 1 — Py, whereP; is defined to be the confidence tempts to statistically “test” anarchy. For example, the authors
level of the limit. of [L1] have claimed that the neutrino sector prefers the exis-

Fig. @ depictsP(K.S) for the MNS matrix as a func- tence of some symmetry behind neutrino masses and mixing
tion of sin? 13 = |U.s|* within the three sigma bounds al- angles to completely random entries. We have not attempted
lowed experimentally fosin® 6,5 = sin” f,,; andsin®f,3 =  to perform such a “compartive test,” which is, at least, hard to
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interpret in a well defined way. We do not believe that suchsimplest of flavor models — a model of flavor without flavor.
tests are capable of indicating whether one hypothesis is fdn light of our long experience with quark masses and mixing
vored with respect to the other. Our test has a well define@dngles, it is remarkable that, in the neutrino sector, one can do
statistical interpretation, and directly probes whether anarchyithout new symmetry principles in order to appreciate the
in the neutrino sector is a good hypothesis. entries of the MNS mixing matrix.

Having checked that anarchy is consistent with our current
understanding of the MNS matrix, we were able to use the
anarchical hypothesis to “predict” the value of the still un-
observed mixing anglé,s. At the two sigma level, anar-
chy requires thatin® 6,5 > 0.019, for example. If there is
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itations of our result. By hypothesis, the probability dis-[10] See, e.g, G. L. Fogli, G. Lettera, E. Lisi, A. Marrone,
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criminatory procedure does not include information regard- [arXiv:hep-ph/0208026].
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though one should start to worry if, say, it turns out that{13] we define the neutrino mass eigenvalues suchitifat> m?,
sin? 20,5 = sin” 26,» = 1. One should also be warned that andAmi, < |Amis psl.
the KS test performed here need not be the most powerful teft4] The probability density function is defined in such a way the
for the anarchical hypothesis, statistically speakihg [9]. probability thatz has a value betweery andzo + dx is given
Finally, we emphasize what our resdties noimply. Al- by f(wo)d. o
though the anarchical hypothesis is consistent with the datzgs] ;Qnﬁ;lfrt]g?;??afub?%?(f) de;?(zc)i in such away the the prob-
neutr?n.o mass models which .rely on flgvor symmetrie§ anqm] Of course, all aﬁgles in the quark sector satisfy’ 6;, <
nontrivial “textures” are not disfavored in any well defined 1/2. The same is true df/.s|?, while the preferred values of
way. Some are perfectly justified by top-down arguments, in-  sin? 6.1 are smaller than 1/2 at the three sigma level. We don't
cluding, say, grand unification of matter fields. We would like know whethesin? 6, is less than or greater than 1/2. The ex-
to point out, however, that the “burden of proof” is with the perimental information we do have is such, however, that
models that assume that there is structure in the leptonic mix-  @1d7/2 — fawm cannot be discriminated. These “degenerate”
ing matrix. The anarchical hypothesis may be viewed as the ~ SClutionsleadto the samig, .



