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ABSTRACT: We address the implementation of non-Abelian Wilson lines in D=4 N=1
Type IIB orientifold constructions. We present an explicit three-family example with
the gauge group (U(4)xU(2)xSU(2)xSU(2))*x(U(6)xSp(4))* and give the particle
spectrum and the trilinear superpotential. Emphasizing the new subtleties associ-
ated with the introduction of non-Abelian Wilson lines, we show that the Abelian
gauge anomalies are cancelled by the Green-Schwarz-type mechanism, and calculate
the Fayet-Iliopoulos terms and gauge coupling corrections. The analysis thus sets a

stage for further investigations of the phenomenological implications of this model.



1. Introduction

Four-dimensional N=1 supersymmetric Type IIB orientifolds[1, 2, 3, 4] provide a do-
main of perturbative string vacua whose study of physics implications is still at the
early stages of investigation [5, 6]. In particular, there is the need to further explore
the existence of string vacua with quasi-realistic features, i.e., those with gauge group
close to that of the standard model and massless spectra with three families !. In
order to reduce the gauge group structure, one mechanism involves the introduction of
Wilson lines [4, 11]. (Other mechanisms involve for example the blowing-up procedure
[12] or the introduction of non-zero NS-NS two-form background fields [13].)

In particular, the introduction of Wilson lines that do not commute with the dis-
crete orbifold symmetry seems to be a promising mechanism to reduce the gauge group
structure and lead us a step closer to the construction of quasi-realistic models [11].
We address the consistent implementation of the symmetry actions of both the dis-
crete orientifold group and the Wilson line actions. In addition, constraints arising
from tadpole cancellation as well as the requirement that the massless sector is free of
non-Abelian anomalies, severely restrict the allowed solutions.

We focus on a particular three family Z3 x 73 x Zy Type IIB orientifold model
[11] (a descendant of the Zs-orientifold [1], the first N=1 supersymmetric Type IIB
orientifold with three families and the gauge group U(12)xSO(8)). We address the
possible Wilson lines, which necessarily commute with the Z;5 but not all the Z, orbifold
actions. We find that the consistency conditions (the absence of tadpoles and non-
Abelian gauge anomalies) allow for a very limited number of possible models. We
focus on the (only) example with gauge group structure that encompasses that of the
standard model and present the massless spectrum and the trilinear superpotential® (see
Section II). In Section 111, we explicitly demonstrate that the Abelian gauge anomalies
of the massless spectrum are cancelled by a Green-Schwarz-type mechanism (proposed
in [16] and confirmed in [18]); in particular, we explore the additional subtleties that
are associated with non-Abelian Wilson lines. In Section IV we derive the form of the
Fayet-Iliopoulos (FI) terms as well as the corrections to the gauge kinetic functions due
to the blowing-up moduli. In Section V we summarize results and point out possible
generalizations to address a general set-up for a consistent construction of Type IIB

orientifold solutions with non-Abelian Wilson lines. In Appendix A we derive the

!Recent explorations involve the construction of Type IIB orientifolds with branes and anti-branes
which break supersymmetry, while keeping the models stable (tachyon-free[7, 8, 9]). A number of
quasi-realistic models were recently constructed in [10].

2The presented study builds on earlier work [11]. However, we find a different gauge group and
massless spectrum.



massless matter spectrum and in Appendix B the moduli of Z; twisted sectors.

2. Orientifold constructions

2.1 D=4, N =1 orientifolds

We compactify Type IIB theories on a six-torus 7® and mod out a discrete symmetry
group (1 and the world-sheet parity operation (), which could be accompanied by
another discrete symmetry (3, i.e. the orientifold group is G = Gy + QG,. Closure
requires Q¢g€1g’ € Gy for g, ¢ € G5. In the following we always have G = G.

The compactified tori are described by complex coordinates X;, ¢+ = 1,2,3. The
action of an orbifold group Zn on the compactified dimensions can be summarized in
a twist vector v = (vy, vg, v3),

g X; = ¥X; (2.1)

where the v;’s are multiples of ﬁ In our conventions, ' = 1 supersymmetry requires
that vy 4+ vy + v3 = 1.

Since the € projection relates left- and right-movers, it gives rise to open strings
[14]. Tadpole cancellation then requires the inclusion of an even number of D9 branes
and additional discrete symmetries in the orientifold group may require the presence
of multiple sets of D5 branes for consistency.

An open string state can be written as |W,ij) where W denotes the world-sheet
state and 1,5 the Chan-Paton states of the left and right end points on a D9 or D5

brane. The elements g € (; act on open string states as follows:

g 1W.i7) = (v lg - W, 3'5") (v, ) - (2.2)
Similarly, the elements of QG act as
Qg : |\I}7Z.]> — (Vﬂg)ii’ |Qg : \Ilv.j/i/> (755]1)]'] ’ (23)

where we have defined vq, = 7,7q, up to a phase, in accordance with the usual rules
for multiplication of group elements. Note, that () exchanges the Chan-Paton indices.

Hence, (2¢)* acts as

(Q9) : W, i5) = [y (vay) i [(Q9)7 - W.4'57) (v, 700 )i - (2.4)

Since the 7, form a projective representation of the orientifold group, consistency

with group multiplication implies some conditions on the v,. Consider the Gy = Gy =

Zn case. If g is the generator of Zy, we must have

v =21, (2.5)



Analogously, 2% = 1 implies that
Yo =£7q - (2.6)
Further, due to the closure relation Q¢Qdg’ € G for g,g" € G, one must have
(73)" = £187, 7% - (2.7)

It turns out that the tadpoles cancel, if we choose the plus sign for D9 branes and the
minus sign for D5 branes [4].
In the D9 brane sector vq is symmetric and can be chosen real, while it is anti-

symmetric in the D5 brane sectors and can be chosen imaginary there. Hence, in a

0 ]116 0 _iﬂ16
= d = 2.8
7979 ( ]116 0 ) an 7975 ( Z']l16 0 ) Y ( )

where the subscript 9 or 5 denotes the brane sector in which these matrices are acting.
Hence, in both the D9 and D5 brane sectors eq. (2.7) yields

suitable basis

(v3)" = a7, - (2.9)

Further, finiteness of string loop diagrams yields tadpole cancellation conditions

which constrain the traces of v, matrices. For example, in the case of Z3 [1]
Tr(yz,)=—4. (2.10)

Open string states, whose Chan-Paton matrices will be denoted by A, i =0,...,3
in the following, give rise to space-time gauge bosons (¢ = 0) and matter states (i =
1,2,3). Gauge bosons in the D9 brane sector arise from open strings beginning and
ending on D9 branes (the matter states will be discussed in Appendix A). Invariance

of these states under the action of the orientifold group requires
A0 — —7979)\(0)T’y§}3 and 2O — ’yg79)\(0)’y_7é ) (2.11)

With eq. (2.8) the first constraint implies that the A(®) are SO(32) generators, while
the constraints from the 7, ¢ will further reduce the group.
Similarly, in the D5 brane sectors the Chan-Paton matrices of the gauge bosons

satisfy the following constraints:

T
AV = 55 @ 9gh and A =45 A0 (2.12)



Due to the symplectic nature of yq5 in eq. (2.8), world-sheet parity yields Sp(32) gen-
erators for the gauge group, which will be further reduced by the additional orientifold
actions.

Let us now consider the Z; x Z; x Z3 orientifold, first constructed in ref. [11].
Tadpole cancellation implies that we have 32 D9 branes and three different sets of
32 D5 branes, which we will distinguish by an index 2. The D5; brane fills the 4-
dimensional space-time and the torus parametrized by X;. The Z3 twist action on the
tori is given by the twist vector v = (%,% 1) and, both in the D9 brane and the D5,

37353
brane sectors, its action on Chan-Paton matrices is generated by:
vz, = diag (w]llz, Ty, w My, ]14) . where w=¢™/3, (2.13)

This choice satisfies eqs. (2.9) and (2.10).
The two Z3’s act on the compactified coordinates X; (i = 1,2,3) in the following

way:
11
R X=X R X273 — —X273 = VR, = (0, 5, 5) R (214)
11
RQ : X2 — X2 R X173 — —X173 = VR, = (570, 5) . (215)
The corresponding y-matrices have to fulfill certain group consistency conditions [2]:
Vgiﬂ,s = _Ci,sﬂyR,‘Q,s ) (216)
-1 7T 17T
VR VR0s TR Va,s = Co,sCas€ijh (2.17)
4T T
VRiQ,SVQ,Is ’YRiQ,SPYQ,Is = CosCis (2'18)
YRi s VR s VRi,s = —Co,sC3,56C0jk (2.19)
VRisVRis = CosCis (2.20)

where s = 0 and s = 1,2,3 denote D9 branes and D5 branes, respectively. The co-
cycle C; 5 1s equal to —1 for ¢ = s and to +1 otherwise. Further, tadpole cancellation
implies
Tr (vris) = Tr (YR,s72,) = 0. (2.21)
One set of yg, matrices fulfilling these constraints is given in table 1.
Consider now the Chan-Paton matrix for the gauge fields in the D9 brane sector.
Inserting vz, 0 and the vg, ¢ in eq. (2.11) yields the following form for A(*)

1, ® By 0 0 0
o | 0 Reh 0 mes (2.22)
0 0 —1, @ B 0
0 —i02®52 0 —HQ®B2T



Yryo = diag (101 @ lg,i01 @ 1o, —1 01 @ lg,—1 01 @ 13)
9 | YR, =diag (102 @ lg,i 09 @ 9,009 @ lg,102 @ 13)
Yrso = diag (103 @ lg,i 03 @ 1o, —1 05 ® lg,—1 03 @ 13)
YRy 5, = diag (101 @ g, 001 @ Ly, —1 01 @ lg, —i 01 @ 1g)
51 | YR,5, = diag (03 @ 1,02 @ 1z, —09 @ g, —02 @ 113)
YR, 5, = diag (03 @ lg,03 @ 12,05 @ lg,03 @ 13)
YR, 5, = diag (o1 @ lg, 01 @ 12,01 @ 1g,01 @ 13)
Do | YRy5, = diag (i0e @ g, 100 @ lg,102 @ lg,i09 @ 1g)
YRs 5, = diag (03 @ lg,03 @ 12,05 @ 1g,03 @ 12)
YR, 5. = diag (o1 @ lg, 01 @ 12,01 @ 1g,01 @ 13)
B3 | YRy5. = diag (—og @ llg, —02 @ 13,09 @ 1,02 @ 13)
YRs 5. = diag (105 @ g, 103 @ 1y, —103 @ lg, —i 05 @ 13)

Table 1: Representation of the Zy x Z5 twist matrices in the D9 and D5; brane sectors.

Here, Bj is a general 6 x 6 matrix, corresponding to the adjoint representation of U(6).

By is a general 2 x 2 matrix and S; and 5, are symmetric 2 X 2 matrices, i.e. By, S

and Sy form an adjoint representation of Sp(4).

In the D5; brane sectors, the Chan-Paton matrices for the gauge fields have a

similar structure, i.e. we get three additional copies of the gauge group U(6)xSp(4).

2.2 Wilson lines

In order to further break the gauge symmetry we introduce discrete Wilson lines, which

can be written as a matrix vy acting on the Chan-Paton matrices. A Wilson line along

1 (5) | w7 (o))
Vg U(6) U(6) Sp(4)
vz, | 2iV3TeBy || —2TeB? | 4Tr (B2 + S5.5:)
Ve, || =20v3TrBy | —2TeB} | ATr (Bf + S251)

Table 2: Contributions of the different gauge groups to the traces relevant for anomaly

cancellation, Fl-terms and gauge coupling corrections. By represents a U(6) generator, while
Bj and the S; generate the Sp(4) (See the detailed explanation after eq. (2.22)). All the other

traces, e.g. those involving 7, twists yg,, vanish.



the two-torus X; has to satisfy the following algebraic consistency conditions

(o) =41, (mew) ==1.  (msow) =41 forj#i. (223)

These conditions and eqs. (2.19) and (2.20) then imply that vy and g, have to com-
mute in the D9 and D5; brane sectors,

[(Yri0Yw] =0, Yri 5 7w] =0 . (2.24)

This is due to the fact that vgr, does not act on the compactified coordinate X;
(cf. eqs. (2.14) and (2.15)). Further, tadpole cancellation requires

Tr (PYZS) =Tr (VZSVW) =Tr (FYZSFYI%V) =—4 ) (225)
Tr (’yZS’yW’yRM) =Tr (’yzs’y%,’ygws) =0, fors=9orb. (2.26)

In the following we will restrict ourselves to the case of one Wilson line along the
third two-torus. It turns out that eqs. (2.23)-(2.26) allow only one Wilson line (up to
equivalent representations) which yields a gauge group containing the standard model
as a subgroup:

Tw = dlag (Wh W27 W1_17 W2_17 W37 W3_17 W1_17 W2_17 le W27 W3_17 WS) ’ (227)
where W, = diag (w,w, 1) , Wy =13, W3 = diag (w,1) . (2.28)

Since we place all the D5 branes at the origin, this Wilson line acts only in the D9 and
D53 brane sectors. The gauge bosons in these two sectors have to obey one additional
constraint,

AO) =y AO 2L (2.29)
The generator By of the U(6) in eq. (2.22) therefore gets reduced to

B 0
B=( . (2.30)
0 B,

where By and B, are general 2 x 2 and 4 x4 matrices, respectively. Hence, the U(6) gets
broken down to a U(4)xU(2). Similarly, the Sp(4) generators By and S; are reduced

to
Wl 0 W2 0 W3 0
B2 - 5 Sl - 5 52 - . (231)
0 % 0 Z, 0 Zs

Here, the W; and Z; generate two SU(2)’s.



Sector Gauge group Field Representation

99 U(4)x U(2)xSU(2)xSU(2) Y 3% (6,1,1,1)(+2,0)
© 3 % (4,1,1,2)(—1,0)
n©) (1,1,1,1)(0,+2)
7(©) (1,2,2,1)(0,—1)
5:5; U(6)xSp(4) ¥ 3 % (15,1)(42)
i=1,2 @ 3 % (6,4)(—1)
5553 U(4)xU(2)xSU(2)xSU(2) &) 3% (6,1,1,1)(+2,0)
@ 3% (4,1,1,2)(—1,0)
) (1,1,1,1)(0,+2)
73 (1,2,2,1)(0,—1)
95, [U(4) x U(2) x SU(2) x SU(2)], POY (1,2,1,1;6,1)(0, +1; +1)
i=1,2 x [U(6) x Sp(4)];, Q9 (4,1,1,1;6,1)(4+1,0; +1)
RO (1,2,1,1;1,4)(0, —1;0)
S(09) (4,1,1,1;1,4)(—1,0;0)
709 (1,1,2,1;6,1)(0,0; —1)
U9 (1,1,1,2;6,1)(0,0; —1)
955 [U(4) x U(2) x SU(2) x SU(2)], QU3 | (4,1,1,1;4,1,1,1)(+1,0; +1,0)
x [U(4) x U(2) x SU(2) x SU2)]5, | SO | (4,1,1,1;1,1,1,2)(=1,0;0 0)
U©3 | (1,1,1,2;4,1,1,1)(0, ,0)
515, | [U(6) % Sp(4)];, < [U(6) x Sp(4)];, | Q" (6,156, 1><+1-+1>
S02) (6,1;1,4)(—1;0)
U2 (1,4;6 1)(0,—1)
535 [U(4) x U(2) x SU(2) x SU(2)];, pEi) (1,2,1,1;6,1)(0,+1; +1)
i=1,2 x [U(6) x Sp(4)];, QB9 (4,1,1,1;6,1)(4+1,0; +1)
RGY (1,2,1,1;1,4)(0, —1;0)
S0 (4,1,1,1;1,4)(—1,0;0)
VASR (1,1,2,1,6 1)(0,0; —1)
UG (1,1,1,2;6,1)(0,0; —1)

Table 3: The massless spectrum from the open string states. The indices k on the x(*) and
¥(®) fields are family indices, i.e. k =1,2,3.



In the 5; and 5, sectors the gauge groups remain unbroken. The action of Wilson
lines on the matter states is discussed in Appendix A and the resulting spectrum of
the Z3 X Zy x Z5 model with one Wilson line is given in table 3.

The tree-level Yukawa superpotential of the massless states reads?®

w= Y > %/Jk (960D §0) 4o\ SUR SR g (O glei (o

5=0,1,2,3 i#;#£k

e DQURITER 4o DB 4 gijSX@T(w)T(sj) n giw(j) P RE)

K3 K3

ey QP S<3f>+x£>U< >U<0f>+x£“T< T T POIROD 4 Q05100
+ Z ( s1) p(sg 2] T Q st) ¢/(sg S(U) + T(SZ)T(SJ)Q(U) + U(SZ)U(SJ)Q(”)) R (232)
5=0,3
where summation over repeated indices is understood and we defined S = /U9,

Further, we have suppressed the actual Yukawa couplings and determined only trilinear
couplings. Note, that n®) and 7(*), the extra matter states from A®) in the 9 and 55
sectors (cf. Appendix A), do not have trilinear couplings.

3. Chern-Simons terms and Anomaly Cancellation

It is obvious from the spectrum that the U(1) factors in various sectors are anomalous
at the effective field theory level. Therefore, it is important to check that the Abelian
anomalies cancel through the generalized Green-Schwarz mechanism [16].

Before we demonstrate the cancellation of the U(1) anomalies explicitly, we turn to
a discussion of the NS-NS sector moduli fields of the Z; x Z; x Z5 orientifold. There are
three untwisted sector moduli associated with the scaling deformation of each two-torus.
If we denote the complexified bosonic coordinate associated with the J™ two-torus as
X7 the three moduli fields are represented by 9. X73.X7 (J = 1,2, 3) vertices.

The twisted sector moduli fields arise from different twisted sectors and are asso-
ciated with the fixed points of the 7, x Z3 x Zs orientifold. The twisted sectors are
generated by the multiplications of elements of Z3 ({1, 6 = d1ag(e2§l 5, 2m) 621),
and the two Zy’s, generated by Ry = diag(l,—1,—1) and Ry = dlag(—l,l,—l), re-
spectively. Each sector is specified by a certain number of fixed points (and/or fixed
two-tori). However, not all the fixed points in these sectors are in one-to-one correspon-
dence with the physical states, such as blowing-up moduli. Generally, in each sector
only particular combinations of blowing up-modes that are invariant under the action

of the remaining discrete rotations survive.

3The nonzero terms in the superpotential are determined by gauge invariance and standard tech-
niques of superconformal field theory in the closed superstring sector [15].



Tr (’yg)\(o)) Tr ((’yg)_l ()\(0))2)
Yo U(4) UE) | U@ | U@ SU(2) SU(2)
Yz, 20/3TrBy | 20/3TrBy || —2TcB2 | —2TrB2 A(W2HW, Wi ) A(22+2>25)
V%, —20/3TrBy | —20v/3TrBy || —2TcB2 | —2TrB2 A(WEHW, W ) A(22+2>25)
N Za VW 2iv/3Tr B, —/3TrB; || —2TrB? TrB? —2(W12 W Ws ) 4(Zf + 7575 )
Vg W —20/3TrBy | /3By —2TrB? TrB? —2(W24WoWa) | 4(Z3+2>25)
N Ra YW 0 0 0 —2v/3TrB2 —2\/§(W12-|—W2 Wg) 0
N Za VR YW 0 —3iTrB, 0 V3Tr B2 —2\/§(W12+W2W3) 0
(V2575 ) v 0 3iTrB, 0 VBTrB? | —2V3(W2HWaWs) 0
Y Za V2 20/3TrBy | —iV/3TrBy || —2TrB?2 TrB? —2(W24WoWa) | 4(Z3+2>25)
V3, —20/3TrBy | /3By —2TrB2 TrB? —2(WR24WoWa) | 4(22+2>25)
YRV 0 0 0 2/3TrB2 2\/§(W12-|—W2 Wg) 0
NZaVRs Vi 0 3iTrB; 0 —\/3TrB2 2\/§(W12-|—W2 Wg) 0
(V2575 ) V2 0 —3iTrB, 0 —VETeB? | 2/E(W2AW W) 0

Table 4: Contributions of the different gauge groups in the D9 and D53 brane sectors to
the traces relevant for anomaly cancellation, Fl-terms and gauge coupling corrections for the
model with the Wilson line. B; and By are the U(2) and U(4) generators and the W; and Z;
form the SU(2) generators. In the D5y 5 brane sectors the traces remain unchanged, i.e. they
can be found in table 2.

The blowing-up modes of the Z3 twisted sectors can be identified in the following
way. The 6 sector has 27 = 3 x 3 x 3 fixed points, and twisted fields o7 are associated
with the ¢ fixed point (: = 1,2,3) of the J" two-torus T? (J = 1,2,3). The Z3
orientifold would have 27 blowing-up moduli fields of the form ¢; ;; = 02»10]20,:3, where
(1,7, k) = {1,2,3} run over the three fixed points on each torus. However, the invariance
of the states under the two discrete Z,-rotations R; and R, implies that only nine
combinations of the original blowing-up modes are physical. Those are (a) the blowing-
up mode at the origin, (b) three blowing-up modes that are symmetric combinations of
@;.j.x with one of the indices being 2 and the other two indices fixed to be 1 and its mirror
image under Z, twists, (¢) three blowing-up modes with a symmetric combinations of
@i % with two of the indices being 2 and the other index fixed to be 1 and its three

mirror images under Z, twists and (d) two blowing-up modes which are symmetric and



antisymmetric combinations of ¢; ;; with 1 = j = £ = 2 and its five images under Z;
twists.

The 16 blowing-up modes of each of the R; twists are combined to generate 6
physical moduli that are also invariant under the Z3 action (cf. Appendix B). The order
6 twists OR; (1 = 1,2,3) each have two blowing-up moduli (Rs = R Ry = (—1,—1,0)),
which can be seen as follows, using 8 B3 as an example. The 6 R3 rotation is generated

—27e —27e 27

by diag(e™¢ ,e"e ,e2 ). The order-6 twists in both the first and second tori generate

one fixed point (at the origin in each of the two-tori). The third torus has three fixed
points due to the order-three twist. However, the Ry and R, invariance selects out the
two physical modes, p1 11 and py ;23 = %(,017172 + p1.13), which combines the two
states that are mirror pairs under R; and R,.

3.1 Chern-Simons terms

Anomaly cancellation is ensured by the existence of the Chern-Simons (CS) term of
the effective theory [17], which is of the form

[CS ~ Z/d4$ Ck A €F 5 (31)
k

where C} are the 2-form Ramond-Ramond moduli fields arising from the kth twisted
sector and F' is the field strength of the gauge bosons. The first order expansion in F
gives the term

3 / &'z Oy A Te(pAO)F (3.2)
k

where the coefficient Tr(y,A(?)) is associated to the orbifold action and the Chan-Paton
matrix of the gauge bosons. The second order expansion gives the coupling between
the twisted sector RR fields and F'F, with the prefactor Tr((’yk)_l)\(o)z). These two
couplings are responsible for the cancellation of field theoretical U(1) anomalies [16].

The particular combinations of RR twisted sector fields that are responsible for U(1)
anomaly cancellations require careful study. For example, the explicit trace calculation
for the Zy x Zy x Zs orientifold without Wilson line (table 2) reveals that Tr(’yk)\(o))
vanishes for all the twists except those of Z;. It implies that the RR twisted moduli that
are responsible for anomaly cancellation are from the Z3 twisted sectors only. For the
U(1)’s arising from the D9 branes, which extend over all six compactified dimensions,
all the physical RR field are involved. Namely, the RR field for anomaly cancellation
in the D9 brane sector B? takes the form

Bg X Z ¢i,j,k 5 (33)

0,5,k

10



where ; ;1 are the RR partner of the twisted sector moduli ¢; ; of Z3. For the D53
branes sitting at the origin, extending over the ith complex coordinate, the relevant

RR field for anomaly cancellation B takes the form
B53 X Z ¢1,1,i . (34)

Bs

complicated and will be discussed later.

, and Bj, have similar forms. The situation in the model with Wilson line is more
3.2 Anomaly Cancellation

The U(1) mixed anomalies in the effective theory are cancelled by the exchange of
twisted sector RR fields between the gauge bosons, as discussed in [16]. The amplitude

for this process is given by the expression
[0} Z [0} o —
ATl = 7 2 CE@ITR A TR(() R (3.5)
k

where a, =9, 5; denote the brane sectors from which the U(1) group and the non-
Abelian group arise; P is the order of the orbifold group, which for the Zy x Zy x Z3
orientifold takes the value 2 x (2 x 2 x 3) = 24, and k runs over all the twisted sectors.

The factor €7 arises from string tadpole calculations. In the case of o = (3,
CP(v) = (=1)FIE_, 2sin(wko,) . (3.6)
Zs action gives C77(v) = —C5P(v) = =3v/3. If a = 9 and 3 = 5;,
O (v) = (—1)*2sin(mkv;) | (3.7)
which gives O (v) = —C3*'(v) = —/3 for Zs. If a = 5; and 8 = 5;,
¢ (0) = (=1)*2sin(rkv,) , where a #1# j . (3.8)

Hence, the order 3 twists of the Zy x Zy x Z3 orientifold give Cfﬁj(v) = —C§i5j(v) =
—V/3.

When a background Wilson line is introduced into the world-volume of the D9
branes, the fixed points of the orbifold action generally split into different sets, each
of which feels different gauge monodromy. The orbifold action on the Chan-Paton
matrices is modified accordingly at each fixed point, and the total amplitude A;,, of
the RR twisted moduli exchange has to be averaged over all the fixed points of the
orbifold action [16],

MWHFZZO (A TR(() 02 (3.9)

11



where [ is the total number of fixed points, f runs over all the fixed points of the kth
twisted sector and vy is the modified orbifold action at each fixed point due to Wilson
line actions. For example, in a Z3 orientifold model with one Wilson line, the 27 fixed
points of the Z5 action split into 3 sets, each of them feeling different monodromy,
Y., V2o yw and vz,7%, respectively. In the present model, the situation is even more
complicated as we will discuss later.
(i) Anomaly cancellation of the Z; X Z; X Z» model without Wilson lines
The four U(1)’s from each of the U(6) groups are anomalous. The mixed triangular
anomalies between the four U(1)’s and the SU(6) and Sp(4) groups from each brane
sector can be easily calculated from the particle spectrum [11]

9-93-33-33-3

) 3-39-93-33-3
A= : (3.10)
3-33-39-93-3

3-33-33-39-9

where the row [ labels the U(1) from the D9 and D5; brane sectors and the column
m labels the SU(6) and Sp(4) groups. As can be seen from table 2, only 75 twisted
moduli contribute to the anomaly cancellation process and eq. (3.5) indeed cancels the

anomalies exactly. For example, A

Ay = i < (=3V/3) x 2 x [2iV3Te BY(—2Te(BY))] = -9 (3.11)

where we used the standard SU(N) normalization TrBj = 1/2 for the SU(6) generator,

while the U(1) generators are unnormalized. (We concentrate on the cancellation of

mixed anomalies between the U(1) groups and the non-Abelian symmetries, the U(1)?

anomaly and the mixed anomalies between U(1) and gravity are cancelled in a similar

way [16].)

(i) Anomaly cancellation of the Z; X Z, X Z3 model with one Wilson line
The field theoretical anomalies between U(1)’s and the non-Abelian groups in this

model can be summarized in the following matrix

60 0—62-22-220 0 —2
01-101-11-100 0 0

) 33-3-39-93-333-3-3

A= , (3.12)
33-3-33-39-933-3-3
200-22-22-260 0 —6
000 0 1—-11-101-10
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where the row [ denotes U(1) factors from the U(4) and U(2) of the D9 brane sector,
the U(6)’s of the D5y 5 brane sector, and the U(4) and U(2) of the D55 brane sector.
The columns count the non-Abelian groups, the order follows table 3.

The introduction of the Wilson line implies a more involved pattern of anomaly
cancellation. In the following we separately address the anomaly cancellation for dif-
ferent sets of “anomalous” U(1)’s.

(1) The anomalies involving the U(1) C U(4)
As shown in table 4, non-zero contributions to anomaly cancellation, as specified by

eq. (3.9) come only from the Z5 twisted sectors, e.g., in the case of the mixed anomaly
U(1)xSU(4)?, where both of the gauge groups are from the 99 sector, eq. (3.9) yields

A= i x % % (=3V/3) % 2 x [3 x 2iV3TeBY(—2Te(B2)?)] = —6 , (3.13)
where we have used C}? = —(C39? = —3+/3 for the Z; twist, and TrBQ = 4 for the un-
normalized U(1) factor and TrBZ = 1/2 for the properly normalized SU(4) generator.
Similarly, using the results in table 4, we find that all the entries A;5 — A; 4 are exactly
cancelled by Aj,. However, for the anomalies U(1) x G?, where i; comes from the
D5, or D5, branes, the situation is different. Since we assume that the D5, and D5,
branes sit at the origin of the third two-torus (as well as the origin of the second and
first two-tori), they do not feel the action of the Wilson line, which is acting on the
third complex plane. Therefore, the result from eq. (3.9) is simply

Aps = i < (—V3) % 2 x 2iV3Te BY(—2Te(BM)?) = -2 , (3.14)
where we have C{”' = —C?"" = —\/3 as in the case without Wilson line, and By is the
generator for the U(6) group in the D5; brane sector. Similarly, Ajg— Ars involving
the gauge groups Sp(4) (in D5y brane sector), SU(6) and Sp(4) (in D5z brane sector)
are cancelled. 12119 - 1211 12 involve (; from the D53 brane sector, where we again have
to take the Wilson line action into account. The cancellation works in the same way
as in the case of 12111 — 12114. For example,

. ) i )

Ajp = i %0 (V) x 2 [3 3 20V B (~2Te(B))] = —2. (3.15)
(2) Anomalies involving U(1) C U(2)
The relevant traces in table 4 show that in the presence of the background Wilson
line, not only the Z3 twisted sectors, but also the order 6 twists generated by Z5 x Rj
contribute to the anomaly cancellation. The latter, however, comes with different

—27e —27e 27

() factors. Since the order 6 twist is generated by the action diag(e™® ,e™s ,e7= ),
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CP = —C = /3. Hence, Ay, takes the form
Agy = i X {% X (=3V/3) x 2 x [201V3TrBY(—2Tr(BY)?)
+2 % 2iV3Tr BY(—=Tr( BY)?)]
% < (V3) % 2 % [2 x (—3)Tréﬁ(¢\/§Tr(B?)2)]}

=—1. (3.16)

One sees that among the various contributions to Asy, in the Z3 twisted sectors the
contribution from fixed points which do not feel the Wilson line cancel those from fixed
points which do feel the Wilson line; while in Zg twisted sectors, the contributions from
fixed points that feel the Wilson line action cancel between each other. As a net result,
Ay = 0. Ayz and A,y cancel their counterparts from A as well. In cancelling 12125 — Azs
in which the non-Abelian group arises from the 5; or 5 sector, the Wilson line action

does not have any effect, thus A, 5 is cancelled by

(—V/3) x 2 x 2iV3Te BY(—2Te(B)?) = —1 . (3.17)

o
25 = 5 X
When G; comes from the D53 brane sector, the effects from the Zg twists again have
to be taken into account. The net result is that the contribution from the Z5 twists
cancels those from the Zg twists in such a way that Ay g — A3 12 = 0.
(3) Anomalies involving U(1) C U(6)
Since the U(6) group arises from the D5; or D5, brane sectors, where the Wilson line
acts trivially, the cancellation of anomalies of this type is the same as in the original
model without Wilson line.

We have also checked explicitly all the U(1)? anomalies in the model, and confirmed
that they are exactly cancelled by the generalized GS mechanism.

4. Fayet-Iliopoulos terms and gauge coupling corrections

4.1 Fayet-Iliopoulos terms
The supersymmetric completion of the term (3.2) generates the Fayet-Iliopoulos (FI)

terms for the associated anomalous U(1)’s. * In the case of Zy x Z; X Z3 orientifold,
the FI term of the U(1)4 in the D9 brane sector takes the form

3
& ™~ /d4l‘ Tr(v2A?) > ¢ (4.1)

,5,k=1

4Note that there could be sigma-model anomaly corrections to the Fl-terms [4], proportional to
the untwisted sector moduli. (See also Ref. [20].)
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where ¢; ;1 are the N5-NS sector moduli arising from the Zs twisted sectors, since,
as we argued earlier only Z3 twisted sectors contribute to the anomaly cancellation
process. (Notice that we are summing over only half of the twisted sectors.) The FI
terms of the anomalous U(1) from the 5; branes involve the NS-NS moduli ¢; 1 1, those
from 5, branes involve ¢ ;1, etc.. In the following, we discuss the FI terms when a
background Wilson line is added.

(a) The FI term of the U(1)’s from D9 branes

For the anomalous U(1) C U(4),

3 3
Erra ™~ Z Z [Tr(v230 )1 + Tr(vzs7w ANy 2 + Tr(vza7i A )i 5]

_ VAT S (Guns) (42

,5,k=1

where ¢; ;1 are moduli fields from Z3 twisted sectors and the overall normalization
factor has been suppressed. Note that, although the blowing-up modes ¢; ;5 form a
convenient basis, they are not physical moduli of Z3. As discussed earlier, only a specific
combination of nine blowing-up modes is physical.

In the case of U(1) C U(2), the order 6 twists also contribute,

3 3
Erra ~ O 3 (Te(v23 N0 + Te(v2z 9w A 61 2 + Tr(v2375 AD) b 5]

=1 j5=1

+[Tr(v257rsA 111 + Tr(vzsvrsyw M) pra2 + Tr(v257Rsv3 A ) p1 1 5]

3 3
= TI’BQZ Z 2¢2] 1 — 2] 2 — ¢i7j73) + (—31.)TI’B$13(p17172 — p17173) . (43)

=1 7=1

(b) The FI terms of the U(1)’s from D53 branes
Since the 53 sector is subject to the Wilson line action, the basic forms of the FI terms
are the same as in the D9 brane sector. However, since 53 branes sit at the origin of

the 1st and 2nd complex tori, only those moduli with 2 = j = 1 are involved. Hence,
55 : 53
FI1 "™ (21\/§)TTBQ (P111+ 112+ Pr13), (4.4)
is the FI term for the U(1) C U(4). On the other hand,
51573172 ~ ( \/_)TI’B (2¢1 1,1 — ¢1 1,2 — ¢1 1 3) ( 3i)Tf3153(,01,1,2 - ,01,1,3) ) (4-5)

gives the FI term for the U(1) C U(2).
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(c) The FI terms of the U(1)’s that arise from D5; and D5, branes
As suggested by the anomaly cancellations, only moduli associated to the Z3 twists are

relevant. Hence, the FI term for the U(1) in the 5; brane sector is

515?11 ~ (Qi\/g)Tfol(ﬁbl,m + o1+ D301) s (4.6)

and for the U(1) from D5y branes,
52 . 252
F1 ™ (21\/§)TYB1 (P111+ 121+ Pr31) - (4.7)

4.2 Gauge coupling corrections

The gauge kinetic functions receive corrections from the twisted sector blowing-up
modes, in a mechanism related to the Chern-Simons term [4, 12, 18, 19]; they have
their origin in the second-order corrections, and the proposed form of the corrections
[4] was confirmed by recent explicit string calculations [18]. The holomorphic gauge

coupling function is of the form:

f=S5+5f(R), (4.8)

where S is the (untwisted sector) dilaton for D9 brane sector or the untwisted toroidal
modulus T; for D5; brane sectors. For a Zx orbifold, the correction can be expressed
as

(Sf(R) ~ ZTI’(’Y@I@ )\(0)2) Z qbl,mﬂm (49)

k l,m,n

where the summation is over half of the twisted sectors, and ¢; , ,, are the NS-NS twisted
sector moduli associated with the particular twist. (Again an overall normalization
factor is suppressed.) In the case of the Zy x Z3 x Z5 model, § f receives non-trivial

contributions from Zs twists only (cf. table 2), such that

3
§f7 ~ —2Tr(Bj)? (Dijk) (4.10)
i k=1
and
3
§fy ~ATe((B)* + 5550) D (di) (4.11)
ik

for the SU(6) and Sp(4) groups in the D9 brane sector. The corrections take a similar
form for gauge groups arising from the D5; brane sector, except that the summations

over 1, J, k are replaced by fixed values j =k =1, k=1 =1and 1 = j = 1, respectively.
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With the Wilson line, in the D9 brane sector, table 4 shows that the gauge coupling
of SU(4) receives non-zero corrections, as specified by eq. (4.9), only from Z3 twists. It
takes the form ,

Sf) ~ —2Tr(BY)? Z Biik) (4.12)
7,7,k=1
while the gauge coupling correction for SU(2) (C U(2)), gets contributions from order

three, and order six twisted sectors. It is of the form

3
§fy ~ =Tr(BY)* D (20451 — Sijz — bijs) + V3T (BY) (pra2 — prag) . (413)
ij
Notice that from table 4, the order 2 twist R3 appears to have a contribution to eq. (4.9)
with the relevant traces being non-zero. However, since Rs acts trivially on the third
complex torus, the Wilson line action does not differentiate the moduli of the R3 twist.
Hence, the total contribution from the Rs sector to éf vanishes after summing over
V-
Similarly, for the first SU(2)=Sp(2) group in the D9 brane sector one obtains

0f5 ~ 2((WY) 4+ Wy W3) Z(%ml —Gij2—biga) = 2V3(WD) + WIW) (praz—pras) -
’ (4.14)

And the second SU(2) receives the following correction to its gauge kinetic function:

3

§f3 ~A((Z0V + Z322) D (dijw) - (4.15)
iik
The corrections to the gauge couplings in the D53 brane sector are very similar to
those in the D9 brane sector, except that the summation over ¢, j is changed to a fixed
value 1 = 5 = 1.
In the D5 sector, the correction to the gauge coupling of SU(6) is simply

3
(Sf151 ~ —QTI’ B51 22 7,1 1 (416)
=1
and that of Sp(4) is
3
Sf30 ~ATr((B3)? 4+ S35 D (dina) (4.17)
=1

The corrections to the gauge functions in the D5y brane sector are similar to those in

the D5; sector, except that the moduli fields which are involved are ¢ ; ;.
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5. Conclusions

We have presented an explicit construction of a N = 1 supersymmetric, three family,
Type 1IB Z5 x Z3 x Z, orientifold with a Wilson line that does not commute with the
orbifold group. One of the motivations for this construction was to find a model with a
gauge group structure that is close to that of the standard model and thus provide an
example of a model with potentially quasi-realistic features. Unfortunately, the only ex-
amples that are free of non-Abelian anomalies and are consistent with tadpole cancella-
tion, while still containing the SM gauge group as a subgroup, have a gauge group struc-
ture of the type U(4) x U(2)xSU(2)xSU(2)(x U(4) xU(2)xSU(2)xSU(2) x (U(6) xSp(4))?),
and thus its “observable” sector gauge structure is still much larger than that of the
SM. (While our study builds on an earlier work [11], we found a different gauge group
structure and massless spectrum).

The gauge group U(4)xU(2)xSU(2)xSU(2) can be easily understood in the T-
dual picture, in which the Wilson line action on the D53 branes is dual to splitting the
32 D)3 branes and placing them at various fixed points, while respecting the orbifold
symmetries. In the T-dual picture, a set of 20 D53 branes is placed at the origin, which
gives rise to the gauge group U(4)xSp(2) when the 75 x Z; x Z, orientifold actions are
imposed. A set of 6 Db branes is placed at one of the two fixed points of Z3 in the
third complex two-torus which are away from the origin. Due to the two Z, actions,
another set of 6 D53 branes needs to be placed at the other fixed point as the mirror
image of the first set of 6. These two sets of 6 D53 branes yield only one set of physical
states and give rise to the gauge group U(2)xSp(2) under the additional Z5 orbifold
action.

In addition to obtaining the gauge group structure, the massless spectrum and the
trilinear superpotential, we carried out the explicit calculation of the Abelian anomaly
cancellations, employing a generalization of the Green-Schwarz mechanism (as pro-
posed in ref. [16] and confirmed in ref. [18]). In particular we emphasized subtleties
associated with “anomalous” U(1)’s of U(4) and U(2) group factors, which are due to
the non-trivial role non-Abelian Wilson lines are playing in the anomaly cancellation.
In addition, we also calculated the Fl-terms and the gauge coupling corrections due
to the blowing-up modes, thus setting a stage for further investigations of the physics
implications of this type of models.

The techniques we have employed in order to obtain a specific anomaly free three
family model can be easily applied to the study of a broader class of Type 1IB ori-
entifolds, i.e. models with other orbifold groups, and with a more general form of the
non-Abelian Wilson lines. In addition, a systematic formulation of the consistency con-
straints for this class of string solutions is clearly an important question, and deserves
further study.
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A. The matter fields

99-sector:

Like for the gauge fields, the Chan-Paton matrices of the matter states have to be
invariant under the action of the orientifold group. Since the world-sheet states of the
matter fields are not invariant under the orientifold action, eqs. (2.2) and (2.3) now

imply that
: AT ; s '
AD = —yg 2@ ’Yg_z}a and A0 = 62””’%,9)\(2)7;5 : (A1)

5;5;-sector

Similarly, if open strings begin and end on D5; branes, the Chan-Paton matrices have
to obey the following constraints:

i gt - i inv; )

)‘() = _79,5)\() 7&2,15 ) )‘() = 62 “Yg@‘)‘( )Vg,éi ’ (AQ)

A = g A 45t AD =i Ayl fori£ . (A3)

The sign change in the world-sheet parity projection in the last line stems from the DD
boundary conditions in the j # ¢ directions transverse to the D5; branes.
95;-sectors:

Further, one can have mixed states where the open strings begin and end on different
branes. In the 95; case, the coordinates obey mixed DN boundary conditions, i.e. they
have half-integer modings. The states can be written as |s;, sk, ab) Auy, j, k # ¢, with
helicities s;, s, = 1, and the Chan-Paton index a (b) lies on a D5 brane (D9 brane).

27
Due to the GSO projection one has s; = s;. The orientifold projections now imply

A\ = 2mi(vys;+vgsk)

€ 79751‘)‘75;_,; . (A'4)

The world-sheet parity operation {2 only relates 95; and 5;9 sectors and does not yield
any additional constraints.

5;5;-sectors:

Finally, the matter states in mixed 5;5;-sectors are determined by:

79751‘)‘7;;] . (A'5)

As an example, consider the Z; x Z3 x Z3 orientifold discussed in the main text.

A\ = eQWi(vis,‘—I—v] 55)

In the 99-sector the matter Chan-Paton matrices have to satisfy
A = ezm/372379)‘(1)7§31,9 , A= +7R179)‘(1)7§11,9 , AW = _7R279)‘(1)71521,9 (A.6)
A = ey AP g A = g oAyl A = g, 0 APl (ALT)

\(3) — Q2i7/3

723,9)‘(3)7231,9 ) A = —7R179)‘(3)7§11,9 ;AP = _7R279)‘(3)71521,9 (A.8)
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Imposing these constraints yields, e.g. for A(M)

0 0 0'3®A 0
A | M0 0 ’ , (A.9)
0 —O'3®M; 0 —0'1®MF
o3 @ M, 0 0 0

where A is an antisymmetric 6 X 6 matrix and M; and M, are general 2 x 6 matrices.
Under the gauge group U(6)xSp(4), A transforms as (15, 1)42, while My and M; form
a (6,4)_y, where the subscripts +2 and —1 denote the U(1) charges of the states. A(?)
and A® have a similar structure, i.e. we get three copies of each of these states [11].

Introducing a Wilson line vy yields an additional constraint
AD =y ADapt (A.10)

for those states that feel the Wilson line action. In the case of one Wilson line along
the third two-torus, considered in the main text, this would only affect states in the
99-, H3h3- and 953-sectors, since we assumed that all the D5 branes are located at the
fixed point at the origin, where the Wilson line is not active.

For example, in the case of AV from the 99-sector the matrices A, M; and M,
from eq. (A.9) get reduced to

00 00 00
A = ~ 5 M1 = ~ 5 M2 = ~ 5 (All)
0A 0 M, 0 M,

where A is an antisymmetric 4 x4 matrix and M, and M, are general 4-dimensional line-
vectors. Under the gauge group U(4)xU(2)xSU(2)xSU(2), A transforms as (6,1, 1,1)(4+2,0)
and (Ml, Mz) form a (4,1,1,2)(—1,0), where the second set of brackets contains the
U(1) charges of the fields.

A novel feature of this Wilson line action is that now the three matter Chan-Paton
matrices in the 99- and 5353-sectors yield different matter states. Consider A3 from
the 99-sector. In the absence of Wilson lines it will give the same matter states A, M,
and My as AV (cf. eq. (A.9)). However, Wilson line action on A®) projects out fewer

states than in the case of AV and A and the surviving fields read

Ay 0 M; 0 M, 0
A = ~ 5 M1 = ~ 5 M2 = ~ 5 (A12)
0 A 0 M, 0 M,

where, in addition to the states (6,1,1,1)(+2,0) and (4,1,1,2)(—1,0) discussed above,

P ]

we have an antisymmetric 2 x 2 matrix A,, corresponding to a (1,1,1,1)(0,+2), and

two-dimensional line vectors My and M, which form a (1,2,2,1)(0,—1).

b ]
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B. Blowing-up modes from the 7, twisted sectors in 73 x 75 x Z,
orbifolds

The physical moduli arising from each of the three 7, twisted sectors have a similar
form, we present the explicit result for the R3 twist only. Let us denote the twist
fields associated with the four (¢« = 1,2,3,4) fixed points of the first two two-tori
(J = 1,2) under Rj action as ¥7/. The blowing-up modes of the total 16 fixed points
are represented by the fields w; ; = X!¥?. However, only the following six combinations

of w;; are invariant under the Z3 rotation:

W11, (B.1)
I 271 im 2 ELiR) 27 9
Wi{2,34}}{{2:34}}* = §(22 +e? Yy te Xy) (85 e Uy 4e Xy, (B.2)
I dmi g 2mi 2 2mi o Ami o
Wi{2,3,4}}{{2,34}} = §(22 +e? Yy tes Xy) (85 +e? U3 4e Xy, (B.3)
1
w{27374}71 = 7§(Z% —I_ Zil)) —I_ 2411)2% Y (B4)
1
Wi {234} = %2}(23 + X3+ 31, (B.5)
1
Wizaa) e = 3(% + Y5+ N (X + N+ X)) (B.6)
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