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Abstract

We study the BRST cohomology for two-dimensional supergravity coupled to ¢ < 1
superconformal matter in the conformal gauge. The super-Liouville and superconformal
matters are represented by free scalar fields ¢* and ¢ and fermions %% and ¥, respec-
tively, with suitable background charges, and these are coupled in such a way that the
BRST charge is nilpotent. The physical states of the full theory are determined for NS
and R sectors. It is shown that there are extra states with ghost number Npp = 0, +1
for discrete momenta other than the degree of freedom corresponding to the “center of

mass”, and that these are closely related to the “null states” in the minimal models with

e <1,
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1 Introduction

There has recently been significant progress in attempts to find nonperturbative treat-
ment of two-dimensional gravity and string theory. In the matrix models, conformal field
theories with central charges ¢ < 1 are successfully coupled to quantum gravity [1, 2, 3]
and partition functions as well as correlation functions have been computed {4]. In par-
ticular, it has been found that there are infinite number of extra states at discrete values
of momenta other than the degree of freedom corresponding to the “center of mass” or
“tachyon”, but the nature and the role of these states in the theory have not been fully
understood yet.

To get more insight into the theory, it is clearly necessary to understand these results
from the viewpoint of the usual continuum approach to the two-dimensional gravity: the
Liouville theory [5]. Most of the results in the matrix models have been confirmed in the
recent study of the Liouville theory [5, 6]. In particular, several groups have computed
correlation functions and partition functions to find again discrete states {7, 8, 9, 10, 11}.
Some attempts to clarify the properties of these states have been made in [12, 13, 14, 15].

A first step toward full understanding of these states has recently been taken in the
BRST approach [16, 17, 18, 19]. In this approach, physical states are characterized as
nontrivial cohomology classes of the BRST charge. Indeed, recent compiete analysis of
the BRST cohomology has revealed that there are nontrivial physical states with ghost
numbers Npp = 0,+1 at special values of momenta, corresponding to the extra states
found in the matrix models (16, 17].

On the other hand, little is known for the supersymmetric case except for Marinari
and Parisi’s proposal for supersymmetric matrix models [20]. The two-dimensional super-
gravity coupled to &(= 2c) < 1 superconformal matter reduces to coupled super-Liouville
theory and it correctly reproduces the scaling dimensions [21]. However, no correlation
functions have been computed and the physical spectrum has not been clarified. In view
of the potential significance of superstring theory, it is very important to understand

the physical spectrum in two-dimensional supergravity coupled to ¢ < 1 superconformal



matier.

The purpose of this paper is to compute the BRST cohomology and identify the
physical spectrum for such a system. Our computation of the BRST cohomology is quite
analogous to the bosonic case (16, 17]. One first decomposes the BRST charge [22, 23]
with respect to the ghost zero modes. These are further decomposed according to a
grading of the Fock space, and we sort out the nontrivial cohomology classes of the
operator with lowest degree. In the critical superstring [22] as well as in the bosonic
Liouville theory [16, 17}, there is a one-to-one correspondence between this nontrivial
cohomology and the cohomology of the total BRST charge. It turns out that this is
not true in general in the super-Liouville theory. We have carefully examined which
of these nontrivial states can be promoted to the nontrivial cohomology classes of the
full BRST charge for the Neveu-Schwarz (NS} and Ramond (R) sectors. In this way,
we show that there are indeed nontrivial physical states for discrete values of momenta,

1

corresponding precisely to the “null states” in the minimal superconformal models {24,

25]. The same results are also obtained by using the decoupling mechanism based on the
quartet structure with respect to the BRST charge.

In sect. 2, we start by reviewing briefly the super-Liouville theory coupled to ¢ <
1 matter. We use the free field realization with a background charge for the matter
sector |25, 26, 27]. We then study the BRST cohomology for the NS sector in sect. 3 and
for R sector in sect. 4, and identify the extra physical discrete states. Sect. 5 is devoted
to discussions. In particular, we point out the close relationship of these extra states to

the “null states” in the ¢ < 1 minimal models.

2 Super-Liouville theory coupled to ¢ < 1 matter

In this section, we briefly summarize the super-Liouville theory coupled to the ¢ < 1 mat-
ter theory for completeness. This also serves to establish our notations and conventions.

In the conformal gauge, the matter and super-Liouville theories can be realized by



free superfields * and ®% which contains scalar ¢ and fermionic flelds v

8(8,2) = d(z) — i89(z) (2.1)

with the two-point functions

1
Z—

< ¢(2)d(w) >= —in(z —w) , <P(2)P(w)>=

(2.2)

For the moment we will suppress the superscripts and describe a free superfield realiza-
tion, which is applicable to both the matter and gravity sectors.

The super-stress tensor is given by

T(6,z) = —%D@D’@wz‘,\i’)"’@

il

%TF + 8Ty (2.3)

where D) = 0y + 80 is the covariant derivative. In terms of the component fields defined

in eq. (2.1), the stress-energy tensor T and super-current T are expressed as

Ts = —5(09)' — 509 — 0%,
Tr = iv0d— 2289 (2.4)

Il

which satisfy the ¥ = 1 superconformal operator product with the central charge ¢ =
1+3—12A% oré=1-8A%

The mode expansions are defined by

p(z)=g—ilp—A)Inz+iy_ fn:z‘", (2.5a)
n#0
¥(2) =3 pnz" (2.5b)

with the commutation relations

[ansam] = n6n+m,0a [Q:p]zz ’

{wm"f’m} = 6n+m.0 . (2.6)

In eq. (2.5b), the sum over n is to be taken over half-odd-integers for the NS sector and

integers for the R sector.



The super-Virasoro generators are defined to be the Laurent coefficients of the super-

stress tensor. In terms of the mode operators, they are given by

L, = %Z : Ol Otpyrm -+-i— Z(Zm = n) YU +(n + 1)Aan,
G, = z'gbn_mam +(2n + 1)Ay, (2.7)

where ag = p— A. Note that the subscript n to G is half-odd-integer or integer depending
whether it is for the NS or R sector.

In the present case of super-Liouville theory with the background charge AL coupled

to the matter with AM | we have two sets of the above system. The total BRST charge is

then
Qs = Zc_,, (Lf + L,I:) — EZ'yun (G'ﬁdr -+ G,I:) _2 Z(n —m): ConCombnym :
n 2 n 2 n,m
3 1
+ Z (En + m) . c—n7n+mﬂ—m . _Z Z 7n7mb—n—m (2-8)

where the sum is to be taken such that the subscripts to G, and # are half-odd-integers
(integers) for NS (R) case and others are integers. The commutation relations for the
ghosts are

{crnbm} = [7naﬂm] = Un4m,0- (29)

The central charges for the matter and super-Liouville systems are given by ¢¥ =
1 —8(AM)? and é& = 1 — 8(AL)?, respectively. Requiring that the total central charge add
up to zero or the BRST charge be nilpotent give éM + & — 10 = 0 or

(MY + (A5)? = —1. (2.10)

Note that the conditions ¢ < 1 and (2.10) mean that AM is real whereas AL is pure
imaginary.
The BRST charge can be decomposed with respect to the ghost zero modes. For the

NS sector

Q5 = coLo — byMys + dns (2.11)



where*

1
Mys = Z NCunln + :1' Z Y—rTry
nx0 r
1
dys = Z Cn (Lﬂl + Lﬁ) —3 Z (I —n) : c_nConbmin : (2.12)

n#o nrm(n+m)£0

1 K] 1
- Zy_,(Gf‘ +GEY + Z (wn -+ r) D CnYnarPor t —— Z Y+ YaD_rs-

2 r n’flﬂ 2 4 r4+8£0

The nilpotency of Qp is equivalent to the following set of identities:
dys = MnsLo, [dns,Lo) = [dns, Mns] = (Lo, Mns] =0 . (2.13)
For our purpose, it is convenient to define a set of generalized momenta

P*(n) pM + MY £ i(ph + ndD)]. (2.14)

1
- \/5[(
In particular, these give the “lightcone-like” momenta for n = 0

p* = P¥(0) = i(pM + iph). (2.15)

V2

We also define other lightcone-like variables by

1 ; i .
& = E(QM ti¢*), af = "ﬁ(anM *ial),
1 .
P = E(wf‘ +iyl) (2.16)
which satisfy the commutation relations
[qi:P;] =1 , [arin?ar:f] = Mmntmo {1/’:-':7 ¥i} = r+2,0" (2.17)

Using these variables, the operators in eq. (2.12) are cast into the form

L0=P+P_+Z :ai‘na;:—i-Zr: s :+Zn:c-nb,,:+2r:,6_,.7,.:
n#o r n#o r

'In what follows, it is understood that =, m,--- take integet values whereas r, s, . take half-odd-

integers uniess otherwise specified.



=pTp  + N (2.18a)

1
dys = Y cnlPt(n)a, + P (n)af ]+ Y ieonalpomin + o (m = n)eombmin) :
n0 nm;;z 2
n+mED

*% Z(Zr +n) i Con¥l ¥l i - Zv [PH(2r)] + P (2r)]]

1
~a 27 (¢ Oy T "Jb,- -n n + Z( n+ 7' P ConYnerBr ¢ —; Z YrYabor_s (20186)
n;eo n;eu r+ a0

In writing down eq. (2.18a), we have subtracted the intercept % which appears in rewriting

the zero mode part of Ly in terms of p* and p~ using (2.10). This is necessary in order

to make the BRST charge (2.8) nilpotent [22].

Similarly the BRST charge for the R sector is decomposed as
1 1, ,
QB = CgLo — boMﬁ - E‘foF + 2[30[{ + dﬂ — Zbg"ro (219)
where Lg is the same as (2.18a) with all the sum over integers and

1
Mp = Z(nc—ﬂcn+_7—n‘rﬂ)

4

ngEld

F o= phg +p795 + 2 (¥faan — ¥laot — nconfn + Yabon)
n#Q
K = - E NC_nTn
n;éﬂ

dn = Y calPr(n)ag + P(n)ai]+ & i coniatnaign

nx¥0 n,m#0

n+m#EQ
1 1
+§(m - n)c—mbm+ﬂ - (2111. + n) ﬂ+mw“m] :

__27 W[ PH(2n)o + P (211.)1,6"']—— > vm(¥h_nan + Y _af)

n;éD n,m;é[)
1
+ Z (-n +m) : conTnemB-m : ———4-7,,7,,,13_“_,“] (2.20)
n':i-:xﬁﬂ

In the R sector, there is no subtraction in Ly [22]. Instead, the 3 coming from p*p~ is

here absorbed in the normal ordering of the zero modes, as discussed in ref. [23]. The

nilpotency of Q5 is rewritten as
Lo = .F2 ’ d%l= MRLO+KF y 2K= [MR,F]
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K = {LO': AJR] = [LOaF] = [LCH K‘[ = [LO’dR]

= [Mg,K]=[Mgp,dr] = {F,K} = {F,dg} = {K,dg} =0 (2.21)
The Hilbert space H of the full theory is the direct sum
H = O (Hipnd) ® HiE), @ HE) (2.22)

where 'Hg:ﬁ) ('HE:E}),)) is the Fock space of matter (Liouville) oscillators acting on a Fock

vacuum with momentum p™ (p£) and H(®) is the ghost Hilbert space.

The physical state conditions in both sectors are given by

Qp | phys >=0. (2.23)

Since in both cases Lo = {bo, @}, these physical states satisfy

Lo | phys >= Qpgbo | phys > . (2.24)

Hence, any physical states are BRST-exact unless they satisfy the on-shell condition
Lo =0,

It is convenient to reduce the zero eigenspace of Lo by restricting to the states anni-
hilated by &y (and also by 3, in the R sector). In this space the physical state conditions
(2.23) reduce to

Lo | phys >= b | phys >= dns | phys >=0 (2.25)

for the NS sector and to

F | phys >= by | phys >= 3, | phys >=dg | phys >= 0 {(2.26)

for the R sector. Note that the condition Lo | phys >= 0 for the R sector is satisfied due

to the relation Ly = F?. Notice also d®> = 0 when acting on this space because of the

relations (2.13) and (2.21).



3 Physical states in the NS sector

In this section, we discuss the relative cohomology (2.25) for the NS sector and identify

physical states.

3.1 Cohomology of d,

From the first condition Lo { phys >= 0 in (2.25) and (2.18a), we see that this space is
nontrivial only if p*p~ takes a non-positive half-integer or integer value. For p*p~ = 0,
there is a unique state | p™, p* >.

In order to examine the cohomology of dys, we introduce the degree for the oscilla-
tors [18, 17| as

deg (aj‘—?d}::Cﬂa'Yr) =+1

deg (a;,¢;,bﬂ,ﬁ,) =-1 (3.1}

and define the degree of | p™,p* > to be zero. The cohomology operator dys is then

decomposed into components with definite degrees:

dns = dy + dy + dj. (3.2)
Here
1
do =Y P*(n)e_pa] — 3 S Pr(2r)y_, 9, (3.3a)
n#0 r
1 1
b= 5 i |atnamentp(m- B)embmin] 3 57-r ($nr + ¥rinal)
nm(n+m)#0 0
1 + - 3 1
—= > (2r+n) et YT + > (-—n + r) tConYnarBor i —= D YeYeb_,—, (3.3D)
2 n;EO n;!D 2 4 48370
dr= 3 P=(n)c_nat — %Z P (2r)y_ it (3.3¢)
n#Q r
satisfy in the on-shell subspace
dy =d; =0, {do,d1} = {d1,ds} = 0, d} + {do,ds} = 0. (3.4)



Note that the argument in P*(2r) in the second term in (3.3a) is an odd integer.

Our strategy is first to consider the nontrivial cohomology of dy and then examine if it
can be extended to the cohomology of dys. In the critical string [18, 22] and the Liouville
theory coupled to matter [16, 17], it has been shown that there is an isomorphism between
the nontrivial cohomology classes of dg and dys. In our case of the super-Liouville coupled
to superconformal matters, it turns out that this is no longer true in general. Nevertheless,
we will find it useful to examine the cohomology of ds.

To compute the cohomology of dy, we must consider the following two cases:

L. P*(n) # 0,P~(n) # 0 for all integers n # 0.
II. There exist integers 7,k such that P*{j) = P~ (k) = 0.

We will see later that if P*{n) or P~(n) vanishes for some integer at all, the other
must also vanish at some integer due to the on-shell condition, and hence there is no
other case than these two. The case II is further devided into four possibilities: (i) even
7 and odd k; (ii) even ;7 and k; (iii) odd j and k; (iv) odd j and even k.

Let us examine the cohomology of dp in each case.

Case I. P*(n}# 0,P (n)# O foralln #0

If we define

1 2r
P+(n)°‘t“b" + Z (o) +.5, (3.5)

KNSEZ

n#0
the number operator N may be written as N = {doy Kns}. This implies that any do-
closed state of nonzero level is dg-exact, i.e. cohomologically trivial. Hence the only

nontrivial cohomology is obtained for N = 0, i.e.
| pM,p" > with p*p~ =0. (3.6)

which is the state we called the degree of freedom corresponding to the “center of mass”.

Case IL. P*(j) = P~ (k) =0

Since P%(n) are linear in n, it follows from eq. (2.14) that

P*(n) = % (AM + ixE) (n — j)
P-(m) = % (AM — idE) (m — k) (3.7)



In particular, this implies that these are nonzero for other values of n and m. From (3.7)

we see that
pTr = PR(0)P7(0) = 5 [(W)7 + ()] gk = — k. (338)
Combined with the on-shell condition, we find the level is given by
N = %jk : (3.9)

Hence we have either 7,k > 0 or 7,k < 0.
(1} Even j and odd k
If we define

K;=%. P+l( ) at by +ZP+(2 ) .5 (3.10)

n¥o,;

and c_; (e

then N’o,j = {dp, K;} is the level operator for all the oscillators except a” ;

-3
and b;) when j,k > 0 (j,k < 0). The cohomology of dy is thus constructed from these
mode operators. It turns out that no such state can satisfy the on-shell condition. If
j = 2(21 + 1) for some integer I, the level 15k is an odd integer whereas all the available
mode operators have even levels. If j = 2. 2{, on the other hand, the level is 2lk which
cannot be made from the mode operators a',, and c_y. Hence we conclude that the

cohomology of dj is trivial.

(ii) Even j and k

We can define the same level operator as in (i). The nontrivial cohomology of do is

represented by the states

(af )M2 | pM, 0" >, e (cvc’:,-)m"1 | o™, p% > (3.11)

for 7,k > 0 and
—k/f2 _\—h/3-1
(a5) ™ 1P, 0% > b (a7) p™, " > (3.12)

for j,k < 0. By inspection, we see that these are indeed nontrivial cohomology states.

This is similar to the bosonic case [16, 17].

10



(ii) Odd j and k

In this case, we have to modify K to

K= ¥

n#EdF

L +
P"’( ) ﬂ+ Z "»b_,-ﬁ (3.13)

r#£7/2 P+( }

and then N{,,j = {dD,K;} i1s the level operator except for afj,c_j,¢fj/2 and y_j/3
(aj,b;,%5); and G;/3) when 5,k > 0 (j,k < 0). We find that the nontrivial cohomol-
ogy of dg is represented by the states listed below according to their degrees.

For 7,k > O:

degree
k: (v—s/2)%, ¢fj/2(7—j/2)k_la
a e
ai—' Y- )k~2,
.y i1}, e AN I
C—j"p—j/z("f-i/?) e
e S
(ef; 2(7-; )k—4:
k—2: c_jafj(’r_j/z)k_‘, { J)+ J_{: s f,/z(a Vi (v-s2)°
i 00l (7-3/2)" 7%,
/ /"
e e

(a+ _)(k—s)/z(,r_ i/ )3’
c-%T 3/2( )(k 3 (y_ i)’
7 e

+ \(k=1)/2., .
ki1, (ot JA-3)2y_, (o) oy,
2z C—j a’-J) 7—1/2’ h—
P T (ot )E=302,

i-g/z( )(k 3)/2(7 /2)

R A LI Gy A {

¥, (el )0

(3.14)

11



For 7,k < 0:

ko (Bi) 7%, ¥2(B852) 751,
v v
aj (Bis2) ™%,

k+1: b;(Bs2) "%, b5 (Bipa) 73
b 52(B5/2) %2,
v vd
v vd
(a7 )~+32(38;,5)%,
k—3 b'(QT )—(H—s)/z(ﬁ, )3 { 7 P (af)—(k+3)/2(ﬁ_ )2
2 IQ; /2] s B . it i/2
bitpip(o )~ RH8)/2(B, 002,
v vd
(a._)_(k+1)!'2'6j/2’
k-1 bi(a; )~ x+3)/23, { 7 Y, (af )(t1)/2
2 RSt il2 _ o Jfe\N g
bi¢j/:(“;’) tet3)/2,
(3.15)
Here the ground state |p™, p* > with ptp~ = —37jk is not exposed explicitly and the

arrows indicate flows under the action of dys to be discussed in the next subsection. We

thus see that there are many states with various ghost numbers.

(iv) Odd 7 and even k

The number operator is the same as in (iii). The states to span the nontrivial space

are, however, a litile different from the case (iii) in the bottom parts of the tables:

12



For 7,k > O

ko (¥-372)% Y2 1-52)% 71
e S
- af;(v- '/3)k—2a .
B—1: C—j(‘r—j/z)k % { ? . ’ s wfjﬁafj(’)f—j/z)k_a
P2 1a(7-3r2)° 73,
e S
e e
_ (ot )e=D3(y_jp)?
c—ﬂb_j/z(a—j) V-itzs
e e
‘s o st ), (a2,
(3.16)
For 7,k < 0:
k: (Bisa)~*, ¥i72(Bi72) 7%,
v e

a;{(Bisa)~*2,
bivia(Bisa) 53,
e 7

k+1: bi{(Bi2) %2, { V05 (Bp2) k2

< /
—3y-(k+3)/ ,
1 bi(af)H/2(3;),)2, { (O‘JE +_ _2(,13:4/2):’
bipa(ag )~ RH4MIG,
< /

bj(aj—)—(k+2)/2, (a;—)-—kfz,

bl ) e85

i

(3.17)

Here again the ground state is suppressed.
Finally let us show that we have exhausted all possible cases. Suppose that P*(j) = 0

but P~(n) # 0 for all nonzero integers n. Owing to the linearity in n, P+(n) is rewritten

13



like eq. (3.7)

P(m) = % (AM — i) (m — a) (3.18)

but with a being not an integer. This gives us

- 1.
p'p7 = PT(0)P7(0) = —5ja (3.19)
which implies that the nontrivial cohomology is possible at the level 3ja. However,
as is evident from the above analysis, the only available mode operators for creating
cohomologically nontrivial states have the level either j or 7/2, which cannot give the
level 2ja. Therefore there is no nontrivial cohomology of dg in this case. The same

argument excludes the case when P~ (k) = 0 but P*(n) # 0.

3.2 Cohomeology of dys

In order to construct a state representing nontrivial cohomology of d, 2 we may start
from a state nontrivial with respect to dy and add terms of higher degrees. This is due
to the following fact. The lowest degree term in a state nontrivial with respect to d may
be always chosen to represent a nontrivial cohomology of do; or if the cohomology of dy
is trivial, then the cohomology of d is also trivial.

The proof is simple [17]. Suppose that ¥ = 4 + k41 +- - - represents a cohomology of
d, where the subscripts k,k + 1, stand for the degrees. Then d¥' = 0 means dotys = 0
and thus ¥ = doxr by assumption. If we consider 9 == 4 — dx which also belongs to
the same cohomology class as i, the lowest degree term in v’ has degree at least & + 1.
Repeating the same procedure as above, we arrive at ¥ = d(xi + Xk+1 + -+ ), which is
the desired result,

Furthermore, if for each ghost number Ngp, the cohomology of do is nontrivial for at
most one fixed degree k independent of Npp, then the nontrivial cohomology classes of

dy and d are isomorphic. We only sketch the proof briefly. (See ref. [17] for the details.)

3We suppress the subscript NS to d in what follows since most of the following discussions are valid

for dr as well.

14



Let 1, be a nontrivial element in the cohomology of dy. Then dy, = (d; + d; )3 has
the lowest degree at least & + 1. Using (3.4), we find do(di%) = 0. Since there is no
nontrivial cohomology at degree k + 1, we get d1¥), = doxk+1- Then d(i; — Xk+1) has
terms of degree at least k+2, and the use of eq. (3.4) tells us that do{d{¥x — Xh+1)|ks+2z = 0.
Repeating the above procedure, we construct ¥ = 4 — Xk+1 — Xks3 — - -- such that <
is closed under d. Moreover, one can show that this map gives a unique element in d-
cohomology. Conversely, it can be shown that each element of cohomology of d projects
onto a unique element of dyp-cohomology. This completes the proof.

Since the assumption here is satisfied for cases I and II (i) and (ii), we find nontrivial
cohomology of  only for N = 0 and 37k for even j and k with ghost number Npp = 0, 4:1.

In the other cases, the above statement does not apply because there are many nontriv-
ial cohomology classes of do. In fact, when d acts on the states in the tables (3.14)-(3.17),
there appear other states of the nontrivial cohomology of dy as indicated by the arrows

in (3.14)-(3.17). For example, for the case (iii) the states transform under the action of

d as

ci(voir T PM pY > = (o5 )KIPM, PY > 0
- 1 PR -
C_J'Ct-_i-j('f—jﬂ)k ‘|PM:PL >— [_Za:j('Y—j/?)k 2 + Ec—j¢tj/2(7—j/2)k S]IpMspL >

-0 (3.20)

where we have written only the terms nontrivial in the dyp-cohomology. It is important
to note that these states always vanish under the second action of d and that states
nontrivial with respect to dy are produced only at the next degree and ghost number.
The first fact is a reflection of the nilpotency of the BRST charge and the seconrd is due
to the fact that the states are created by the action of d,. If we call the initial states
“parents” and the resulting states “daughters”, we can check that most of these states
in the tables are either parents or daughters.

Now we prove that neither parents nor daughters can give rise to nontrivial cohomol-
ogy of the total d even if higher degree terms are added.

To show that the parents do not produce any, assume that we succeed in constructing

15



a state ¥ = 1y + Yp41 + -+ - such that

(e + Yss + 1) =10 (3.21)

starting from a parent 4. Since doyx = 0, the lowest degree terms in (3.21) give

1k + doYrsy = 0. (3.22)

According to (3.4), do(d1%s) = —didox = 0 and thus we get

1Yk = Mhs1 + doXr+1 (3.23)

where 751, denote a state nontrivial with respect to dy. (From parents, states corre-
sponding to nontrivial cohomology classes of dy are always produced by the action of d;.)

But if we substitute (3.23) into (3.22), we obtain

Te+1 = —do{Xkt1 + Prs1) (3.24)

in contradiction to the fact that 744, is nontrivial. Therefore the parents are excluded.
Let us next consider a daughter state, fe41, obtained from a parent state, 1, as given

in (3.23). This relation can be rewritten as

Yk — Xr+1) = Mt + |~ diXrs1 + d2¥r] — daXisr (3.25)

Thus we obtain a d-trivial state by adding degree k + 2 and % + 3 terms to 744;. Let
us write this as Ma1 + 15>. Suppose that there is a d-nontrivial state with 7, as the
lowest degree term and write it as 94y +7%. We may take a representative of the same
cohomology class as

Tet1 + 71; — d{¥n — Xi+1) (3.26)

However this does not contain #x4;. Thus there is no nontrivial cohomology class rep-
resented by a state with 7441 as the lowest degree term. Hence the above statement is
proved.

Using the above results, we can discard all the parents and daughters for constructing

the cohomology of d. In particular, for case II (iv) all the states are either parents or
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daughters. We find that the only exceptions are

wi_j/z(atj)[k_l)/zgpMapL >y
[(at YED s — Gk = 1)e_jipt; () E=3/1pM pL > (3.27)

for odd 7,k > 0 and

¢J72(Q;)_(k+1)/2|'pM,PL >,

e 1 - =
[(C‘j ) (Hl)/zﬁj/z =3 j‘\f’j/z(a_i ) (Ham“PM,PL > (3.28)

for odd j,k < 0. The linear combinations are singled out by the requirement that they
are neither parents nor daughters.

It can be shown that these states can be promoted to the cohomology of d by adding
higher degree terms by a procedure described before for do-nontrivial states. It is also
easy to see that ¥x — Xk+1 — Xe+2 — - - - thus constructed is not trivial. (If we assume that
it is tnvial, it leads to a contradiction that ¥y is do-trivial.)

To summarize, we have found that there are nontrivial states for p*p~ = 0 and for
ptp~ = —3jk with j — k= even. In the latter case, the states can be constructed from
those in eqs. (3.11) and (3.12) for even j and k, and from those in egs. (3.27) and (3.28)
for odd j and k.

3.3 Quartet mechanism

In the previous subsections we have examined the nontrivial cohomology classes for dys.
We have encountered quite a different situation from the bosonic case where there is a one-
to-one correspondence between the cohomologies of dy and dyg, and yet have succeeded
in identifying the nontrivial classes of dyys. Here we will give an alternative derivation of
this result by showing that the states, which are found to be d-trivial but dy-nontrivial
in the previous subsection, actually fall into the so-called BRST quartet representations
and hence decouple from the system [28]. Although the final results are the same as
in the previous subsection, we believe that this reformulation shows the essence of the

decoupling mechanism of the states and also it is more accessible to physicists. Since the
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other cases are essentially the same, let us consider the NS sector with both j and k odd
integers.
The Fock vacuum is the direct product of the vacua for the matter, Liouville and
ghost systems
P, " >=1pM > ®pt > R0 >4 - (3.29)

From the conditions P*(j) = P~(k) = 0, we find the momenta are given as

i,
Mt = i(th‘L + kM) = gL L T (3.30)
where ¢} = M F AL, ¢h = AL 00 and 55 = HLRE 4 4EME 0 Thys the

vacuum in (3.29) may also be labelled by these integers as |(j, k) >.

Let us first observe the following pattern in the dy-nontrivial states in (3.14) and
(3.15).

For the momenta satisfying P7(7) = P~ (k) = 0 with 7,k > 0

N,
ol k—(aa+ k— (20 +2) k— (20 +3)
deg.
k-1 |k~ (20+1) >
(3.31)
E—-1-1 4ok k= (@+2) >, o
|k —(20+2) >_
k—1-2 e — (21 +3) >
and for P*(—j) = P~ (—k) =0 with 5,k > 0
Nrp
—k+ (214 1) —k+ (21 +2) —k + (21 4+ 3)
deg.
-k+1 |[|-k+(204+1) >
. {3.32)
- 20+ 2
_k+1_|_1 * %k ] +( + )>+ * %
|—k+(2042)>_
—k+i+2 i—k+(20+3) >
Here we have defined the states by
= Pl s k= (2l41))7
k—2+1)> = _4"‘3(0‘-,') '/’_j/z(’f—j/:l) (7, k) >,
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1

|k - (2I + 2) >jt = [ﬂz(at -)£+1(7_J'/2)k_(2l+2)
L+1. PN k= (2043717
t———jc_;(al; ) 9T, (=) 11(3, %) >,
!k - (21 + 3) > = c—j(ai_:’)!-{—l(7—j/2)k_(u+4)‘(j: k) >,
— (“1)!“4 — - k-(2041) .
(—1)H+1

| —k+ (2 +2) >y

il

I+ 1)k - 21 — 2)! [—2(aZ;) T (B-ja)

;(k -2l - Z)b‘"j(a:j)t’t\b:j/z(ﬁ—j/?)k—(2!+3)]1(“j: _k) >

| —k+(2043)> = (=17
| T M+ )ik =21 — )
xb_j(aZ;) B pa) (5, k) > . (3.33)

In the tables { runs from —1 to “%3 and the double asterisks mean that there are other

states for adjacent values of /. (It is to be understood that when the power of the mode

operators becomes negative, there is no corresponding state.)
The proper inner product is to be defined, in an abbreviated form?, as
< 0,0 >= (0| — pM, —p* ) P O'|p™, 5" > (3.34)

where P, a parity operator [25], changes the signs of the oscillators including zero modes
in the matter sector. It is important to note that the inner product in (3.34) respects

the hermiticity of the Virasoro generators
PLI(AMEVP = [_ (MM, (3.35)

In the following, we will show that there are two sets of quartets associated with the

states listed in eqs. (3.31) and (3.32).

As we have already seen in simple examples in eq.(3.20), the states are transformed

under the action of dyg as

dnslk— (204 3) > = |k — (21 +2) >, +dox*~(3+2)

3 As discussed in ref. [13], there is another possibility to define an inner product when & = 1. Here we

adopt the convention defined in the fext.
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Hl

k=20 +2) >0,

dyslk —(214+2)>. = [k={2l+1)> +dgxt~(3+1)

H

k—{(20+1)>". (3.36)

Note that the terms other than do-nontrivial states may be written in dy-exact forms,
denoted as dox*~{¥+%) and dox*~(¥*+1). These parent and daughter states in (3.36) form
the doublet representations of the BRST charge. For the states in eq. {3.32), we find

sumilar relations

dys| —k+(20+1)> = | —k+ (2 +2) > +doy *+342,

dys)—k+(20+2)>_

H

)

)
i_k+(21+3) > +d x~k+21+3

)

| —k+(20+3)>". (3.37)

For the following discussion, it is important to realize that the states in eq. (3.33)

have nonvanishing inner products
— < —k+ (2 +3)colk = (2+3) >=_< -k + (21 +2)|colk ~ (2L + 2) >\ = 1. (3.38)

where we have used the relation P(ai)!P = —o*, and P(9E)'P = —(¥=,). Note also
that the dg-exact terms do not contribute to the inner products.

From eqs. (3.36)-(3.38), we see that those four states in (3.38) form a BRST quartet,
a pair of doublets with respect to dys. The quartet mechanism first considered in non-

abelian gauge theories then tells us that these states decouple from the system [28]. To

see this, it is enough to note that the projection operator to the states in the quartets in

eq. (3.38) is given by
P = {dns, [k—(2143) > -_ < —k+(2042)|co— |—k+(2{+2) >_ - < k—(214+3)|cs} (3.39)

due to egs. (3.36)-(3.38). It follows that the quartet appears only in dyg-exact forms
and all of the four states decouple from the system. One may repeat the same argument

for the other states in (3.36) and (3.37).
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It is not difficult to see that most of the states in the tables (3.14)-(3.17) fall into
quartet representations as illustrated above. The only exceptions are the states in (3.27)

and (3.28), which therefore contribute to the physical spectrum.

3.4 Absolute cohomology

Having identified the relative cohomology, let us make brief comments on the absolute
cohomology specified by (2.23).

The difference between (2.23) and the relative cohomology (2.25) is that in the latter
case we choose a special vacuum | | > annihilated by b,. Hence the absolute cohomology
is obtained essentially by adding the states built on the other vacuum | T >= ¢/ | >.
Indeed, it is not difficult, following the bosonic case (16, 17], to show that the absolute

cohomology 1s isomorphic to the direct product of these two relative cohomologies.

4 Physical states in the R sector

In this section, we proceed to the discussion of the relative cohomology (2.26) in the R
sector.

Let us first consider the on-shell condition. The Ramond-Dirac operator F in eq.(2.20)
contains the zero modes 13 which are actually two-dimensional gamma matrices. We

use the following representation:
¥ = Yo = - (41)

It is then convenient to suppose that F, the nonzero-mode part of F, is multiplied by o
so that it automatically anticommutes with (4.1). Any spinor in this representation can

be written as

[A>

(4.2)
|B >
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where |A > and |B > denote the states spanned by the mode operators and carrying

momenta. On this state the condition, ¥|phys >= 0, becomes

p~|B>+F|A>

i = 0. (4.3)
pt|A > —F|B >

The minus sign in the lower column is due to o3.
Since F? = Ly = ptp~ + F?, eq. (4.3) may be solved as follows. When p~ # 0, we
take an on-shell state |4 > (Lo/A >=0) and define |B >= ~;1:F|A >. Then we have

. 1 .
FIB>= -—FHA>=p 4> . (4.4)
P

Thus the condition (4.3) is satisfied. If p™ # 0, we can similarly prepare the state |B >
and construct a spinor satisfying (4.3). Therefore it is enough to examine if there is
any nontrivial cohomology of dg satisfying the on-shell condition L, = 0, since we can
always construct on-shell spinors from such states. From now on we will consider only
the on-shell states.

The cohomology operator dg is again decomposed as in (3.2):

dﬁ = do + d]_ + dz (45)
where again
do =Y P*(n)e_na; — = z Pr(2n)y.nv; (4.6)
n#0 n;‘EO

The explicit forms of other operators are not necessary except that they satisfy (3.4).
An important difference from the NS sector is that the argument of P*(2n) is an even
integer.

We again have two different cases I and II in sect. 3. Let us first enumerate the
nontrivial cohomology of dg.

Case I. P*(n) # 0,P~(n) # 0 foralln # 0

In this case we may define

Kp= ).

nFEo

P+( et *bn +ZP+(2 S ¥ n0n (4.7)
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and the number operator N is given as N = {do, Kr}. Hence the only nontrivial coho-

mology is the same as (3.6):

IpM,p* > with pTp~ =0. (4.8)
Case II. P*(j) = P (k) =0
Since pTp~ = —3jk as in (3.8), we have the level N = 37k > 0 from the on-shell

condition Ly = 0, and again we have either 7,k > 0 or 7,k < 0.
(i) Even j and odd &

Similarly to case (iil) in the NS sector, we should define

K}EZ

n¥0, 7

i
Frinynbe T 2

n#0,7/2

Frrsy ¥ el (49)

and the nontrivial cohomology of dy is given precisely by the states in (3.14) and (3.15).
(ii) Even j and k

We can use the same level operator as in (i). The nontrivial cohomology of dy is given
by the states in (3.16) and (3.17).
(iii) Odd 5 and %

In this case, we can define

KJ"— Z P""( )a_nb +Z

n#0,f n#0

and the nontrivial cohomology is possible in terms of afj,c_j (o, b5) for 7,k > 0(7,k <

0). However, we cannot construct states with the level 1 jk (half-odd-integer) from integer

mode operators. Thus there is no nontrivial cohomology in this case.

(iv) Odd § and even k

The number operator is the same as in (iii) above and the nontrivial cohomology of

do is given by the space spanned by the states (3.11) and (3.12).

Again here is no other possible case that could give rise to nontrivial cohomology in
the R sector. The argument is the same as in the NS case (cf. (3.19)).
As proved in sect. 3, parents and daughters under the action of dg do not correspond

to nontrivial cohomology of dr. By studying how these states transform into each other,
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we find that the nontrivial cohomology of dg is possible only for j — & = odd in case II.
For even j and odd k, it is constructed from the states given in eqs. (3.27) and (3.28).
For odd j and even &, the states are obtained from (3.11) and (3.12).

We thus again find that nontrivial cohomology classes are possible only at levels where
“null states” in the minimal models with ¢ < 1 exist [25]. We will discuss why this is so
in the next section.

The absolute cohomology is again obtained by considering the vacua of the ghost zero
modes. For the b — ¢ ghost, this is essentially the same as NS case. The vacua for the
bosonic ghosts 3 —« are infinitely degenerate and we expect this leads to infinite number

of such spaces corresponding to these degrees of freedom.

5 Discussions

Using the cohomological terms, we have examined the nontrivial states allowed in the
physical state conditions (2.25) and (2.26) for all the cases in the NS and R sectors.
Remarkably we have found, apart from the ground state [p™,p% > with p¥p~ = 0, there
exist nontrivial states at levels N = 1jk and the discrete values of momenta (3.30) with
pTp~ = —1jk . These states exist only for j — k = even (odd) in the NS (R) sector.

These are precisely the values of momenta at which special states with respect to the
Virasoro algebras appear in the Fock spaces of free fields with background charges [25,
26]. Let us discuss why this happens. We consider the bosonic case for simplicity of
presentation since the structure of the cohomology states is essentially the same for the
bosonic and supersymmetric cases as we have seen in this paper. We must remember
that in the bosonic case the extra states are present at levels N = jk.

Let us first recall some properties of free field realization of a conformal field theory
(the matter or gravity sector). An important quantity for our argument is the C-matrix

considered in ref. [25], relating the complete sets of states spanned by the Virasoro
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generators and the boson oscillators. At level N it is defined by
ANt+ A >= ZC”p, a it +A> (5.1)

where |t + A > is a Fock vacuum with the momentum ¢ + A, and L=f(}) and a7 stand
for all the independent combinations of the Virasoro generators and oscillators at level
N, respectively. Thus I and J run from 1 to P{N), the partition number of the integer
N. It has been shown in ref. [25] that the C-matrix satisfies

det[C{t + A, A)] = const. x [ (¢t — t(_j—u)) H7H), (5.2a)
1€5RSN
det[C(t + A, —A)] = comst. x ] (2 — tu) TV 7% (5.2b)
lékhk)g?N

The first equation tells us that for particular values of ¢t = t(_j,_y), there are states at
the level 7k in the Fock space which cannot be constructed by the Virasoro generators;
there are linear combinations of the states generated by L~7 which identically vanish.
At the zeros of (5.2b), we find primary states (“null states” for ¢ < 1) at the same level
7k, which may be constructed by the singular vertex operators [25]. We note that the
vanishing conditions of (5.2a) and (5.2b) coincide with each other for ¢ = 1(A = 0).

Let us also note a general feature of the BRST formalism. In sect. 3.3, we discussed
the quartet mechanism, where the doublets appeared in pairs. Suppose a state |G+ 1 >
with a ghost number G + 1 is generated from |G > by the action of the BRST charge
Qs:

@B|G>=|G+1>, @plG+1>=0. (5.3)

Then there must be a state | — G —1 > which has a nonzero inner product with |G+ 1 >;
otherwise |G + 1 > does not appear in the theory as poles in Green functions. A state

| — G > defined by the sequence
Q| —-G—-1>=|-G>, Qe —G>=0 (5.4)
then has a nonzero inner product with |G > since
< —Gleo|G >=< —G ~1|@Bco|G@ >= - < -G —1]e|G +1 > = —1. (5.5)
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Therefore the BRST-doublets always appear in pairs. One can prove that these quartets
do not contribute to the physical spectrum, as in subsection 3.3.

Combining the properties described in the last paragraphs, we may understand the
origin of discrete states. The idea is as follows. Suppose that we have a quartet satisfying
(5.3)-(5.5). Let us assume that in the relation (5.4) the momenta for both matter and
gravity sectors take the values at the zeros of (5.2a). Then one can choose a state
| — G —1 > at the level jk such that the vanishing combinations of Virasoro generators
appear in | — G >. The state | — G > vanishes because it is multiplied by a coefficient
which has a zero at the particular values of momenta. We may find a Fock state from
| — G > by dividing out the coefficient (See the examples given below). These two states
no longer belong to a BRST-doublet and do not necessarily decouple from the physical
spectrum; both | = G ~ 1 > and | — G > (or precisely speaking, the corresponding Fock
states) are in Ker Qp. In order to find them in the physical spectrum, there must be
states which have nonzero inner products with them. From the quartet structure in our
formulation, |G > and |G + 1 > must be these states. From the consistency with (5.5),
we expect {G > contains the inverse of the vanishing coefficient. Furthermore we will see
that |G > is essentially a primary state corresponding to a zero of (5.2b). This is to be
expected because any state constructed from the primary states both in the matter and
gravity sectors is in Ker (Jp since @ p contains only Virasoro generators for the matter
and gravity. We will explain this point further in our examples.

Let us study examples at levels one and two. In order to see how physical states emerge
from the quartet structure, we start from general momenta and later put them to the
values of interest. To do this, we should first note that the momenta pML = tM:L 4 \M.L
and AMT must satisfy two constraints from the nilpotency of the BRST charge and the

on-shell condition

5[+ 5 = 1,

- 1
N+ (8% 4 Myt 4 %(tf‘ AR =, (5.6)
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At level one N = 1, we have the relations

@pbalt+A> = [LMOMY 4+ LE OD)jt+ A >
L
= MM + t—M"ai)lt +A> (5.7)

tL o tL
Qalt™(1 + ()N a2 + el = (t+2) >
= —cqf - (t+A) >. (5.8)
where we have denoted the vacua with momenta ¢ + A by
E+A>= T 1AM 5 tl + AL > R0 >, . (5.9)

Note that the states in (5.7) and (5.8) have the opposite momenta to give the nonzero
inner product (see the definition in (3.34)). We note that for general momenta the four

states form a quartet. Let us now choose the momenta t™ close to a zero in (5.2a):
tM =M,y +e=ce (5.10)

From the relation (5.6) t is determined; we choose a solution so that tf = 5(1'-1.—1) for

tM = t?£1,-1)- The ratio t£/tM in (5.7) and (5.8) then takes a finite value
L M
Etﬁ = —:-}-5- + Ofe). (5.11)
Now it is easy to see that the quartet decomposes into singlets when € = 0, in a manner
we explained earlier. Note that the Fock states with Npp = 0 in (5.7) and (5.8) contain
only matter oscillators for AM = 0 (¢ = 1), a general feature discussed in refs.{13, 17].
We have emphasized the importance of the vanishing combinations of Virasoro gen-
erators on the particular momentum states. Here let us point out that they are closely
related to the “null states” corresponding to the zeros in (5.2b). In general, the states
which have nonzero inner products must have opposite momenta. In fact, the state in
(5.8) has opposite momenta t{{,, and t(i,1) to those of the state in (5.7), tfy,-q) and
t(L-l,_ua owing to the relation {(;x) + A = —t(_; _) — A. These opposite momenta pre-
cisely correspond to zeros in (5.2b) where we find primary states, which actually give rise

to the state on the LHS of (5.8).
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At level two, one can observe the same phenomena. We report only the result for

AM . 0. We take the momenta close to the relevant zeros at t = t—1,—zyand t =t 5 3
e=tM ¢l 5y or MM, .
Expanding the states with respect to € and AM{~ 0), we find the quartet structure

Qplbog + b (AMLM L ALLE)|t + X >
1+(t )

= Ty e{[a, F V2(aM)Y] + O(e, AM)}Ht + A > (5.12)
and
1+ {tM)2 M 2 ar
Vs oy (g L = VAT 4+ O MO} — (£ 4 4) >
N [_%("" £ V2 q0) + 06, AM)]| = (£ +2) > (5.13)

for the choice of the solution & = 7‘5 + O(e, AM), where the upper (lower) sign is for

t(~1,-3) ({(-2,-1)). The coeflicients in (5.12) are given by

PUTIREE Sk el Gkl S
- AML(ML 4 MLy

= F1+ O, AM), (5.14)

where the upper (lower) sign is for matter (gravity) sector. From (5.12) and (5.13), we
again observe the decomposition of a quartet into singlets at level two. On the LHS of
(5.13) we find the primary states corresponding to the zeros t™ = £(; 3),¢(2,1) of (5.2b).*

The coefficients given in (5.14) may be used for general c. So one may find the similar
structure for any ¢, starting from the state on the LHS of (5.12).

It is known that Npp = 0 discrete states are classified according to SU(2) generated
by [dz: e*™V : and [dzid¢ (4 is the scalar field for the matter). From the “quartet”
structure, we expect that Npp £ 0 discrete states form SU(2) multiplets as well. Let us
study our examples whether this is the case for ¢® = 1(AM = 0). The state «®|(1,1) >
on the RHS of (5.7) is a state in the triplet representation, while on the LHS we find
a singlet. In (5.12) and (5.13), we find two states in the quartet consisting of matter

‘Comparison with (2.95) of (25] may be useful.
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oscillators and the doublet of ghost modes. These examples suggest the general pattern:
rin Npp = 0 goes intor — 2 in Ngp # 0 under the action of Qp.
The extension of all the above discussions to supersymmetric case is straightforward,
and the origin of the extra physical states may be explained by the same reasoning.
Returning to the supersymmetric case, we have found extra physical states with ghost

numbers Nrp = 0,%L1. We can actually construct these states for Ngp = 0 as an

extension of the bosonic case [13]:

(WY 10,5 + k) >ar B|(F + k,0) >1 ®|0 >,n,

(W V' 1(7 + £,0) > ®](0,~F — k) >1, ®[0 >ga (5.15)
where
dz
WE = —W
0 271'1 (tﬂ:‘!z)
— dz My N\ itag™M(z) |
= el tap™ (z)e : (5.16)

are the charge screening operators with ty = +1 for ¢ = 1. The matter part of the above
states are obtained by the use of the so-called singular vertex operators [25].

To see that these states are in the physical spectrum, we first note that they are
in Ker Qp since WG"‘ commute with @p and the rest of the states satisfy the on-shell
condition. They cannot be in Im Qg since it can be shown that they have nonzero
inner product by using the algebra satisfied by W and a proper definition of the inner
product [13].

Similarly to the bosonic case, the operators in (5.16), together with Jo(z) = i9¢(z),
satisfy an SU(2)-like current algebra

W(to W (ew) ~ —¢ _1w)2 -~ - —Jo(w),
ilwW(ti,w). (5.17)

JO(Z)W(ti,’w) ~ .

The above discrete states therefore form multiplets with respect to the global algebra

satisfied by the zero modes of the currents.
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In the course of writing this paper, we received ref. [29] which considerably overlaps

with sect. 5 of this paper.
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