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ABSTRACT

Boson stars are gravitationally bound, spherically symmetric equilibrium configurations
of cold, free or interacting complex scalar fields-¢. As these equilibrium configurations
naturally presert local anisotropy, it is sensible to expect departures from the well known
stability criteria for fluid stars. With this in mind, [ investigate the dynamical instability
of boson stars against charge conserving, small radial perturbations. Following the method
developed by Chandrasekhar, a variational base for determining the eigenfrequencies of the
perturbations is found. This approach allows one to find numerically an upper bound for
the central density where dynamical instability occurs. As applications of the formelism, I
study the stability of equilibrium configurations obtained both for the free and for the self-
interacting (with V(¢) = %{qbl“ ) massive scalar field ¢. Instabilities are found to occur not
for the critical central density as in fluid stars but for central densities considerably higher.
The departure from the results for fluid stars is sensitive to the coupling A; the higher the
value of A, the more the stability properties of boson stars approach those of a fluid star.
These results are linked to the fractional anisotropy at the radius of the configuration.
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1. Introduction

In recent years, the active interplay between particle physics and cosmology has made
frequent use of scalar fields as driving the dynamics and the formation of structure in the
early Universe. This current interest in the possible role scalar fields may have played in
primordial phase transitions or as sources of dark-matter, has raised interesting questions
as to whether cold, spherically symmetric and stable configurations of complex scalar fields,
“boson stars”, could exist in which the gravitational contribution to the total energy of
the configurations can not be neglected.

Boson stars are to be contrasted with other localized, stable, scalar field configurations
that have been proposed in the literature in which gravity does not play a role, such as non-
topological solitons and Q-balls [1]. These objects owe their stability (against dispersion of
the scalar particles to infinity) to the balance between two opposing terms in the expression
for their energy: Non-trivial couplings in the effective potential generate surface and/or
volume terms that act to localize the field configuration. The effective pressure that
balances this effect is actually common to both boson stars and non-topologicel solitons.
It comes from the conservation of charge associated with a global symmetry of the model.
For a global U(1), this charge is related to the number of particles (minus anti-particles) in
the configuration, N (although, of course, any additive quantum number will do). Thus, if
N is bigger than a calculable minimum value, the particles will resist localization with an
effective pressure that scales with ~ 1/R, where R is the typical size of the configuration.
The bigger the charge the more bound is the object. The importance of gravity also grows
with the charge. One may think of soliton stars or Q-stars where the charge of the non-
topological soliton is big enough to justify gravitational corrections to the energy. Although
these objects are very interesting {more about them later), as a first step I will forget about
the non-trivial couplings and consider only free or self-interacting (with quartic coupling)
scalar fields. This takes us back to the realm of boson stars.

The first step in understanding boson stars was taken by Ruffini and Bonazzola [2].
They have found interior Schwarzschild solutions to the Einstein-Klein-Gordon system
with the simplifying assumptions that the scalar field is nodeless and at zero temperature,
i.e., that the field forms a condensate with zero-momentum p ~ 1/R ~ m, where m is
the scalar field mass and R is the typical size of the configuration. Thus, the equilibrium
configurations can be thought of as being macroscopic quantum states of cold, degenerate
bosons held together by gravity with supporting pressure given by Heisenberg’s uncertainty
principle. The results in [2] have been recently confirmed by the works listed in [3].

In (2! it was shown that, although boson stars have many similarities to their fermionic
counterparts, white dwarfs and neutron stars, there are also many interesting differences,
that call for a detailed study of these objects. As a first example, boson stars also exhibit a
critical mass and critical particle number, given respectively by M. = 0.633M},,°nck/m
and N.pie = 0.653M3%, .. /m?, where Mpiance is the Planck mass. The order of magnitude
estimates for Mcri: and Nc: can be easily obtained using Landau’s argument adapted
for a bosonic configuration; just minimize the energy of a scalar particle with the above
momentum in the background gravitational potential of all self-gravitating particles, £, ~
—GMm/R. Note, however, that the Chandrasekhar mass is Mcran ~ Mp, .. /m?, while
the critical particle number goes as Nopgn ~ Mpiancs/™>. Thus, for flelds of mass ~
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1Gev we obtain bosen stars of mass ~ 10'7g and 10%® particles, much lighter than their
fermionic counterparts which would, instead, have a mass ~ 10%3g with ~ 10%7 particles.
It is aiso worth mentioning that the critical density for boson stars is Perit(0) = 8.3 x
109%( 2 )lgcm‘s, enormously higher than that for cold, degenerate fermions! Densities
of this order are found for objects with sizes comparable to the Compton wavelength of
their constituent particles. Clearly, at such densities we may expect deviations from the
common lore concerning stability of fluid stars.

A parenthesis should be opened here concerning higher node solutions. As mentioned
before, the above critical values are all related to nodeless field configurations. In the work
by Friedberg, Lee and Pang [3] it was shown that if one considers only the spherically sym-
metric higher nodes (i.e., with £, the angular momentum quantum number being zero), the
critical mass grows approximately linearly for large node number n —1. The same tendency
was observed for scelar fields with non-minimal coupling in the work by van der Bij and
Gleiser [4]. If a given configuration happens to contain too many particles to be a zero
node equilibrium configuration, it would possibly find equilibrium in a configuration with
the number of nodes necessary to accomodate the total number of particles. Nevertheless,
despite the difference in node number, the equilibrum configurations obtained all have
very similar properties. In particular, what is crucial to the stability analysis is that they
all share the existence of a critical mass. In this work I will look only into the simplest zero
node configurations. The stability analysis to be developed here can be extended to higher
spherical nodes without too much problem. The results should be qualitatively similar.

Boson stars with self-interacting scalar fields have been considered in the work by
Colpi, Shapiro and Wasserman [5]. Omne of the consequences of switching on a repulsive
seif-interaction between the scalar particles is to increase the above critical limits on the
mass and particle number. In particular, if mpgon = AI/"mf,m.-o,.., the critical mass
for the boson star approaches the Chandrasekhar limit. Other models, including soliton
stars [6] and boson stars with non-minimal coupling for the scalar field [4}, have confirmed
the same tendency; interactions tend to increase the critical values for mass and particle
number, although the particular values are very model dependent. An exireme example is
obtained for soliton stars, where the critical mass scales as Meriy ~ M3, /m?>.

Ome of the crucial differences between the bosonic and the fermijonic configurations

arises if one tries to implement a macroscopic deseription for the bosonic condensate

As it was already shown in {2] and later emphasized in more recent work (3], it is not
consistent with the field equations to describe the bosonic condensate as a perfect fluid
with a given equation of state; the energy-momentum tensor is not isotropicin the 3 spatial
directions, with the radial component differing from the 2 angular components. Due to
this local anisotropy, the most general form of the energy-momentum tensor is T} =
diag(p, —pr,—pL,—pL), where p, is the radial pressure and p, is the tangential pressure.
As an immediate consequence, we can not apply directly the well known theorems for

t By fermionic configurations I mean configurations with supporting pressure given
by Pauli’s exclusion principle, such as white dwarfs and neutron stars. These should be
distinguished from fermion soliton stars [6] that exist due to & non-trivial coupling between
the fermions and a real scalar field.



stellar stability when dealing with boson stars. Nevertheless, if we plot mass against central
density for these stars, we will find a behaviour remarkably similar to those of neutron stars:
In the plot of total mass against central density, the mass M quickly raises to a maximum
(at 0(0) = Gcrie(0) = 0.271, where o(0) is the dimensionless value of the scalar field at
the origin which is used as a parametrization of the central density of the configuration),
drops a little, oscillates and approaches an asymptotic value at large central densities, the
same happening for the particle number N (see fig. 1). Note also that the binding energy
E, = M — Nm becomes positive for a finite value of the central density (at ocr,(0) =
0.54), suggesting the existence of configurations with excess energy (or fissionable). Such
configurations are unstable in principle against a collective transformation in which they are
dispersed into free particles at infinity. The excess energy is translated into kinetic energy
of the free particles. Nevertheless, they are (as any equilibrium configuration is) stable
against removal of individual particles; at the surface of the configuration, the mass-energy
necessary to create a particle is m(1 — 2M/R)/?, which is less than the energy needed
to create a scalar particle at infinity. Also, as shown by Zel’dovich and Novikov (7], there
may be equilibrium configurations with excess energy which are stable against small radial
perturbations. -

At first sight, the existence of a critical mass suggests that for M > M.ri: gravitational
collapse will be unavoidable. For boson stars things are not so simple, since, as was stressed

before, it is possible that such heavy configurations will reach equilibrium with n -1 > of.
But this is not the only way collapse can occur. From the theory of stellar stability we
know that equilibrium configurations with central densities p(0) > pcrit(0) are unstable to
small radial perturbations {7]. Most of the previous papers on boson stars have conjectured
that similar results would be found once a micrascopic approach to the stability analysis
was known.

In this paper I address the question of the stability of bosonic equilibrium configu-
rations against radial oscillations both for the free and for the self-interacting case, with
Vig) = %195[“. In fact, the present formalism can be extended to any interacting poten-
tial for the scalar field. (The extension to soliton stars [6] is more subtle). I will adapt
Chandrasekhar’s formalism for studying dynamical instability of fluid stars against small
radial oscillations (8] to scalar fields with a given energy-momentum tensor. A variational
approach is used to obtain an upper bound for the eigenfrequencies of the perturbations
for different values of the central density and given trial functions. As will be shown, the
existence of pressure anisotropy has a big impact on the stability properties of boson stars;
contrary to the results for fluid stars, instabilities are found not for central densities equal
or larger than the critical density but for configurations well to the right of the maximum
mass (see figures 1 and 2).

The paper is organized as follows; in section 2 the basic formalism to obtain the equi-
librium configurations for boson stars with the potential V(¢) = 2|¢|* for the scalar field
is developed. In section 3 some interesting properties of the equilibrium configurations
not previously discussed in the literature are presented. In particular, for a given value of

t As shown in Friedberg, Lee and Pang (3] high node configurations are unstable against
fission. The mass can not grow indefinitely.



A, the fractional anisotropy at the radius of the stellar configuration fa = (p, — p.)/p-r
shows a very regular pattern that is roughly independent of the central density and plays a
crucial role in the understanding of the stability results later on. In section 4, I extend the
formalism to first order radial perturbations and obtain the linearized dynamical equations
that govern their evolution. It is shown that the problem can be reduced to two coupled
eigenvalue equations for the two real components of the perturbations of the scalar field,
and how a variational base that is used to give an upper bound to the eigenfrequencies
of the perturbations can be built. It is also shown how the formalism is compatible with
charge-conserving perturbations. The formelism of section 4 can then be used, with suit-
able trial functions for the perturbations, to numerically obtain upper bounds for their
eigenfrequencies for different values of the central density. This is done in section 5 both
for the free case and for the self-interacting case. The relation between the resuits found
and the fractional anisotropy introduced in section 3 is stressed.

I conclude in section 6 with a summary of the results and with an outlook to future
work.

2. Equilibrium Configurations -
The starting point for the calculation is the action

A
S = fd4z¢_—g [E%é 9" S —milBf - 218l (1)

This action is invariant under a global phase transformation, ¢ — ¢*®¢, that implies the
conservation of its generator N, the total particle number. By varying the action with
respect to g*¥ and ¢ (or equivalently ¢* ), we obtain respectively Einstein equations

1

R,, — Eg,,,,R = —-8vxGT,, , (2)
with \
T,uv = ‘?S:u(#’,y + ¢Ty¢1# ~ Guv gaﬁ¢:a¢.ﬂ - m2!¢’|2 - Zl¢|4 (3)
and the scalar field equation
A
9%8iap +m*6 + Sig’¢ = 0. (4)

As we are considering a spherically symmetric system with motions only in the radial
direction, we take as the spacetime metric

ds? = e¥dt? — eMdr? - T‘Z(dez + Siﬂzgd‘ygz) 3 (5)

where v and A are functions of » and ¢ only. The distinction between the metric function
A and the coupling constant with same notation should be obvious throughout the text.
It is also convenient to write the scalar field as

o(r,t) = {¢a1(r,t) + i¢2(r,t)]e_‘”' ) (6)

5



where ¢;(r,t) and ¢;(r,t) are real functions. With the metric (5) Einstein equations are

1 L !
Ry - 5R = —8nGT, = —8nGp = ;;("e - rZ ()
1 a1 1
Ri_§R=—8nGT}ESwGpr=e "(:+,._z)_f_2 (®)

1
Rg - %R: Rg - ER = --SqrrG'Tz2 = —8-.'rGT33 = 8xGp, =

e—,\ [lyu _ -1-y',\' + }_Vrz + 2i(v|' - A')]
T

2 4 4
vl li. 1 1 4.4
e [ 4Av+2A+4(A)] (9)
and
e~ *,
R} = -87GT} = —A , (10)
r .

where the prime and the dot denote differentiation with respect to r and ¢ respectively.
For future convenience, the energy density p, the radial pressure p,, and the tangential
pressure p,; were introduced. Combining (7) and (8) we obtain the useful relation

TN+ ) = —8nG(T} ~TY) (11)

As it is well known, equations (7)-(10) are not all independent due to the Bianchi identities.
As a consequence, the conservation of energy-momentum T, = 0 leads, in the present
framework, to

. 1 .
T3+ T3 + 5T ~THA+ T3 [—;—(A'+u’)+§] =0 (12)
and 1 1 2
T +T +5THO+9) + (T T + (I -T5) =0 . (13)
T

The equations for ¢; and ¢, can be obtained by using (5) and (6) into equation (4)
and its complex conjugate giving,

v A - A
Y Xy - Mwte - m? - 2o

" 1 . 1 '
—e* v, + Ee’*-"(zs - A1 Ee"-"(fz — Nwes

2
PG+
T

T2 g~ A(5)hidl =0 (14)

where the equation for ¢, is obtained by interchanging the subseripts 1 « 2 and by taking
the lower signs.



Finally, as mentioned before, the global invariance of the action (1) leads to the
continuity equation, :
JE=0 (15)

where the current four-vector J# is given by

JH=1g"(¢ud” — 9% 8) . (16)

The conserved charge is then

N:fd’:c\/—_g.f" . (17)

For the equilibrium configurations the metric functions are time independent. Also,
the scalar field components can be written as ¢1(r,t) = ¢o(r) and ¢3(r,2) = 0 . Thus,
there are only three unknown functions of r to be determined; Vo, Ao and ¢q, where the
subscript 0 is used to characterize the equilibrium quantities. There must be only three
independent equations. First note that for the static solutions, equations (10), (12) and
(15) are trivially satisfied. Also, equation (13) (the hydrostatic equilibrium equation) is
identical to (14} which can be obtained from a combination of equations (7)-(9). It is then
a matter of choice which set of equations is taken to be independent; one can use Einstein
equations (7)-(9) or, say, equations (7), (8) and (13). I will follow the current practice [2-5]
and take the latter combination. The reason I am stressing this point now is that, when
we analyse the equations for the perturbations in section 4, matters will not be so simple.
We are left with the three equations

\
(rg‘%)' =1-—87rGr? [(m2 -+ 2453 +e"w?)gl + e ¢’::2] (18)
e"do | 1 —A 2 o 2, A2y 2 —Xp 412
vh — ;5(1 —e ) = —87G |[(m? —e"w? + Z¢o)¢o —e "0y (18)
2 Y A
3 -+ (; + o 5 0) ¢;{, — e"“"(m2 —e Vw2 4 5‘}5%)% =0 . (20)

Equation (11) becomes,
o + v = 16wGr(ete w292 + $i2) | (21)
These equations can be integrated numerically once we introduce the dimensionless

variables z = rm, o(r) = (8wG)!/2¢o(r), with the factor w?/m? being absorved into the

definition of the metric function e*°. Note that the coupling A is replaced by A = %g—;—ﬂ .
The boundary conditions are Ag(r = 0) = 0,0(r = 0) = (0),o'(r = 0) = 0 and o{oc) = 0.
For details see references [2-5]. In figures 1 and 2 we plot the total mass M and particle
number NV against ¢(0) for the equilibrium configurations obtained by taking A = 0 and
A = 60 respectively. The total mass M is defined by,

M =41r/ pridr . (22)
0
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Note the existence of a critical mass and particle number and how the extrema of the
two curves overlap. Note also that, as already mentioned in the introduction, for a finite
value of the central density, the binding energy of the configurations £y = M — Nm becomes
positive, signaling the existence of configurations with excess energy. Of course, for A > 0
the repulsive meson-meson interaction not only increases the number of particles in a
configuration of given central density but also makes the binding more difficult, explaining
why configurations with excess energy occur for smaller values of #(0). As shown in [4],
an attractive coupling, if large enough, may make E, negative definite.

3. Some Properties of the Equilibrium Configurations

In this section I will look in more detail into the equilibrium configurations. In equations
(7)-(9) the energy density and the radial and tangential pressures were introduced. For a
fluid star, at least up to nuclear densities, there is no reason to include local anisotropy in
the equation of state. Nevertheless, there has been some interest in the past in the possible
consequences of local anisotropy to properties of compact objects such as surface redshift
and critical mass [9]. It has been shown that anisotropy is responsible for changes in
these properties and that these changes can be related to the fractional anisotropy (= fa)
defined by

fa=(pr—pi)/pr . (23)

Clearly, fa measures the departure from local isotropy. To the best of my knowledge,
the importance of anisotropy has not been much explored ever since, the main reason
being the apparent lack of any reslistic object that would naturally display it. Leaving the
question of reality aside for the moment, boson stars are ideal subjects for an extensive
analysis of the effects of anisotropy [10|. Using the definitions of p, and p, in equations
(8) and (9) combined with the expression for the energy-momentum for the equilibrium
configurations, the fractional anisotropy is

245
e T e =

In figures 3 and 4, the fractional anisotropy is shown for A = 0 and A = 60 respectively,
for different values of the central density. The dots correspond to the values of fa at the
radius of the configuration, where the radius is defined as

4mr [
R=— 3dr .
i ./o predr (25)

Other definitions for the radius, although not as natural as the one above, have been used
in the literature {3,4]. The present results are qualitatively the same, independently of the
definition used for the radius. There are two important features to be noted. First, for a
given A, the fractional anisotropy at the radius (FAR) lies very much on a straight line,
with deviations, for A = 0, of only a few percent. For larger values of A the fit is still
good, although there are deviations of up to 30% for the smaller and bigger values of the
central density as can be seen in table 1. Second, and this is important to the stability
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analysis, the higher the value of A the smaller is the FAR. Thus, we should expect that
configurations with large enough values of A have stability properties similar to those of
fluid stars. In reference (5] it has been shown that in the limit A — oo it is possible
to write an effective isotropic equation of state for the bosonic matter so that the well
known theorems for stability can be successfully applied. Using the present approach, we
will see that it is possible to map the deviations from the fluid star results to the FAR.
Another interesting property of the equilibrium configurations is shown in table 2; if we
write Gerit(0) for the central density at the maximum and Tcrs(0) for the central density
at the point where Ej = 0, we find that, independently of A, 0crs(0)/0crie(0) = 2.

4. Radial Perturbations and Variational Principle

Consider that the equilibrium configurations described in the last two sections are per-
turbed in such & way that spherical symmetry is maintained. These perturbations will
give rise to motions in the radial direction. The equations for the perturbations will be
obtained by considering only their first order contributions, i.e., by neglecting all terms of
second or higher order in the perturbed quantities. We can thus write

A=2o+ 68X v=uy + v, ¢1 = ¢o(l +6¢1), b2 = 062 (26)

for the various perturbed quantities. The definition of ¢, with the time derivative will
prove to be extremely useful later on, in connection with charge conservation.
In first order, equations (7)-(10) become respectively

(re™*8X) = 8rGri6TY (27)
with
§T5 =bp = —bvwidpe™ — §AdZe ™ 4 2670w $26¢; — 2e 0wl i,
+ 26704788 + 2620 bo g 58] + 2m2 93601 + AghEd (28)
1. ' -2 e~ 1
;(éu —YdA)e” 0 = ——6) - 8xGET (29)
T
with
§T) = —bpr = —6T3 + (4m? + 2X¢3)426¢1 (30)
—,\o_]: !l_}_l l_ll ' 1: ' 1 I __&y! _}_-—va-
e [2611 4voﬁz\ 4)\06:1 + 2:/061/ + 27.(61/ §AN)] 5¢ 5A
1, 1 1, 1, .,
- 6)\[51/0 - Zvaz\:) + 1”02 + 'é;(”o — Ay)] = —8nGET? (31)
with

§TF = — bpy = Svw?le ™ — §Ae™20p? — 267002286, + 2e 0w,
+ 26720 bF8hs + 2e" 0 dogh b, + 2m22d, + Adasds (32)
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and, finally, ' ] .
5\ = 167Grooldhbd1 — whoddh] - (33)

The equation for §¢; can be obtained by inserting the perturbations either in equation
(13) or (14) since these are identical. We obtain

[ - -
s+ (28520 129 ot 1 L 8h(a - 63) - Mot + 63
T
+ er—uowz(b-A _ 5V) . EAQA¢35¢1 _ e%o(mz + _2_¢g)6A =0 (34)

Equation (31) was included for completeness. Note that now there are four unknown
functions of » and ¢, 6}, §v, 6¢; and §¢,. There must be four independent equations. As
with the equilibrium case, one is free to choose a set of four independent equations out of
the five equations written above. One may choose, for example, equation (31) or equation
(34) together with equations (27), (29) and (33) as the independent set. As before, I
will choose equations (27), (29), (33) and (34). There is, however, an important point
that was absent in the equilibrium case. Now, the continuity equation (equation (15) or,
equivalently, equation (12) or equation (14) written for ¢; = ¢ §¢2) is not trivially satisfied
but, instead, gives

vy — ﬁbo

2 ¢5

§by + (% + ) §¢g — le"o-"c'u(.su §X) — €207 (5y — 2wbpy) = 0 . (35)

Note that this equation can not only be trivially integrated in time (justifying the
ansatz ¢ = ¢o¢da) but also with respect to the radial coordinate giving,

1 1 -
[re3a=2dglsgy] + r2gfe s lwi2bgy + S(6X — v) — =bds] =0 . (36)
Thus, the set of equations obtained earlier is subject to the above constraint equation; not
all solutions are allowed, but only those compatible with (36). Of course, the constraint
equation is nothing else than the restriction that the radial perturbations should conserve

the total number of particles. In fact, from the definition of NV in equation (17}, one obtains
in first order in the perturbations,

6N = sW/ drriet(Ro=w)g2io54, 4 2(6A §v) — —5¢2] : (37)
0

Substitution of (36) into (37) gives immediately
6N = —8rwrlei(®o—2olg2ggl | (38)
In order to have 6N = 0 (conservation of charge) the function 8¢, must have the
appropriate radial behaviour at the boundaries. This restriction on §¢; will later be

translated into the choice of possible trial functions used to evaluate the eigenfrequencies
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of the perturbations. With this in mind, we can now go back to the independent set of
equations, equations (27}, (29), (33) and (34). From now on, it will prove convenient to
introduce the notation fi(r,t) = §¢(r,t) and fo(r,t) = 6¢5(r, ). The latter choice should
be obvious from equations (33) and (38).

It is still not very clear how to extract the dynamics of the perturbations from the
equations above. I will proceed by showing that it is possible to reduce the system to only
two coupled equations for the real components of the perturbations on the scalar field.
Note that in the case of fluid stars [7,8], the velocity of the perturbations can be related to
a single “Lagrangian displacement”, thus yielding only one final equation that governs the
dynamics of the perturbations. Here, as we are deeling with a complex scalar field, we will
naturally have {wo equations, rendering the problem of obtaining a variational principle
more subtle.

Instead of taking equations (27) and (29) independently, it proves more convenient to
take as independent equations, equation (27) and the combina.tion (29)-(27),

ov' — SN = (v — Ay + = )6)« — 32nGre*e(m? + 450)9‘)0)‘1 . (39)
Also, equation (33) can be trivially mtegra.ted in time giving,

6X = 167Gro(dhfs — whofs) - (40)

The procedure now is tedious but simple. Using equation (40), it is possible to elim-

inate §A from the remaining equations, (27), (34) and (39). We can then differentiate

equation (27) with respect to r and equate it to equation (39), eliminating é§v'. The final
result is a second order differential equation for the function fa(r,t}

pre(2e el f\'u))f5-6*°“"°f"=+26"°“”°wfi

¢
, , ¢f 6 — AB ¢” ¢f2 !')f — Afof
+[2(V0—)\0)( +?¢—+ 2 ) +2¢O—ZE+—T——
+ 8rGretoT¥ou? g2 (vy — Ay + g)] fa
- 8rGretougo (v~ ¥ + D)4 ~ 26M(m? + 3én ) fr =0, (a1)

Of course, the same dynamical equation would have been obtmned had we used equa-
tion (31) instead. This is, in fact, & good consistency check. In order to obtain the analo-
gous equation for fi(r,t) , substitute di and §A as obtained respectively from equations
(27) and (40} into r=quation (34). The resulting equation is,

2 b -
1 ¥ (; + Ay 293) fi-2wfy - f

2
- {e*"(%:‘""c«v‘c +Adg) + 167Gréy (}% + 0 +ed(eow] +m® + %4"%)%)} fi

-w [ - Ay + — +4z° 167"G”’¢0(%¢’0 + ¢ + e>‘°""°w2¢o)} fa=0 . (42)
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The construction of a variational base closely follows that of Chandrasekhar [8]. As-
sume that all perturbations have a harmonic dependence on time of the form, et | with
o being the characteristic frequency to be determined. We aiso let f; and f; stand for
the amplitudes of the perturbations. It is then clear that equations (41) and (42) become
eigenvalue equations for f(r) and fi(r) respectively, with eigenvalue c?. They are, fol-
lowing Chandrasekhar’s nomenclature {8}, the “pulsation equations” of the problem. We
must look for solutions to these equations satisfying the boundary conditions,

f1{0) = £f,{(0) =0 and ép, -0 asr s o0 (43)
where ép, is defined in equation (30).

Inspection into equation (38) shows how the behaviour of f; at the origin is related
to charge conservation. The requirement that both functions vanish at the origin insures
that the perturbations have zero velocity at that point. The choice of boundary condition
at infinity resembles, as closely as possible, the usual boundary condition for fluid stars
ép(R) = 0. Writing it in terms of §p, makes it independent of the choice of parametrization
for the perturbations in equation (26). Also, it is compatible with the equilibrium results
found for anisotropic spheres in the literature [9].

The system of coupled equations (41) and {42), together with the harmonic time
dependence and the boundary conditions (43) constitute a characteristic value problem for
o?. It can be shown that the problem is self-adjoint and that we can build a variational
base to determine o2 if we multiply equations (41) and (42) by Ga(r) = rzq&ge%("”"‘”) and
Gy(r) = r?¢dei(vo—ro) respectively. The action integral that gives rise to the pulsation
equations is then,

- f [2ePom0)(Gy 7 + Ga ff]dr = ./
0o 2 o

36,01 F; — 3G B — w1 (2f + AL dr | (44)

* 1 1
[EGa 2+ Eszzm

where we have introduced

C(r) Ee*°(4e_”°w2 + z\qﬁg)

I 1 i — A

+16wGrdy[ =gy + 45 + e (e™w? +m’ + Z¢7)do] (45)

1 45: vl —~ X! 2 " 2 v — 1

Hr)=2(v, - A (- + 224 2270y _ 2 L2078 570 4 3 "0

(r) =2(v, 0)(1, + o + Py ) 2 - b0 b2 + 2
+ 81rGre(’\°""°)w2¢%(VB — Ay + g) (46)
and 1

L(r) = 16Gro (= ¢y + ¢ + e wd) . (47)

Note that the orthogonality condition related to different characteristic values of o2
is given by

/0 %e("r"u)(clf;'f{+szz‘fz‘i)df‘=0 (i # 3), (48)
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where the (4,7) indices represent the solutions for different characteristic values of o2 .
In the spirit of Chandrasekhar’s work (8], we can state that since equation (44) ex-
presses a minimal principle, a sufficient condition for the dynamical instabdility of a bosonic
stellar configuration with the interactions defined in (1) is that the right hand side of equa-
tion ({{} vanishes for some given trial functions fi and fi satisfying the boundary condi-

tions ({3). In the next section the above formalism will be applied to the particular cases
AME s )

A =0 and A = 60. (Remember that in section 2 we introduced A = “JEisn

5. Looking for Instabilities

The first step in finding dynamical instability is to numerically solve the equilibrium equa-
tions (18)-(20), since all coefficients in (44) depend on the equilibrium solutions. I refer
the reader to references [2,5] for details. For us it is important to stress the fact that each
equilibrium configuration is parametrized by a given value of the central density, which is
used as an initial condition on the integration of equations {(18)-(20). Once we have the
equilibrium configurations, we can evaluate numerically the integrals in (44) for a given
pair of trial functions obeying the boundary conditions (43), with different values of the
central density. Dynamical instability will be present whenever the right hand side of (44)
is less than or equal to zero.

In order to look for instabilities we can concentrate just on the right hand side of
equation (44); the coefficient multiplying o? on the left hand side is positive definite and
will only “normalise” the velue of the eigenfrequencies. It then proves useful to write the
integral (call it T ) on the right hand side of (44) as

I= 2:201 +C; —=2C; (49)
where 1
G = [3Gilf + O (50)
Ci= [ 3G - B (51)
Cy = j wG1 fa[2f, + FL(r) (52)

and z = a/b comes from multiplying the trial functions f; and f; by the arbitrary numbers
a and b respectively (there is always freedom in the choice of multiplicative coefficients for
the trial functions) and by dividing equation (44) by 4%, Thus, if I < 0 for a given pair of
trial functions we have found dynamical instability. In fact it can be stated that a sufficient
condition for dynamical instability is that

C3}-4C1C, 20 . (53)
Clearly, once this condition is satisfied, one can always find two (or one if (53) is an identity)
real numbers z1; just by solving the algebraic equation obtained by equating (49) to zero.

As C; > 0 for all ranges of interest (the function C(r) defined in (45) is positive definite
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for 0 < o(0) < 2.0), we can make I < 0 just by picking the ratio a/b within the limits
zy < a/b < z,. Thus, to look for instabilities just pick a pair of trial functions f; and
f; that obey the boundary conditions (43) and the constraint of charge conservation and
evaluate the integrals C;, C; and C; defined in equations (50)-(52). Check if the condition
(53) is satisfied. If it is, the system is unstable for that central density and for that pair
of trial functions. It is then a cosmetic matter to explicitly evaluate the eigenvalue by
obtaining z; ; from (49) and using the information in equation (44).

As trial functions are used as approximations to the real solutions to evaluate (44), it
1s only possible to put an upper bound on the value of the central density where dynamical
instability intervenes, 0in,{0). In choosing possible trial functions, I have used the well
known ansatze of the stability analysis of fluid stars [7,8] compatible with the requirement
of charge conservation. After a thorough (but not exaustive) search, I found that the
smaller values for oin,(0) were obtained, independently of A, for the pair

fr=ze? o fa=ady (54)

where the multiplicative constants a and b were leftout. They can be easily evaluated for
each particular case. '

The ansatz for f; is,in fact, the same used by Chandrasekhar in his stability analysis of
homogeneous spheres with constant energy density [8]. In figures 1 and 2 the upper bounds
for the occurence of dynamical instability are shown for A = 0 and A = 60, respectively,
in a plot of total mass against ¢(0). The upper values of 0:n,(0), 7in,{0) > 0.98 and
Tine(0) > 0.45 are indicated by dots. Note that the instabilities occur well after the
Mmaximum [mass. .

Although it is possible, in principle, to find “better” upper values for a;n,(O)T , the
fact is that the results are quite different from those for fluid stars. The instabilities seem
to occur well after the critical point, even after the crossing point where E; = 0. These
results can certainly be linked to the fractional anisotropy characteristic of these objects.
The fractional anisotropy being positive definite seem to provide extra support against
small perturbations. From table 1 and figures 3 and 4, it is easy to see that a bigger
value for A has the consequence of decreasing the FAR. Table 23 offers yet another way
of confirming this result, by listing the values of ¢;n,{0) and o.r:(0) for different values
of A. Notice that both quantities decrease with growing A, although the change is not
monotonic. Clearly, in the isotropic case, the two values for ¢(0) such be identical.

f For example, the inequality (53) can be trivially satisfied if C; < 0. By studying the
behaviour of the function H(r) defined in (46), it is possible to choose trial functions that
will make Cz < 0. In practice, though, this task is not so simple [10].
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6. Closing Remarks

A variational formalism, in the framework of general relativity, was developed to examine
the occurence of dynamical instability against small, radial perturbations on bosonic stellar
configurations obtained from massive, self-interacting (with V(¢) = %|¢5|4 ) complex scalar
fields.

Adapting Chandrasekhar’s formalism to a microscopic context, it was possible to find
an upper bound for the value of the central density where dynamical instability intervenes
both for the free case and for the repulsive, self-interactive case. The results indicate
that the instabilities occur to the right of the maximum in the curve of mass against
central density of the equilibrium configurations (figures 1 and 2 and table 3), contrary
to the conjecture [3-5| that they should occur at the maximum. Nevertheless, it should
be stressed that this conjecture is based on theorems applicable only for fluid stars with
an isotropic equation of state. As explained in sections 2 and 3, local anisotropy certainly
plays an important role in determining the structure of boson stars. In particular, as
shown in section 5, it is intrinsically related to the stability properties of the equilibrium
configurations. The present results are corroborated by the analysis of Colpi, Shapiro and
Wasserman for the large coupling limit [5], where it-is possible to approximately describe
the configuration with an effective isotropic equation of state; the larger the coupling the
smaller the fractional anisotropy and the better the approximation of an isotropic perfect
fluid.

Of course, the possibility that better trial functions can decrease the upper bounds
found in the present work for dynamical instability is not totally excluded. However, based
on preliminary calculations, it seems very difficult to improve the bounds so dramatically
as to have the instabilities at the maximum value for the mass.

Certainly, the study of anisotropic compact objects promises to be a very interesting
field of investigation. It should be possible to generalize the present approach to any
anisotropic object either by formulating the problem from a field theoretical point of view
or by adapting the perfect fluid analysis to the anisotropic case [10}. In the latter case
one would need 2 equations of state in order to establish the variational formalism. What
would be the relationship between the tangential pressure and the energy density? Also,
the dynamics of the gravitational collapse of these objects, together with the possible
formation of scalar black holes (the particle number would probably be one of the charges
of the scalar black hole) and its connection with thermodynamics (is the loss of quantum
numbers translated into the black hole’s entropy ?) deserve further study.
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Figure Captions

Figure 1. Boson-star mass in units of M3, ,,.;/m (continuous line) and particle number
in units of M3, _,/m? (dotted line) as a function of the central density for A =0 . The
dot represents the upper value for stability.

Figure 2. Boson-star mass in units of Mp,,../m (continuous line) and particle number
in units of M2,,,_,/m? (dotted line) as a function of the central density for A = 60 . The
dot represents the upper value for stability.

Figure 3. The fractional anisotropy as a function of the radial coordinate for A =0
for 3 different equilibrium configurations. The dots represent the value of the fractional
anisotropy at the radius of the configurations. The straight line is a good fit to within a
few percent.

Figure 4. The fractional anisotropy as a function of the radial coordinate for A = 60
for 3 different equilibrium configurations. The dots represent the value of the fractional
anisotropy at the radius of the configurations. The straight line is a good fit for central
values of o(0).

Table Captions

Table 1. The value of the fractional anisotropy at the radius for different values of the
central density and for different values of A. Note how the FAR drops for bigger values of
A.

Table 2. The ratio between the values of the central density at the maximum ¢.¢(0) and
at the crossing point o..,(0) for different values of A.

Table 3. Values of the central density at the maximum o..;(0) and at the upper value for
stability oin,(0) for different values of A.
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oo(0) | fao | oeo(0) | faso | o200(0) | faz2c0

0.1 | 1.085 0.1 0.353 0.05 0.137

0.271 [ 1.088 | 0.16 | 0.241 | 0.094 | 0.066

0.54 | 1.105 | 0.327 | 0.245 | 0.195 | 0.078

1.02 | 1.208 0.7 0.384 0.3 0.118

Table 1

A a'crit(o) a'crt(o) o'cr-(o)/acfit(o)
0 0.271 0.54 ’ 1.99
60 0.158 0.312 1.97
200 0.094 0.195 2.1
Table 2

A a’crl'f.(o) o'ivu(u)

0 0.271 0.98

60 0.158 0.45

200 | 0.094 0.32

Table 3
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