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Abstract

The exact sampling theory pertaining to the problem of estimat-
ing the mean lifetime of a particle, when the data sample contains
contributions from several background sources, is developed in detail.
Measurement errors are taken into account, on an event by event ba-
sis, by assuming the experimental resolution function to be a Gaussian
distribution of known variance and zero mean. While the results pre-
sented are valid for samples of any size they are more suited to the
analysis of data samples containing few events. In this sense they
offer a method of analyvsis which is complementary to the method of

maximum likelihood.



1 Introduction

We have witnessed, in the past few years, a resurgence of interest in the
measurement of the mean lifetimes of particles. This is due, in part, to
the relatively recent availability of high precision vertex detectors, and, in
large measure, to the recognition that these measurements provide a valuable
means of testing certain aspects of the standard model.

It is well-known that a weighted sum of unbiased lifetime measurements
provides an unbiased estimate of the mean lifetime. A method of calculating
exact confidence intervals for this sum was presented in a recent paper [1].
Those results apply when the background level is negligible. In general. how-
ever, a sample of measurements will contain contributions from background
events which must be accounted for in order to ensure that the estimate of
the mean lifetime is free from background induced bias. The usual method
of analysis is that of maximum likelihood. (See, for example, Ref. [2].) It
should be emphasized. however, that a rigorous basis for its use exists only
for samples which are “sufficiently large” '3". There are, and will continue
to be, instances in which, because of the nature of the decay channel being
measured. the data samples obtained will contain very few events; then there
is no guarantee that the method of maximum likelihood is optimal: lifetime
estimates will. in general, be biased and “standard error” intervals will not
necessarily be standard. that is, have probability content equal 1o 0.683.

Moreover. it is common practice to form “world” averages of estimates

from different experiments. Clearly, that task is made easier by having esti-



mates with as little bias as possible, and having “errors” whose interpreta-
tion is statistically unambiguous. Therefore, if a rigorous unbiased method
of analysis exists for a particular problem, at the very least, that method
ought to be explored even if, as is ordinarily the case, the variance of an
unbiased estimate is larger than that of one which is biased. The purpose
of this paper is to present such an analysis using well-accepted methods of
mathematical statistics. It is hoped, that the formulas presented here offer
a practical solution to the estimation of particle lifetimes in the presence of
background, and in particular when an analysis must be based on very few
events.

In Sec. 2 the sampling theory for the problem is presented and in Sec. 3
we show how the results are to be used in practice. Concluding remarks are

made in Sec. 4.

2 Theory

2.1 The general case

In the notation of Ref. 1

t=3 eatn, (1)

nx]

is the weighted average of N lifetime measurements, with "% ¢, = 1. The
experimental procedure leading to the sample {t,} will be unbiased if the
mean values < t, > are linearly related to the mean lifetime 1o be estimated.

In this case. a suitable linear function of the estimator in Eq. (1) will vield



unbiased estimates of the mean lifetime. The estimator ¢ is very simple; the
whole difficulty lies in calculating the associated “errors”. To do so we need

the probability density function (PDF) of ¢. It is given by
_ 1 = 1wl
P(tlr) = 5 /_w ! F(w)dw, (2)

where v
Flw) =] / et P(L,)dt,, (3)

The function P(t,) describes the parent population from which the singular
sample ¢, is drawn; P(%,) will be a weighted sum of the PDF’s for the
signal and the various sources of background. If there are Af different sub-

populations contributing to the parent population we can write

M
P(t,) = Z_ Fmp{tn Tm), (4)

with

A

Z fm = 1. (5)

m=1
and where f,, is the weight of sub-population m and #, is the corresponding
mean lifetime, or a linear function thereof; the functions P(tn:Tm) are the
normalized densities which describe the sub-populations. The M/ weights
and the Al — 1 mean lifetimes of the background sub-populations are as-
sumed known. (Usually, these parameters are known with some uncertainty,
in which case their variation within reasonable bounds will determine the
systematic uncertainty in the estimate.) We shall suppose that the mean

lifetime to be estimated is 7 = 7,.



In the absence of measurement errors, each term in P(1,) is a pure expo-
nential. However, in experiments for which the results given here are most
useful, namely colliding beam experiments, the measurement errors usually
cannot be neglected; P(t,) should then be smeared out by the experimental
resolution function. We shall take this function to be a Gaussian distribution
of zero mean and known variance ¢2. When smeared, each term in P(t,)

assumes the form [4]

' 1 n 21— ‘ltn
Pltalrm) = - exp (62/272) exp (—tn/ Ty Jerfc( Tilm—_n

5 ) (6)

where erfc(z) is the complementary error function:

erfc{z) = 72—_ fx eV dy.
mTJz

Note, that by allowing o to depend on n we are allowing for the possibility

that the resolution function depends on the nature of the event; ideally, the
resolution function would be event independent.

Substituting Eq. (4) into Eq. (3) vields

—
-1
S

N M <
F@)= T X fm [ e p(tn 7o)ty
n=1m=1 =
which, upon performing the integrals, using the result

-1 - ) |
/t e *erfc (—Ub i ") d: = 1e"z("?/"""b)erfc (db ge @ t)
o 72 a 7

1 ., ab—a-lt)
- —e Yerfc{ ——— 1, 8
ae erc( \/5 . ()

becomes

F{w) = E{w)G(w). (9)

o



where

B = 13 ey a0
Glw) = e/, (11)
N
= Z Ciai, (12)
and
1

(13)

Opm =

EnTm’
The PDF, P(ti7). can be expressed as the convolution

P(tm) = [ e(@)g(t - 2)de, (14)

of the functions

I
- 1t . 5
e(t) %j_me E(w)dw, (15)
and
— _1_ = twi
glt) = hj_me Clw)dw
e-»!"’[Et:r2
- _ 16
o (16)

We observe that. in general. no two of the matrix elements a,, will have
precisely the same value whence the function E(w), regarded as a function
of a complex variable. will have simple poles at w = iapn.; Eq. (153) can
therefore be readily evaluated by contour integration. The result is

N M

e(t) = Z 3 e oy, (17)
k=17=1



where we have defined:

Wiy = f,HZ Gomfm (18)

ngkm=1 a"""' a*J)
We note that the function e(t) is just the PDF of ¢t when there are no

measurement errors. From this function one can derive the interesting iden-

tities

N M

3 N ap Wy = ban(-1)NH H Zak,f,, n >0,

k=1 j=1 =1
JN M a
Z Z I ky — 1 I

=1;=1

N M “'kj N M fJ
?:::JZ:; o kz—:lgz—l o’
N M H'kj _ M N Ejm fme . N M
2 = —ZZZZ —,;-———-ZZ - (19)
k=1 3=1 “kj k—l; 1n=1lm=1 kjQnm k=1 j5=1

which are a generalization of the those given in Ref. 1. A proof of the first
identity is presented in Appendix A: the other three follow most readily from
the moments of e(1).

We now complete our derivation of the densities pertaining to the esti-

mator ¢{. From Eq. (14) we obtain

N M
Pltr)= =3 % efwerlc(Yi;)anWi,. (20)
2 k=13j=1
where
-\’kj = —OkJ‘! - azaij/Q, (21)
and
1. = cag; — o7 (22)
ky = \/E .



The cumulative distribution function (CDF), C(¢:7), is defined by
¢
C(tir) =/ P(zi7)dz. (23)
Applying Eq. (8) to the above vields:

Cltir) = lﬁéerfc(a\tﬁ)

1N M
=3 eMverfe(Yi) W, (24)
. 2 =1 ;=1
Finally, the moment generating function (MGF), M (3), defined by
M@B) = [~ e Ptir)at. (25)
can be expressed as:
N M £o282/2

MB)=Y Y K o W (26)

k=1j=1 %ki ~
The moments 3, can be explicitly evaluated, using M(3); we find:

/
N M “k; in/2]

Mo=m 3y ok y ol (27)

lilakJrO

where in/2 stands for the integer part of n/2. In particular, the first two

moments M, =< ¢ > and My =< * > of P(t T) are:

N 11[:]
<t> = ZZ
1,1 1 Qkj
= ijTJs (28)
J=1
and
N M “k
<!> = @ *222 J
k=13=1 i
N
= o’ - (Zf,--'—<t>“)2ci~<t>2. (29)
k=1



By definition, the variance of P(t|7)is Vit] = < t? > — < 1 >2; therefore,

N
V[t] = 3 Vit (30
k=1
with
M
Vite) =of +2Y fir]- <t >?. (31)
i=1

2.2 Special cases

Hitherto, we have made no assumptions regarding the magnitude of the mean
lifetimes of the background sub-populations. However, in many experiments
the background is principally from particles with mean lifetimes very much
shorter than the lifetime being measured. Let us suppose that this source
of background corresponds to sub-population Af and is characterized, to a
good approximation. by setting ra; = 0. To analyze this case it is convenient
to express Il as

nzk Cyp — Cpy m#) CiT; — CpTey

N M
- c y fm
We, =511 (“—f’-c,,r,-z ——-—~—) (32)
We observe that in P(t,7) and C(¢:7) the functions exp( Yaas Jerfe(Yiar) go to
zero exponentially as 75y — 0; therefore. we need onlyv consider terms with
7 < Af, hence
N M-1

B Ckf' fm
Wy, = f, iy, S —Im ) 33
! fJnIl(Ck""Cn ! “,gjcwj—cnrm (33)
For the simple, but important. case in which all background sources are

due to short-lived particles Af = 2 and, therefore. only the first two terms

within the parentheses will remain in Eq. (33). while the expressions for the



PDF and the CDF will contain only the sum over k; for example, writing
ar = apy = (c7)7!, and letting f be the background fraction, the CDF

would be:

Cltir) = 1—%erfc(-—t——)

o2

1-f & iiotal oo — o™t
- — Z Al iaad a"-“"eri’c(
2 k=1

T )
+ fi (34)

N

x [Tia-9

ngk' € — Cn

ke

The other special case we shall consider is that in which the weights ¢,
are all equal. Equal weights would be appropriate when the variances of the
individual measurements are of equal, or very similar, magnitude. Below we
derive an expression for C(¢7) by taking the limit of Eq. (24) as ¢, — 1/N.

Let us write

ar; = (1 + €x)A; (35)
where A; = N/7; and the ¢ are numbers in the neighborhood of zero. It is
convenient to define the quantities

X; = -Mt-a%A%2,

Y, = (od; —o )V

Z; = oX/V2, (36)
in terms of which Xy, and Yi; may be written as

Xy = X; + &2,(2Y) ~ eZ,). (37)

and

}:kj = )}"'szj' (38)

10



We now expand the function
EX" Cl’fC( )”k_,) ”.kj

in powers of €. The result is

erfc™(Y;) & 1 i i
ST S )Z(i) (@) (aZ,)* Wy, (39)

n=ki=0 =0

where

erfc®(z) = erlc(z),
erfc™(z) = ;;n:erfc(m )
2 2

and H,(z) are the Hermite polynomials [5].

Let us write Eq. (39) in terms of the new index »r = n + 1 -1 The
condition ¢ » 0 = max ! = r — n: the condition « < ! = minl} = integer
part of (r — n — 1)/2, while the bounds on I = n < r. With these bounds
on | we recognise the sum over ! to be proportional to a modified Hermite
polynomial. hn(z) = i "H,(iz); in fact. the sum equals &, _.(};}/(r — n).
Equation (39} then becomes:

EDN=ULLIEED S (")erfc‘ (koY) (40)
s r —\n
Consider the sum over k of the expression in Eq. {10): the only term

which depends on €, is the sum:

{(—ee)

- .
uMa
-

11



N N 1
—a)] !

zz: ,:.l;[k €n — €

x f; H[f.i +enfi+(en—€r) Y T (41)
nk mg; Gnm ~ Qk;
In view of the identity

N N 1
Yo(—ea) I1 =bn-1, TSN -1, (42)
k=1 nik €n = €

which is a special case of the first identity listed in Eq. (19), the sum 1},
involves subtle cancellations, consequently, the limit ¢, — 0 must be analyzed
with some care. This analysis is presented in Appendix B, together with
the general result for V.. Note, also, that the sum in Eq. (42) is O(e) for
r > N — 1 which implies that, for these values of », 15, — 0 as ¢, — 0.

Finally, collecting together all the pieces, we arrive at the expression

C{tr) = 1--1-erfc(

5)

g

o
1 A

. ‘[-,. ra— [T n)ove .
- §Zf"’ ZO ';Jr(*zj) Zﬂ(n)erfc( (Y5)he_a(15).

=1

(43)
for the CDF in the limit of equal weights, that is. for the estimator:
1 &
= K Z
It is worth remarking that a slight generalisation of Eq. (43) can also be
used to calculate C'(f v) when the ¢, are not necessarily close to zero. In this

case the sum over 7 would extend to infinity and the coefficients 1), would

have to be calculated using Eq. {41). Owing to the rapid increase in the

12



magnitude of W; with sample size, it might be easier to calculate C(¢|r)

using the expanded form in lieu of the closed expression given in Eq. (24).

3 Application to lifetime measurements

The estimator ¢ yields an unbiased estimate of < ¢ >, the mean of the density
P(t|r); we want, however, an unbiased estimate of 7. A suitable estimator,

t', follows immediately from Eq. (28): namely.
: M
' =(t-3_ fim)hs (44)
=2

which is evidently an unbiased estimator for 7 = 7;. The variance pertaining
tot'is

VIt = Vitl/f3. (45)

As noted in Ref. {1., a complete estimate of the mean lifetime should

specify both an estimate of the variance, which is needed to compute world

averages, and a confidence interval (which by convention is normally a central

interval at 68.3 % confidence level). Exact {central) confidence intervals

7(t').7(¢') can be obtained from the equations
CHe)7) (1-23)/2, (46)

c((thiz) = (1+8)/2, (47)

il

where here 3 is the desired level of confidence. The above equations can
be solved by a straightforward application of the Newton-Raphson method.
The intervals so obtained are exact in the sense that the statement Prob{t’' €

(), T(t') ) = 3 is exactly true.

13



We turn now to the construction of an unbiased estimator for the variance.
To this end we could try to generalize the estimator given previously [1];
however, here we shall proceed somewhat differently. It is evident that ¢?
yields an unbiased estimate of < t? >, therefore, if we can find an unbiased
estimator for < ¢ >? our problem is solved. In fact such an estimator can
always be found for all samples with N > 2.

Consider the double sum

N N
Z Z Akﬂckcntktn-
k=1 n=1

The coefficients A4, must be chosen so that the expectation value of the
above is equal to < t >?. We note that for k # n #; and t, are indepen-
dent; therefore, in this case < fixt, >=< t; >< t, > which is just < ¢ >2.
The terms with & = n must be excluded in order to exclude contributions
from the second moment; hence. 4, ~x 1 — §,. Finally, the constant of
proportionality must be chosen so that the coefficient of < ¢ >? is unity.

Therefore.
2 TN T (l —Ekn)ckcntktﬂ

\"t‘ _~ iwk=1 w=nz=]
= —

ZJ?-.-] 21‘::1(1 - '5kn)ckcﬂ

provides an unbiased estimate of the variance of { and therefore of ¢'.

(48)

Ideally, the weights ¢, should be set o« 1/V[t,’ this being the optimal
choice in that it minimizes the variance of £. In practice the terms in Vi,
involving the unknown parameters 77 and < ¢ >? will either have to be

replaced with estimates or simply dropped altogether.

14



4 Conclusions

If we have an unbiased sample of lifetime measurements (in the sense defined
in Sec. 2), and perhaps containing contributions from background events, a
linear function of the weighted average of these measurements is the simplest
unbiased estimate of the mean lifetime. The results presented herein offer a
rigorous alternative to lifetime analyses based on the principle of maximum
likelihood. We have shown how in principle, for any sample size, exact con-
fidence intervals and an unbiased estimate of the variance can be calculated,
provided that the background contributions are known in the mean. It may,
however, become increasingly difficult to calculate C(t|r) with sufficient pre-
cision as the sample size increases. This is because of the rapid increase in
the magnitude of Wj,; with N. Therefore, insofar as the method developed
here can be applied more easily to (arbitrarily) small samples than to large
ones it may be regarded as being complementary to the method of maximum

likelihood, which is known to be satisfactory for large samples.
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6 Appendix: A

Consider the function
1 N M

9(t,8) = —/_:e‘“"HZ. c.!""‘f"‘. dw, (49)

2T net oy Hw — 28/t — tanm)

N M
= et 3 e layW

k=1 j5=1
o 4n N M
= _'6 Z ZZ ak; "+]H ki- (50)
=13=1

where 6 is any positive real number. Note, e{t) = ¢(t,0). Changing to the

variable z = wt in Eq. (49) yields

e

no1 ey Uz — 16 — 1apmt)

tNl

9(t,8) =

We seek the limit of g(t,é) as t — 0 with é held fixed. (A non-zero value
of 6 serves merely to avoid a pole on the real axis, thereby simplifying the

calculation). The product term in Eq. (51) can be expressed as

N M ¢ -1
15 iN(z 16N r[‘[l‘g:l Anm fr (1 B 15)

which in the limit ¢ — 0 becomes
N

g 1L 5 et =000

n=1lm=1

Therefore. in this limit ¢(t. 6) reduces to

N : t’\r ~1 ei.—
56.8) = (T] 3 awnfo) — .A.(~_l.£)n.dz

n=lm=1 “

tNl

(?\, _ ])| et H Z e ) (52)

n=1lm=1

A comparison of coefficients in Egs. (30) and (52) leads 1o the first identity

in Eq. (19).
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7 Appendix: B

The f;-dependent term in Eq. (41} can be written in the equivalent form:

1 ﬁrf + €& fi + )f Gnmfm_, (53)
[f;i +€nf;+{€n— ¢ —
D+ e oy ’ ! * m#s &nm — Qg;’

Let D®) be the gth derivative of the product term with respect to —e,,

evaluated at ¢, = 0; then, Eq. (53) can be expressed as:

1 & DY ;
1+ €, ico T _Ek)
oo LI 10!
= Z(—-—(*)l Z ‘_‘—1 (54)
1=0 =0 g.
whence,
D) 1
Z Z Z —( ) T H . (55)
1=0g=0 k=1 n#k €n ™ Ek

We first observe that the derivatives, although they depend on ¢,, are
independent of the index k: therefore. they can be brought outside the sum-

mation sign in Eq. {(55) in which case, in accordance with Eq. (42),

) N-1-r D(q) . .
Vo= Y —, r<N -1 (56)
g=0 q-

Forr>N-1,1, - 0ase¢, — 0.
Secondly, we note that the product term in Eq. (53) can be written as
two terms: one is x Y0, ¢,, while the other is a function of —e, only: but

since. ultimately. ¢, — 0. the derivatives will be determined solely by the

latter term, which is:

: X Amfm(=£k) & -
-fﬂ*,gj,\m-xj—:)«j(-f,,)' ' (57)

17



A recursive application of Leibniz’ theorem to the above yields:

Die)

— =Y Ay A, Ay,
gt {&} .
where
AO - fj!
A, = "“Z/\mfm A )n TLZ].,
Aj m#j -

(58)

(58)

and where the sum is over all N-part compositions of g, that is, over the

ordered set of indices: {l),45,...: I, > 0; =X I, = ¢}. A practical realisation

of this sum is:

D(q} e q-4 g-li-iz
=3 A, AL Y Ay
=0 {2=0 1y=0

g—{1e.—Ip_1
S A A

tp_1=0

where.

i]\,' =4 - l] — lz... - i]\‘_].

See. also. Rel. 6 for a simple algorithm for generating compositions.

18
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