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1. LECTUREI

Quantum chromodynamics is the theory of interacting quarks and gluons, the
constituents of the strongly interacting hadrons observed in the laboratory. These
lectures will describe the way in which we can finesse our present inability to solvea
strong coupling problem, namely the way in which quarks and gluons are confined
in hadrons, and exploit the property of asymptotic freedom to make predictions
for hadronic reactions involving large momentum transfers using weak coupling

perturbation theory.

I begin with a brief description of the QCD Lagrangian and the Feynman rules
which can be derived from it. This is a practical guide which does little more than
introduce notation and certainly does not do justice to the elegant structure of
quantum field theory. For more details I refer the reader to the standard textsL3.
Introductions to perturbative QCD can be found in refs. 3,4. For a more ped-
agogical treatment the reader is invited to consult the TAST lectures of earlier

years[s’sl.



A. Lagrangian of QCD

The Feynman rules required for a perturbative analysis of QCD can be derived

from an effective Lagrange density which is given by,

1 x — . .-
L= —zFfaFAﬁ + Y (D — m)abgs + Loauge—sixing + Lghont: (1.1)

flavours

FZj is field strength tensor derived from the gluon field .44,
FA = [0 A8 — 95 A% — gf45° AZAS]| (1.2)

and the indices A, B, C run over the eight colour degrees of freedom of the gluon
field. The sum over the flavours runs over the ny different flavours of quarks. g
is the coupling constant which determines the strength of the interaction between
coloured quanta. fABC are the structure constants of the SU(3) colour group. The
quark fields g, are in the triplet representation of the colour group, (e =1,2,3)
and D is the covariant derivative. Acting on triplet and octet fields the covariant

derivative takes the form,
(Da)ab = Jabas + 19 (tcAS)abs (DG)AB = OabaB + ig(TcAg)AB (1-3)

¢t and T are matrices in the fundamental and adjoint representations of SU(3)

respectively,
[tA,tB] = {fABC{C, [TA,TB] = ifABCTC  (TA)pe = —ifABC, (1.4)

D in Eq. 1.1 is a symbolic notation for 4, D¥# (used throughout these lectures) and
the spinor indices of 4, and g, have been suppressed. Otherwise we follow the
notation of Bjorken and Drelll! with metric given by g°# = diag(1,-1,-1,-1) and
set k = ¢ = 1. By convention the normalisation of the SU(N,) matrices is chosen

to be,

Trt4t? = Tp 648, Th= % (1.5)

With this choice the SU({N.) colour matrices obey the following relations,

S thth = Cpbay C Lk N VA 1.6
- ab¥be F Uaey F = 2Nc y e — ( . )
Tr TC'TD — Z fABCfABD — NcECD. (1.7)

AB



We cannot perform perturbation theory with the Lagrangian of Eq. 1.1 without
the gauge fixing term. Indeed as we shall see below it is impossible to define the
propagator for the gluon field without making a choice of gauge. The choice,

1 A\ 2
['x“se—ﬁxins = "57\' (3°Aa) ’ (1'8)
fixes the class of covariant gauges and A is the gauge parameter. In a non-Abelian
theory this covariant gauge-fixing term must be supplemented by a ghost La-
grangian, which is given by,

Lonon = 81 1 (D377) . (1.9)

74 is a complex scalar field which obeys Fermi statistics. The derivation of the
form of the ghost Lagrangian is best supplied by the path integral formalism(™ and
the procedures due to Fadeev and Popovl®l. A simple illustration of the role played
by the ghost fields, which displays the difference between Abelian and non-Abelian
theories, is given in section D of this lecture. I discuss the use of axial gauges in

which no ghosts are necessary in section E.

B. Feynman rules

Eqs. 1.1, 1.8 and 1.9 are sufficient to derive the Feynman rules which should be
used in weak coupling perturbation theory in a covariant gauge. The Feynman
rules are defined from the operator € =i f £ d*c rather than from the Lagrangian
density. ¥ is equal to the action multiplied by i. We can separate the effective
lagrangian into a free piece Lo, which normally contains all the terms bilinear in

the fields, and an interaction piece, L, which contains all the rest.

¢ =00+ ¥

% =i [ d'zLo(a), Oy =i j d'zLy(x). (1.10)

The practical recipe to determine the Feynman rules is that the inverse propagator
is derived from —@,, whereas the Feynman rules for the interacting parts of the

theory which are treated as perturbations are derived from &®;.

This recipe (including the extra minus sign) can be understood® by considering
the proverbial Moe and Joe who take different approaches to the quantisation of a



theory. For simplicity they consider a theory which contains only a complex scalar
field ¢ and an action which contains only bilinear terms, ® = ¢* (K + K') . Moe
includes both K and K'in the free Lagrangian, ®; = ¢* (K + K') ¢ and using the
above rule derives a propagator A for the ¢ field as given below. Joe treats K
as the free lagrangian &, = ¢*K¢ and regards K' as the interaction lagrangian,
&; = ¢*K'$. He includes ®; to all orders in perturbation theory by inserting the
interaction term an infinite number of times as shown below. With the choice of
signs described above they obtain the same answer for the full propagator of the

¢ field.

-1

Moe: A = XTIk
Ut S Sk (:l) (:_1) (—_1) ("_1) ot
Joe: A = K+(K)K =) " \&) ¥\ T/ E\ %) T T kxR

(1.11)

This demonstrates the internal consistency of the recipe.

Thus for example the inverse fermion propagator can be obtained by making
the identification 8 = —ip® for an incoming field. The two point function of the

quark field becomes,
@ (p) = —ibas (5 — m) (1.12)

which is the inverse of the propagator given in Table 1. Similarly the inverse

propagator of the gluon field is found to be,

. 1
F({?B,aa}(f’) = 1048 [Pzgaﬁ -(1- X)Pa?,&] . (1.13)

[t is easy to check that without the gauge fixing term this function would have no

inverse. The result for the gluon propagator A is as given in Table 1.
2
I‘<([A)B. aﬂ}(p) A({,B)C, B‘f}(p) = 6ACga-7 (1.14)
: PsP
A%gc. .e-v}(P) = EBCF [—ym +(1— A)%] . (1.15)

Replacing derivatives with the appropriate momenta, Egs. 1.1, 1.8 and 1.9 can be
used to derive all the rules in Table 1.
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—gf4B% g (p— @) + 9% (g —7)" + g™ (r - ?)’]

(all momenta incoming)

—ig? fXAC fXBD (g.0g+s — Gas9pn)
__igifXADfXBC‘ (gaﬁg‘ﬁ - ga'rgﬁb')
—ig? fXAB fXCD (g.,986 ~ 9as95+)

C,~ D,é§
Ao
ngBan
AENY'
B/ \C
A
~ig (t4) , (")
b, ¢, j

Table 1: Feynman rules for QCD



C. Renormalisation

When the Feynman rules specified above are used to calculate loop diagrams ul-
traviolet divergences are encountered. Because of the renormalisability of QCD all
such divergences can be absorbed order by order in perturbation theory by defin-

1] The Lagrangian introduced in

ing renormalised couplings, masses and fields
the previous sections is therefore the bare Lagrangian which depends on the bare

parameters and fields which we now denote by the suffix 0.

The renormalised Lagrangian is obtained by rewriting Eq. 1.1 in terms of renor-
malised fields,

L(-AS, do; Mo M0, Jo, '\0) = E(-Aﬂ: g,7, ™M, gu°, )‘) + ‘55('4“7 ‘b"?amygﬂ'ca'\) (1-16)

Once we specify the relationship between bare and renormalised quantities, Eq. 1.16
defines the counterterms §£. Eq. 1.16 assumes that the loop integrals are regu-
larised by continuing the dimension of space-time to d = 4 — 2¢ dimensions. More
information on this procedure is given below. A mass scale x4 has been introduced
to keep the coupling constant dimensionless in d dimensions. The advantage of
working with renormalised fields is that the Greens functions of the theory have a
smooth limit as the cut-off is removed in terms of renormalised fields, The bare

and renormalised quantities are related by,

_1 A L L
A® = Z, A5, f\=Z—°, §=2Zy 0y, 1=23°m0, mo=mZ,
3

- 1
Z zZF zZ:

1 — gne 1 - — ”z_zi (1.17)
2,7 3

z
go = gput—3 = gut——
Z3 Z3Z§

Note that the renormalisation constants of the theory satisfy the Ward identities,
Z:[Zs = 2,/ 25 = ZF |2, = 24/ 2y (1.18)

which ensure the universality of charge renormalisation. These are the general-
isation to non-Abelian theory of the QED relation, Z; = Z,. Because of the
renormalisability of the theory all matrix elements calculated with £ + §C are
finite. We write

3 1

_ 1 B B
L+8L =27 (8aAF — aﬂAa) 5

(aﬂAg)2 + Zf@a(zé - me)qa + 233,,?]_23“7]3



+%y‘ZIfABC(3aA3 — BgAj)Ang + Zligp‘aan;r;(T - A% pene — Z§ gptga(t - A)asgs

2
—%—p"Zd“Bcf‘DE.AngAng.

Thus the counterterms are given by,

1 2
6€ = -2~ 1) (8,48 — 35.AF)

+(ZE ~ 1)dga ~ (ZF Zon — 1)arnga + (Zs — 1)0anh0"nm
(2 )P Af — s AR AZAS + (2 — Digw*Bunb(T - A)acro

. 2
—(2{ — 1)gp q(t - A)ard — %—u"(& — 1)fABC fAPEABACAD AG.  (1.20)

The Z’s are defined order by order in perturbation theory to cancel all the ultravi-
olet divergences. In the intermediate stages of the calculation we must introduce
some regularisation procedure to control these divergences. The most effective reg-
alator is the method of dimensional regularisation which continues the dimension
of space-time to d = 4 — 2¢ dimensions!!!. This method of regularisation has the
advantage that the Ward Identities of the theory are preserved at all stages of the
calculation. Integrals over loop momenta are performed in d dimensions with the

help of the following formula,

dik (—k2)r (4
@r) [ — k24 C —ie]” 1673

24r—me L(r+d/2)T(m —7 -2 +¢)
'(d/2) I(m)

[C — ie]

(1.21)
To demonstrate Eq. 1.21, we first perform a Wick rotation of the ko contour anti-
clockwise. This is dictated by the ie prescription, since for real C the poles coming
from the denominator of Eq.1.21 lie in the second and fourth quadrant of the ko
complex plane. Thus by anti-clockwise rotation we encounter no poles. After
rotation by an angle /2, the ko integral runs along the imaginary axis in the ko
plane, (—ioco < ko < i00). In order to deal only with real quantities we make the
substitution ko = ix4, k; = &; for all 7 # 0 and introduce |x| = \/53 +&2...+ KL

We obtain a d-dimensional Euclidean integral which may be written as,

jddrc f(&?) = /d|n| F(s?) k)% sin?? 041 6043 By-s . ...
X sin 93 dad_ldad._g - dgzdgl (1.22)

(1.19)



The range of the angular integrals is 0 < 6; < 7 except for 0 < 8; < 2x. The

angular integrations, which only give an overall factor, can be performed using

Toa ed P(E?l)
./o df sin® 8 = ﬁi‘-(—@)—- (1.23)

We therefore find that the left hand side of Eq. 1.21 can be written as,

2% |K|d+21- -1
(4x)d/1T (df2) Jo f il [+ c] (1.24)
This last integral can be reduced to a Beta function,
J M) P =22 =12 pupaem (129
S G A R

which demonstrates Eq. 1.21.

When calculating the two, three and four point functions of the quark, gluon
and ghost fields the ultraviolet divergences of the theory appear as polesin e. In the
mimimal subtraction (M S) renormalisation scheme!® one chooses the various 2Z’s
of the theory in such a way that the poles are all cancelled. In one loop this leads
to the renormalisation constants given in Table 2. Note that the renormalisation
constants depend on the gauge parameter. The scheme is called minimal because

the renormalisation constants of the theory contain only the pole parts.

D. The physical motivation for ghosts

I now provide a heuristic argument, due to Feynman('3, for the presence of the
~ ghost term in the Lagrangian. The argument considers the consequences of uni-
tarity for processes involving gluons. One of the simplest examples is the reaction

in which a quark and an antiquark annihilate to produce a pair of gluons,

q(p) + @(p") — 9(a) + 9(4) (1.26)

The momenta carried by the various fields are shown in brackets. For simplicity

we consider massless quark fields. The three diagrams which contribute in lowest



~10-

Z,

Z4

Z

gﬂ

1+ 1672

gJ

1
+ 1673

92

1673

1+

g
1672

1+

P
1672

9,2

1—
16x2

g2

1—
16732

92
1672

13 A 4

[ = 3) - oo
%[Nc(g- - %) - ;—n_fTH]
%[Nc(g - g-n,TH]
-9

dbs]

%[CF,\]

%[Nc(% + 2) +Cr)|

1 11 2
<[V = nsng]

Table 2: Minimal subtraction renormalisation constants in

gauge at one loop order.

a general covariant
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P 29699 P_—.—-—%ba q P
r
P—q g—p
’ ' ’ 3%\ ’ !
P riss0 g P q P
1 2 3

Figure 1: Feynman Diagrams for ¢g — gg

order are shown in Fig. 1. Using the Feynman rules of Table 1, and choosing the

Feynman gauge A = 1, the three diagrams may be written as,

P 1 -
~ig* o(p") ¥°t8 m’?’ t4 u(p),

1
M = —ig” 8(p) ¥4 3t (),

M3? (—ig) ( — gfABCVRr (g, —q',r)) ( - 1‘:—:5) #(p') v*t€ u(p)

M

. 3 tra 1 _.,
= ~ig V¥(—g,~¢,7) = 30 ) 7 [t4,¢%u(@). (1.27)

a and 8 (A and B) are the Lorentz indices (colour indices) of the lines with
momenta g and ¢’ respectively. The momentum structure of the three gluon vertex
is represented by,

V”W—m—%ﬂ={fﬂf-ﬂ’~fﬂ¢+ﬂ“+¢ﬁr+@ﬂ (1.28)

and the momentum r = p + p’ = ¢+ ¢’. The full amplitude is given by the sum of
the three diagrams,

M = M 4 MPP + MR, (1.29)

In order to calculate the transition probability T for this process we must square
the amplitude and sum over the physical polarisations € and ¢ of the two gluons
with momenta ¢ and ¢’. If the colours of the gluons are not observed we should

sum over them also. For a real physical gluon there are two polarisations which
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we denote by the label I, (I = 1,2). The square of the amplitude is

T= Y Mg () MPea(l)ep(l). (1.30)
polarisations
The normal method of performing the polarisation sum in QED is to use the
equation,

;e“"'(l)e“(l) = —g%® (1.31)

The derivation of Eq. 1.31 is as follows. A free wave must satisfy Maxwell’s equa-

tion, 3%(8,45 — 83 Aa) = 0 which in momentum space implies that,
3’ — ¢Pe.q=0. (1.32)

Since for a real gluon ¢* = 0, we conclude from Eq. 1.32 that ¢-¢ = 0. Let us choose
a specific frame for the momenta g and ¢'. In the centre of momentum frame for
the two outgoing gluons the components of ¢ may be written, ¢ = (g0, 91,43, 93)
3 8
g= 1g—_(1,0,0,1), g = %(1,0,0,-1). (1.33)
In addition we shall make a gauge choice for the real gluons A’ = 0. The two

polarisations of the gluon with momentum g which satisfy the above constraints

«(1) = (0,1,0,0), «(2) = (0,0,1,0). (1.34)

In the frame given by Eq. 1.33 the polarisations € can be similarly chosen. We

may therefore write the sum over polarisations as,

sar! a o' ' e ge + o'
;e (Ne(l) = —g** + 4" - g = (—g + 4 q(q.q?) 1 ) (1.35)

Eq. 1.35 contains extra terms not present in Eq. 1.31. In QED the extra terms

proportional to g and ¢’ make no contribution because it can be shown that,
Mg = ¢*Mls = 0. (1.36)
This can be viewed as a consequence of electromagnetic gauge invariance,

A% o A%+ %A, € — "+ Aq". (1.37)



-13-

Note however that the gauge invariance of the theory has been broken by the
introduction of the gauge fixing term. In addition in a non-Abelian theory the
behaviour of the gauge field under a gauge transformation is more complicated
than Eq. 1.37. We shall therefore explicitly study whether the vestiges of gauge

symmetry are sufficient to ensure that goM*® = 0 in a non-Abelian theory.

We contract each of the three graphs in Fig. 1 with g,. From Eq. 1.27 the first

two graphs give,

taMi? = ig? 5(p') YPtPt4 u(p) }

T igh s() #eheB uiy 1 = 9 POV E ) 1.38)

In order to calculate g, M2? it is useful to first prove a subsidiary resuit. We have
2V (¢, —¢,7) = (¢ — )"+ ¢*(¢" ~ ") + ¢"(r + g
= (¢?14" - g2q") — (¢#7r? 1 Br1). (1.39)

Using this result to calculate daM3® we denote the four terms coming from the
last line of Eq. 1.39 as (a),(b),(c) and (d). These four contributions are,

(@) @M® = 0, ¢?=0
(0) quM5® = +»'g*( 5) 5(') ¢'[t4,65] u(p) ¢” = H(q')q"
(¢) qaM3? +ig® 5(p') ’S[t"‘ tB] u(p)

i)
+3 - - 7 L T
(d) @uMs® = ~ig® 3(p') #[t4,4%] u(p) ; = 0. (1.40)

Contribution (a) vanishes for an on-shell gluon. Contibution (¢) cancels the con-
tribution of the other two diagrams, Eq. 1.38. Contribution (d) vanishes by the

equation of motion for massless quarks.

o(p') 7 u(p) = (') # u(p) + 9(¢') &' u(p) = 0. (1.41)
Adding the contributions of all three diagrams we obtain,

0o (MPP + M5P + M3P) = q.M*® = H(q')" (1.42)
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where H is defined to be
. 1. o
H(q) = ig’(5)3(r) 4 [4,7] w(p)- (1.43)

The conclusion is that in general g, M*? # 0. Note that if the other gluon with
momentum ¢ is a free physical source, it will satisfy €(I') - ¢ = 0. Ouly in this

case will the result of contracting with g* give zero.
gaM*Pey(l') = 0. (1.44)
By Bose symmetry we obtain the result of contraction with gg,
gsM>? = —H(q)q" (1.45)

where the minus sign comes from the colour commutator in Eq. 1.43. Because
Eq. 1.44 gives zero only for a free physical source it is not permitted to use Eq. 1.31
to sum over physical polarisations in a non-Abelian theory. The extra terms in
Eq. 1.35 do not cancel. The correct result for the transition probability is obtained

by explicitly summing over the transverse degrees of freedom.

T = > M «8er (Deg (1M ea(Deg(l')
polarisations
'g' a ’l' ot ! ’l+ 'q'
— Mh:ﬁ Maﬁ (,__gaa' + (q Ja +? Qa)) ("'Qﬁﬁ' + 9595 ?.'3 qﬂ)
q-q q-q
= 3" M M + HY(q")H(q) + H'(9)H(q). (1.46)
a8

The first term in Eq. 1.46 is the result which would have been obtained using
Eq. 1.31. The additional terms are required in a non-Abelian theory to subtract
unphysical polarisations which have been included in the first term. Note that the
function H is proportional to the commutator of two SU(3) matrices and hence

would not be present in an Abelian theory.

We shall now show that the extra terms in Eq. 1.46 are exactly what one would
obtain from ghost loops taking the discontinuity of the amplitude gg — ¢4. In the
Feynman gauge the contribution of the diagrams with gluon exchange to the gt

amplitude ¢ — qq is,

1
3 EMaﬁ(—q, —¢,r)M*#(q,¢',~7) x gluon propagator pieces . (1.47)
a,B
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Figure 2: Feynman Diagrams for g — ¢ with ghost loops

The diagrams included in Eq. 1.47 are the box and triangle diagrams and self
energy diagrams involving gluons. They are in one-to-two correspondence with
the square of the diagrams in Fig. 1. In order to make the correspondence with

the real diagrams more apparent we rewrite this as
1 . .
-3 Zﬁ M,lﬁ(—q,ﬂq',r)M A(—~q,—q',7) x gluon propagator pieces. (1.48)
o

The Feynman rules require that the ghost diagrams shown in Fig. 2 must also be

included. The contribution of diagram (g:) is

(~1) 542 $4705(3') 4 1€ u(p) (=5 ) alo) & ¢° (@) (~ ) = ~H(@H'(&)
(1.49)

An extra minus sign must be included for the ghost loop because the ghost field
obeys Fermi statistics. The minus sign for the ghost loop is shown explicitly in
Eq. 1.49. Diagram (g;) can be similarly calculated. Adding all the terms up we
obtain the full result for the process g +q¢— ¢+ @

1
14 ie)(g'? + i)

1 d‘q d"q’
2J (2r)*(2r)*

(2m)'&*(r — g — q')(q
[z MY (g~ r) M (~q, ) + HY(g)H(a) + B @) H ()| (1.50)

The s-channel discontinuity of this diagram is obtained using the Cutkosky rules*.

The discontinuity is obtained by making the replacement 1/(g* + ie) — —2iné(g?)
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for the propagators. Up to overall factors associated with the real phase space
integrals which have not been included, the discontinuity of Eq. 1.50 agrees with
Eq. 1.46 and the unitarity of the theory is confirmed.

The factors of one half which have appeared in Egs. 1.47, 1.48 and 1.50 re-
quire some explanation. For the virtual process g — ¢4 these are the statistical
factors which occur because the gluons circulating in the loop are identical. They
are included for the ghost diagrams also, because diagrams (g:) and (gz) are not
normally counted as separate diagrams. In fact, after integration over the ghost
loop, the contributions of (1) and (g2) are identical. One therefore has the option
of either including both diagrams with a factor of one half, or of including only one
diagram. For the total rate for real gluon emission derived from Eq. 1.46 the same
statistical factor is also needed. It ensures that the phase space of the identical

particles is integrated over only once.

We therefore conclude from this simple example that the role played by the
ghost loops is to restore unitarity by removing unphysical polarisations. Were it
not for the presence of the ghost loops, the s-channel discontinuity of the two gluon
mediated forward amplitude g7 — ¢g would not agree with the transition proba-
bility for the physical process ¢§ — gg summed over the two physical polarisations
of the gluons.

This example does not demonstrate that the inclusion of ghost diagrams works
to all orders in perturbation theory. The ghost diagrams are required only in
internal loops and are not free physical states. Note however that it is sometimes
convenient to turn the above argument around and use ghost diagrams to sum
over physical polarisations. The reason for this is the following. Let us suppose
we are calculating a process in which [ external gluons are emitted. In order to
sum over physical polarisations we must contract the indices of I — 1 of them
with the generalisation of Eq. 1.35. This multiplies the number of terms in the
matrix element squared by 3'~!. Ii may therefore be more efficient to perform the
polarisation sum using Eq. 1.31, but include ghost loops to cancel the exira terms
which Eq. 1.31 erroneously introduces. The extra terms in Eq. 1.35, not present
in Eq. 1.31 also cancel unphysical polarisations, but using ghost loops leads to a
smaller number of terms. This is because the information contained in the Ward

identity has already been included.
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For completeness we quote the final answer for ¢§ — gg summed over initial

and final colours and spins.

N
z |M|2 - 942( j\’ ut 8?

€

where s = (p+ p')%, t = (p — q)%, v = (p' — ¢')*. The transition probability for the
process gg — qg is obtainable from Eq. 1.51 by crossing.

E. Physical gauges

In the previous subsection we investigated some of the complications which occur
in the covariant gauges, by using the explicit example of the Feynman gauge. This
is because use of the Feynman gauge introduces unphysical degrees of freedom
which either cancel because of gauge invariance (QED) or are explicitly removed
by including the ghost diagrams (QCD). An alternative is to work with a physical
gauge in which no spurious polarisations are introduced. An example of a gauge

fixing term which yields a physical gauge is,

1
cgnuge-ﬁ;ti.ng = _ﬂ'(nA)z (1.52)

The resulting gauge is called the axial gauge. In this gauge the two point function
for the gluon field is given by,

. 1
r?.l)ﬂ, a,e}(?) = 1648 [Pigaﬁ — PaPs t+ X'nanﬂ] . (1.53)

Note that in axial gauges, ghosts are not necessary. In this gauge the free propa-

gator is given by the inverse of Eq. 1.53.

i
A(sc, avi(P) = fso; [—9ﬂ-r+ - mp) PP

axial

ngpy + aps _ (n7+ Ap?) ] (1.54)

The axial gauge belongs to the class of physical gauges. In the following lectures
we shall consider in detail the light-cone gauge A = 0, n? = 0,

Ape, pry(p) (1.55)

ngpy + nﬂ’ﬁ]

5 "[ "
=0BCc = |9
2 e n-p

lightcone
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This propagator corresponds to the following sum over polarisations,

T e (D)) = d¥(p) = (—-g“ﬁ + M) . (L56)

polarisations n-p

Since two constraint equations are satisfied for an on-shell gluon,
ﬂadaﬂ(P) =0, Pad“ﬂ(P) =0 (1.57)

there are only two physical polarisations which propagate in this gauge. For a
review of physical gauges see ref. 14. The utility of physical gauges stems from
the fact that they provide a closer relationship between physical intuition and the
contribution of a given graph. For example, they can be used to prove theorems
considering only a restricted class of graphs. The disadvantage of the axial gauge
stems from the presence of the (n - p) singularity. For practical purposes we must
find some way to regulate this singularity. In higher loops these singularities may
pile up so that a consistent definition of the theory may not be possible. We shall
adopt a physicist’s approach and try and use the light-cone gauge as long as it
does not give nonsense. In the next lecture I shall use the light cone gauge in the

treatment of the QCD improved parton model.

2. LECTURE II

A. The parton model

I shall introduce the parton model by reviewing the reaction which it was invented

to explain. In about 1972 a series of electron-nucleon scattering experiments
e (k)+H(p)—e (KF)+ X (2.1)

were performed by a SLAC-MIT collaboration'®]. A schematic diagram of this
reaction is shown in Fig. 3. By measuring the energy and angle of the scattered
electron one can calculate the virtuality @* of the exchanged photon and the
fractional energy transfer y. The lower part of the diagram in Fig. 3 describes the
interaction of the virtual photon with the hadronic target and because of Lorentz
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and gauge invariance has a general expansion given by,

W = (—g“" + q;gv) Wi(zp,Q%) + (P“ - Eg—‘) (P” - %) Wa(zs,Q%) (2.2)

where s and v are the indices which describe the polarisations of the virtual photon.
After contraction with the leptonic tensor which describes the interaction of the
electron with the virtual photon we obtain the following formula for the differential

cross-sectiomn.

2 2 2

d::dy = 853;’“ (%W‘ t1-v) ig’) (23)

Qem i the electromagnetic fine-structure constant. In this formula the mass of
the incoming hadron has been neglected. The SLAC-MIT experiment measured
the structure functions W; and W,. Before the experiments were performed it
was expected that the Wy and W; would fall off as a function of Q?, like all other
hadronic form-factors. In fact the experiments gave the first evidence for point-like
structures in the proton since, at large @? the functions ¥} and F; derived from

W, and W, were found to be approximately independent of @,

| (.‘BB,Q’) - Fl(mB)a

VWg (&."B,Qz) —+ Fg(ﬂ:g). (24)

The derivation of this remarkable scaling result in the parton model is as follows.
Assume that the virtual photon interacts with point-like constituents inside the
proton. We now know that the charged consituents of the proton are quarks of
spin one half, so we shall include this fact in our treatment. The hadrenic tensor

W can be written as

W (q,p) ~ ;il-fd‘k[s’“’ (k,Q)I‘(k,p)] (2.5)

where S describes the interaction of the photon with the quark, and T is the
wave-function of the quark inside the proton as shown in Fig. 4. The dashed line
indicates that the s-channel discontinuity of the diagram is taken. Both S and T
depend on the spinor indices of the exchanged quark lines. I have suppressed these

indices and introduced the notation used throughout this lecture that quantities
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Q'=-g, v=p-gq
g= ko s = @/

X y=p-qfp-k=1-E'[E

Figure 3: Deep inelastic lepton-nucleon scattering

inside square brackets are assumed to be summed over spinor indices,

[SI‘] = Z S.'J'FJ';. (2.6)
45

As a first step we perform a decomposition of the components of k, the momentum

of the incoming quark line, in terms of the proton momentum p and the auxiliary

vectors n and kr.

k¢ = zp* +

k? 2
;Mw+% (2.7)

By assumption we take the proton to be massless, and choose n and kr such that
the following relations are true,

n?=0,p°=0,n-kr=p-kr=0,n-p=1 (2.8)

By definition we have set n-p = 1 so the vector n has the dimensions of an
inverse mass. We first isolate the component of the momentum % collinear with

the incoming momentum p,

we = ifd‘k [(S‘“’ (zp,q) + {5* (k,q) — 5** (2p, q)})l‘(k,'p)] . (29)

We neglect for the moment the term in braces so that the expression for W

becomes,

W (g,8) ~ [ 425 (ep,0) H (z,p,m)]. (2.10)
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Figure 4: Deep Inelastic Scattering in the naive parton model

where H is defined as,
K.L.
H(z,pn) = [k 8z —n BT (kp) = [ dF'd3T(kp).  (211)

The upper bounds on the k? and k} integrations are determined by kinematics. H

is a spinor function which has the general expansion,
H(z,p,n) =q(m)ﬁ+h(z)ﬁ.. (2.12)

For the purposes of our simple model we assume chiral symmetry to be a good
symmetry of nature. Terms like #ip — pn are therefore forbidden in Eq. 2.12. If T
falls off sufficiently fast at large k, we can replace the kinematic limit (K.L.) by
infinity. q and h are therefore functions of = alone. The function A(z) has the
dimensions of mass squared, and will combine with a term of order 1/Q? from the
upper part § shown in Fig. 4. It is therefore negligible at large @? and can be
dropped. We project out the quark distribution by contracting with =,

o(z) = % [k 5z —n-R)RI(K,p). (2.13)

The result for the leading contribution to the structure function can be expressed

in terms of the quark distribution as,

W ~ % [ dz15* (2p,0) 8 a(=). (2.14)
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The model for the upper part § corresponds to a photon interacting with a free
parton as shown in Fig. 4,

1

Lisw (ap,q) i) = D (ep+ 318 (epraf) . (29

eq is the charge of the quark. Performing the trace over the spinor indices we

obtain,

%[SW (zp,q)8) = ;—f} {(zp” + ¢") p* + (zp* + ¢*)p* —vg*} 6(z — zB) (2.16)

Comparing with Eq. 2.2 we find (for a single species of quark),

2
€
W, = E"q(:cg), vWy = c:xgq(:cg). (2.17)

In this model the structure functions satisfy the Callan-Gross relation,
ZJ:BF](ZB) - FQ(ZB) =0 (2.18)

which is a consequence of the spin one half nature of the constituents.

We now dispose of the term which we dropped from Eq. 2.9. By assumption
the wave-function of the proton falls off very rapidly with k?,k%. Calling the scale
which characterises that fall-off A it is easy to show that the terms which we
dropped are of order A%, Since the structure function is dimensionless they must
combine with terms of order 1/Q?. For the same reason graphs other than the one
shown in Fig. 4 can be neglected. For a systematic treatment of the 1/Q? terms

in parton language see ref. 16.

Deep inelastic scattering provides an example of the use of the parton model(!”]
in the description of hard scattering processes. In the parton model the cross-
section for a process is given by the integral of the rescaled parton cross-section
multiplied by the probability f; to find a parton with a fraction 2 of the incoming
hadron’s energy.

o (1g,p) = 3 [ dz oF (1g1,2p) fi(=) (2.19)

!q! stands for a large momentum scale which is necessary in order that the impulse
approximation make sense, and which forbids the process to occur by the inter-

action of partons with a very small fraction of the longitudinal momentum of the
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incoming hadron. Such parton are called wee partons. For the particular case of
DIS this becomes
Wi ~ fda: ) (Z;r:p g — Qz) q(=) (2.20)

The identification of the quark distribution ¢(z) defined in Eq. 2.13 with a
number density of quarks with a fraction between = and z + dz of the longitudinal
momentum of the incoming hadron only occurs in the infinite momentum frame.
A necessary condition for the concept of a number density to be sensible is that the
measurement of the parton number should be instantaneous compared with the
time scale of the interactions between partons. By boosting to a Lorentz frame in
which the proton is moving very fast the interactions of the constituents are slowed
by time dilation. In such a frame the vector p becomes very large, and hence n
becomes very small. The magnitude of the components of any vector along =, such

as in Eq. 2.7, are
k? + k3
2z

As p goes to infinity these terms, which play the role of energies'®l, tend to zero,

Inl. (2.21)

as long as = remains finite. These energies control the rate of time evolution of the
parton system so it is necessary that they should vanish in order that the parton
number density should have a meaning. The parton model will not be valid for

processes in which arbitrarily wee partons can participate.

B. The QCD improved parton model

The simple parton model described above is not true in QCD, because the prop-
erties which we assumed for the hadronic blob I' are explicitly violated by certain
classes of graphs in perturbation theory. Nevertheless much of the structure of
the parton model remains in perturbation theory, because of the property of fac-
torisation. Factorisation permits scattering amplitudes with incoming high energy
hadrons to be written as a product of a hard scattering piece and a remainder fac-
tor which contains the physics of low energies and momenta. The former contains
only high energy and momentum components and, because of asymptotic freedom,
is calculable in perturbation theory. The latter piece describes non-perturbative
physics, but is described by a single process independent function for each type of

parton called the parton distribution function. Without this property of factorisa-
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tion we would be unable to make predictions for processes involving hadrons using
perturbation theory.

The factorisation has been proved within perturbation theory, but it is assumed
to have a validity which transcends perturbation theory. The proofs [19,20,31,23,33}
require a detailed examination of all the dangerous regions of phase space in Feyn-

man graphs.

The plausibility of the factorisation property can be seen from the following ar-
gument. The presence of infra-red singularities or singularities coming from regions
of collinear emission reveals the sensitivity of a Feynman graph to very low momen-
tum scales. Because of the Landau rulesi® such singularities are associated with
real physical processes rather than virtual processes which occur only as short-lived
fluctuations. Because these real processes occur long before the hard interaction it
is appropriate that they are included in the wave function of the incoming hadron
and not in the short distance cross-section. The proofs of factorisation establish

that this simple picture is in fact valid in perturbation theory.

In QCD the graphs which contain singularities depend on the gauge chosen for
the exchanged gluon. The clearest physical explanation occurs in the light cone
gauge, in which the graphs responsible are the generalised ladder graphs of the
type shown in Fig. 5. The rungs of the ladder K are defined to be two particle
irreducible. This means that all places in which Fig. 5 can be divided into two

pieces by cutting only two lines are shown explicitly as the sides of the ladder.

To show that factorisation is correct it is necessary to demonstrate, (a) that
the singularities of all Feynman diagrams contributing to a given hard process
can be cast in a factorisable form and () that the singular pieces depend only on
the type of the incoming parton leg and not on the particular hard process. It is
clearly a great advantage in demonstrating property (a) to have to consider only
ladder graphs in which there is already a separation between the hard process and
the gluon dressing coming from the rungs of the ladder. The second property ()
ensures that a parton distribution measured in one process can be used in any

other hard process.

Assuming the property of factorisation to hold we can derive the QCD improved
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L2 -

Figure 5: General ladder diagram
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parton model. The result for any process with a single incoming hadron leg is,
“(gt,p) = Y dw o? ? (11, 2p, as(u?)) fi=:1*) (2.22)

u? is the large momentum scale which characterises the hardness of the interac-
tion. The sum i runs over all partons in the incoming hadron. o” is the short
distance cross-section calculable as a perturbation series in the QCD coupling as.
It is referred to as the short distance cross-section because the singularities cor-
responding to long distance physics have been factored out and absorbed in the
structure functions f;. The structure functions themselves are not calculable in
perturbation theory. In order to perform the factorisation we have introduced a
scale p® which separates the high and low momentum physics. No physical results
can depend on the particular value chosen for this scale. Consequently the varia-
tions of the parton distributions with changes of the scale scale u are predicted by
the Altarelli-Parisi equation[25],

d 2y _ os(?) 1 2 2
dlnp,’f" (3:,!!» ) = or ;/0 dy dz §(z — yz) Py (y,as(,u )) F(z,p?). (2.23)
The matrix P is the Altarelli-Parisi function calculable as a perturbation series
P; (=, as) = P{(=) + 22 P(=) + (2.24)

The physical interpretation of the parton distribution functions f;(z,u*) again
relies on the infinite momentum frame. In this frame f;(z,p?) is the number
of partons of type j carrying a fraction z of the longitudinal momentum of the
incoming hadron and having a transverse dimension 7 < 1/u. As we increase
i, the Altarelli-Parisi equation predicts that the number of partons will increase.
Viewed on a smaller scale of transverse dimension r’, such that r* < 1/, a single

parton of transverse dimension 1/u is resolved into a greater number of partons.

C. Factorisation in lowest order

In this section I illustrate the way that factorisation works in lowest order. Consider
the simplest deep inelastic scattering graphs in which only one gluon is emitted.

In the light cone gauge the only graph which contains a singularity is the ladder
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Figure 6: Factorisation in lowest order

graph with one rung shown in Fig. 6. This property can be demonstrated by a
power counting argument{*®l based on the properties of the quark-gluon emission

vertex.

The physics of the argument can be understood as follows. Consider an in-
coming quark which emits a spin one gluon. Since the quark-gluon vertex is pro-
portional to v* the helicity of the quark line must be conserved. Consequently
the amplitude for giuon emission must vanish in the forward direction when the
transverse momentum of the emitted gluon kr tends to zero because of angular
momentum conservation. In fact the amplitude varishes as one power of kr. This
factor in the numerator is sufficient to make all graphs finite except for the ladder
graph, which contains two singular denominators. The divergence in the matrix
element squared for the ladder graph is of the form,

o1

W o) (2.25)
Note the importance of the spin of the gluon for this argument. In covariant
gauges, such as the Feynman gauge, longitudinal gluons propagate in individual
graphs, and invalidate the above argument. It is only after summing all graphs,
including those where the gluon is attached to the struck quark line, that the light
cone gauge result is recovered. Gauge invariance means that the choice of gauge

must ultimately be irrelevant, but in physical gauges there is a simpler physical
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description. In covariant gauges we lose the physical picture of the singularities

being due to collinear gluon emission from incoming legs.

We restrict our attention to the deep inelastic scattering graph where the gluon
emission occurs before the interaction with the virtual photon. We use a physical
gauge specified by the light-like vector n. We shall regulate the singularities of
Feynman graphs by working in d dimensions. This procedure, which was proposed
for the regulation of ultra-violet divergences, can equally well be used for the
regulation of infra-red divergences. As usual we introduce the scale p to keep
the coupling constant dimensionless in d dimensions. The one gluon emission
amplitude is given by,

k
M¥ ~ guta(p v et

u(p)ea (2.26)
where a and A are the spin and colour indices of the emitted gluon and p' = k+¢
is the momentum of the outgoing quark. Squaring the amplitude and performing
the sum over the transverse polarisations of the emitted gluon by coniracting with
dag (cf. Eq. 1.56) we obtain,

1 A BI _var
M ~ g Cru*daa(l) 7 [ky"r* kP . (2.27)

In this equation we have performed an average over the colour degrees of freedom

of the incoming lines. The phase space of the emitted gluon in d dimensions is,

(PS) = f (::_I) S2n 8t (1)(2n)28%(p — k — 1) = 22 8%((p — k)*). (2.28)

The rung of the ladder shown in Fig.7(a) can be written as,

k k
K = 2rg’Cpp’ (-k—zfy"‘) (F'y'a) &t ((p — k)z) dog (p — k) - (2.29)
7 v

In Eq. 2.29 the colours of the incoming (outgoing) lines have been averaged (summed).

Including the spin sum from the lower part of the graph we have,

Kp| = 21ry’CF#"—‘,;1; (kropv°k)_, 6% (p— %)") das (p = B). (2.30)

The single square bracket indicates the contraction over the 8§’ indices. The upper

and lower parts of the diagram in Fig. 6 are linked by the integration over the
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Figure 7: The quark-quark kernel

momentum k and by the contraction of the spinor indices.

d’k
(2r)

| M ~ j [C‘“"(q,k)Kﬁ]. (2.31)

K 33] has the general spinor expansion,

1 - - o oa
Kp] = = {Aky+ By + C#k? + Dikrhy} . (2.32)

k| = zp is the component of k along the vector p. Since n has the dimensions of
an inverse mass, A, B,C and D are dimensionless functions. They are also finite
in the limit #* — 0. In d dimensions the integrations over the legs of the ladder

can be written in terms of the components defined in Eq. 2.7 as,

dik 1 [ de :
/ R = G 2|$|dk’d" kr. (2.33)

After integration over zall angles using Eq. 1.23 this becomes

dik 1 1 dz , .. 5 [4%\°
Gy = TG mdk dk2 (k_%-) , (2.34)

The result for the structure function including gluon emission can be schematically

written as,

dz ¢ dk? -#0-2) dk3 [4rpd\ (s v ar
s [ [0 TR () Bk pre ] ean
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The upper limit on the k? integration is some large invariant, which is of the order
of q*. The upper limit on the transverse momentum of the recoiling system is in
general determined by the condition (p — k)® > 0. It is therefore of the order of
k3. For the particular case of a single emitted gluon this reduces to the condition

that,
(A-=} ki

T T

(p—k)=-

Since kr ~ +/—k? only the term proportional to A contains a singularity at k3 =
k* =0.

= 0. (2.36)

The procedure for isolating the singular part is as follows. The terms in the
ladder are connected by the integration over the four momentum of the legs of the
ladder and by the contraction of spinor indices. For any two terms A and B in a

ladder graph we introduce a spinor projector which acts as follows,
[AB] - [A‘P“B] " [A(l - ms] . (237)

The specific form of the spinor projector P is,

- n
pomi] [ 29

The projector P, isolates the piece proportional to ic”,

1
4n - k

b2 [ ke [k ] e ) BB ] (239)

Since we are only interested in the singular part, which occurs at k3 = 0, we
evaluate the upper part at k = zp, dropping terms of order k? and k%. We also
keep only the pole part (P.P.) in the lower part. The d dimensional integral reduces

to a one dimensional integral linking the upper and lower part,

d - 1
|M? g = j‘f(]w(q,zp)I‘ (z,as, E) . (2.40)

This result is shown symbolically in Fig. 6b.

A more formal procedure to accomplish the same end is to introduce a second

projector P.. The action of the projector P, sets k = zp in all terms to its left and
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extracts the pole part in € from the terms to its right. The complete factorisation

is performed by the action of the two projectors,

P=Pn®P (2.41)

The expression for [ is then,
(z05) =60 —2) + PP [ L ) — [aKj]. (242
S Gyt TR g KL (242)

The explicit expression for the projected kernel is,

[AK 5] = ¢*Cr2mp™s* ((p — k)?)

1 xf o I a,
ye— i k[’n.k'y YR} (p— k). (2.43)

With a little algebra we can show that,

[ﬁhwk] dug (p — k)5 (p — K

dn - k
= (ttf —€(l- a:)) (—2k%) 8 (K + (1 = =) &?) . (2.44)

with z defined as in Eq. 2.7. The trace algebra is performed in d dimensions,

exploiting only the relation,
AP 4 4By = 27, (2.45)

Dropping irrelevant O(e) terms I' becomes,

I‘(z,ag,%) —6(1-2)
‘P‘P'{sfrl (27) Cf‘f /d“ Tk (Hﬂc )5(k}+(1—z)k’)}(2.46)

The singularity at kr = 0 is regulated in d dimensions,

. 1 ag ~a* dki (14 2?
r(, ,—) -~ §(1—2)-PP.2S T
Fas (t—2) P ZTFCF-/D (k& )1+e (1 -—:c)

- 5(1_3)-‘2"—510 (1:"‘:) (2.47)
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This is almost the complete answer for T, the full O(as) singular part. The full
result requires self-energy insertions on the legs of the ladder. The treatment of
these graphs in the light-like axial gauge is somewhat delicate. In the light-cone
gauge the self energy contains ultraviolet divergences both in the terms propor-
tional to p and in the terms proportional to . These latter divergences require a
counterterm proportional to #i (not present in the original Lagrangian) and have
led some authors to question the practical utility of working in such a gauge. An
ad-hoc procedure for dealing with these poles is given in ref. 26. We shall finesse
these problems by noting that these graphs can only contribute at z = 1 and deter-
mining the endpoint contribution by a physical argument. In physical predictions
of the QCD improved parton model I' is factored into the quark distribution of
the incoming hadron. In order to preserve conservation of quark number we must

have,

1
/0 dz T(z, s, %) =1 (2.48)

The full answer for I" can hence be written as

I’(z,as,%)—ﬁ(l—z) aslf1+a” —E(I—x)f (Hy)] (2.49)

2r e |(1 - 2) Yy

This equation is normally rewritten as a "plus” distribution defined such that for

any sufficiently smooth function f,

fd 1_$ =/ﬂldz&(°1)--:-:—)(l—). (2.50)

So that the final result for I' is

T (z,ag, %) —§(1-2)— filpm( ) (2.51)

e 9
where Pq(:') is the lowest order quark-quark term in the Altarelli-Parisi matrix,

(1+ z%)

A

+ 5(1 ~z)|. (2.52)
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3. LECTURE III

A. Factorisation

In this lecture we shall investigate the experimental consequences of the factorisa-
tion of mass singularities in a hard hadronic process. We shall continue to use as
a primary example deep inelastic scattering in which there is only one incoming
hadron. The demonstration of the factorisation property is more subtle in the case
in which there is more than one active hadron in the initial state and is treated
in Refs. 23, 27 and 28. Because of the property of factorisation the Deep Inelastic

structure functions (see Eq. 2.4) can be written in perturbation theory as,

Q? 1 1 dg zp Q° 1
F; (zBa ;;saS) E) = /ﬂn -Z_ Ci ‘;:';',',as r (.’.B,C!s, Z) (3'1)

where C; is the short distance deep inelastic scattering cross-section corresponding
to the ith structure function. By construction C; contains no mass singularities.
T is a process independent function depending only on the type of the incoming
parton leg. It is defined to contain all mass singularities order by order. In the
dimensionally regularised scheme these appear as poles in €. In general the function
T is a matrix in the space of quarks and gluons. In the example given in the previous
lecture we examined only the diagonal quark-quark term. We shall continue to
treat this term in detail and return to the full matrix problem only when we come
to deal with the phenomenology. It is convenient to rewrite Eq. 3.1 in a form which

makes the convolution structure manifest,

P 1o 2 1
F; (zg, C—zn—,as, —) = f dz j dy §(zp — zy) Ci (y, %,as) | (S (m,as, —) .
i € 0 0 i €
(3.2)
Since convolutions of this form occur frequently we introduce a symbolic notation,

c)= "y / "4z (2 — y2)A(y)B(z) = A® B. (3.3)

We define the moments of any function by the equation,

PV = [ “dz 2NIF(2). (3.4)
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In moment space the convolutions of the form in Eq. 3.3 reduce to a product of

moments. In particular for the structure function Eq. 3.2 we find,
Q? 1 Q? 1
F(N, FsaS:E =C N’ F)as qu (N,as,'e‘) . (3.5)

In the following we shall often leave unspecified whether we are working in moment

space or in the space of longitudinal momentum fractions.

We now illustrate, without proof, the form of the all orders factorisation. We
assume that we are working in a gauge in which all the mass singularities are due
to graphs which can be divided into two pieces by cutting two lines. We call these
two particle reducible graphs. These have the form of generalised ladder graphs
as shown in Fig. 5. Summing the geometric series for the ladder graphs, we may

write the result for the structure function as,

1
F=I+IK+IK’+IK3+...=IW. (3.6)
I is a two particle irreducible hard scattering term which is free from all singular-
ities. The kernel K is also two particle irreducible and, in the light cone gauge,
free from mass-singularities. The singularities are introduced by the integrations
over the sides of the ladder which are implicit in Eq. 3.6. The projection operator
P introduced in Eq. 2.41 projects out the singular part of these integrations. We

may formally rewrite Eq. 3.6 as{'®3l

F = {imaomem)

{I(l—(ll—P)K)}{l"’(l_(lf_{_ .;,)K)}-l (3.7)

We identify C and I'y, with the terms in braces.

(1—(11_7;)1{)}, qu:{lw‘P(l—(llf-‘P)K)}‘l (3.8)

F = C Tg, C:{I

The expresssions for C and I'y, are defined by their power series expansions. In
the expansion for C the projector (1 — P) acts on the full term to the right.

C=I+I1-P)K+I1~P)KQ~P)K)+... (3.9)
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whilst,
[ =1+PK +PK*-PKPK)+ (PK)PK)+... (3.10)

Eqgs. 3.9, 3.10 provide a systematic procedure for the construction of C and I'g,.
For more details and an example of the implementation of this scheme through to
O(a%) we refer the reader to Ref.(26).

B. Renormalisation group behaviour

In performing the factorisation and renormalisation we were obliged to introduce
a parameter u to keep the coupling constant dimensionless in d dimensions. g is
an arbitrary parameter and consequently, with fixed bare parameters, no physical
result can depend on it. This leads to the property known as renormalisation group
invariance. For an introduction to the renormalisation group as applied to hard
scattering processes see Ref. 29. To exploit the renormalisation group we define
the total logarithmic derivative with respect to g,

d a - )
D-—#EI‘; =#$+ﬂ(9:f)§’; (3.11)

where (g, €) is the logarithmic derivative of the renormalised coupling at fixed
bare parameters,
- 8
Blo€)=nz-9| - (3.12)
§04€
In the MS scheme the relationship between the bare and renormalised parameters

s

9=p"*Z;"go. (3.13)
By construction, Z, contains only pole terms and therefore has a Laurent expansion
in €. )

Zy=1+ ; = (3.14)

The quantities Z; have perturbative expansions in the renormalised coupling. We
therefore find that § satisfies the equation,

" ]
B(g,€) +eg+ 95T n Z,=0 (3.15)
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In the minimal subtraction scheme Z, has no explicit # dependence. The pu-
dependence enters only through the implicit dependence of the renormalised cou-

pling. So the u derivative can be related to a derivative with respect to g,

- 7}
#%Zg (9 (g0, 5, €) €} = B(g,€) a_gzm (3.16)

and Eq. 3.15 may be written as
= 0
B(g,¢) 37 T Zg = 0. (3.17)

Now (g, ¢€) is finite for vanishing ¢, so that, from Eq. 3.17 it is clear that B(g,€)

is at most linear in €. Comparing the coefficient of the linear term in € we find,
Blg,€) = —eg + Blg). (3.18)
Substituting for 4, Eq. 3.17 becomes,
- a 2 a
—g—e€g=—| Z;,=0. .
By further comparing the coefficients of the term of order € we obtain,
B(g) = g’-a—Z(‘) (3.20)
g 7’ )

We therefore conclude that, in the MS renormalisation scheme the beta function

is determined by the simple poles in Z, to all orders in g.

In lowest order we have that,

2
W_ 8 [nNc - 411an]
Z{ T - + (3.21)
as given in Table 2. The result for the beta function is,
3
- _ 9 11N¢ - 4n;TR) 5
Al9)= 155 ( 3 + 0(g°) (3.22)

We now operate with the renormalisation group operator on the left hand side
of Eq. 3.5. This is equal to zero since the perturbatively calculated structure
function must be independent of the choice made for the scale . We find that

DInF =[DPIlnC 4+ DPInT,j =0. (3.23)
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We now introduce a renormalisation group quantity called the anomalous dimen-

sion Ygq,

1 1- a
Yaq = ED InTy = Eﬂ( ) ln Toq (3.24)
and obtain a renormalisation group equation for short distance cross-section C.
DC + 27,,C = 0. (3.25)

Since 7, appears in an equation involving C' and D which are both finite in the
limit € — 0, 4., is also finite in that limit. In the minimal subtraction factorisation

scheme Iy, has a Laurent expansion.

T6)
Tyo=1+ Z Lol (3.26)

%
-1 €

Using arguments similar to those used for the 8 function we can show that the

anomalous dimension is determined by the simple pole in I'g,.

1 8
Yaa = T3 b—gr(q:)- (3.27)

C. Solution of renormalisation group equation

In this section we derive the solution of the renormalisation group equation for C,

the short distance cross-section,

[ + ﬁ(g) + 27,,.,] C (ln %2-, ) =0. (3.28)

It is convenient to work in terms of the variables ag = g%/4n and ¢ = In Q%/u?.
We have therefore defined the function B(es) = gB(g)/(47). In terms of these

variables the renormalisation group equation Eq. 3.28 1s,

[ o TAes)— +'rqq(as)]C(t,as)=0 (3.29)

where the expansion of the renormalisation group functions are defined by,

ﬁ(as) = —ba_’g(l +b’as--.)’ b= (11N¢: _4"'fTR) ’

127
Yalas) = —cas+cak--- (3.30)
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Note that b and &’ are independent of the renormalisation scheme[29].

To solve Eq. 3.29 it is convenient to rewrite the equation in terms of B(t,as) =
InC.

[— - Blas)s ] B(t,as) = 1ug(ats). (3.31)

This differential equation can be solved in the standard way yielding a general

solution and a particular integral. The general solution of the equation,
a a
_—— — B(t = 0. 3.32
|5 - o) 3| B(t.es) (3.32)

is defined in terms of the running coupling which we denote by a(t). The running

coupling is defined by the implicit equation,

alt) dz
= j; o Be] (3.33)

At the renormalisation point x the coupling a(0) = as. The derivatives of a(t)

are given by,

@‘(_l - daft) _ Blalt))
=B8(cdt)), 5 == Blas) (3.34)
The function B expressed in terms of a(t) satisfies Eq. 3.32,
i 8
5~ Plos) | BOO,at) =0 (3.35)

Including the inhomogeneous term we find that the general solution for B is,

B(t,as) = B(0, a(t))-l—/ ()d 7;(5:)) (3.36)

Hence it follows that,

=t} | Yoq(T)
C(t,as)=C(0,a(t expf de -2, 3.37
(tras) = CO,a(t) exp [ 4520 (3.37)
A leading logarithmic approximation to this solution can be obtained by including
the first term in the perturbative expansion of the 3 function, Eq. 3.30,
aft) dx

t=— | 5o (3.38)



-39—

which yields the expression,

aft) = % (3.39)

In the limit of large ¢ we may write this as,

a(t) ~ ml—,-m- +0(1/ 1n*(QY)). (3.40)

A is a fundamental parameter of the theory, which sets the scale for the strength of
the strong interactions. However it depends on the renormalisation scheme. Note
in the particular that Eq. 3.40 leaves A undefined, since a rescaling in A is of the
same order as terms which have been dropped.

Restoring the dependence on the moment number N, the solution for the struc-

ture function in perturbation theory may be written,

3 1 o) | voq(z) 1
F; (;{,N,as, ;) =C (l,N,a(t))exp a(0) dz ﬁ(x) qu (N7a51 ‘E') (3'41)

D. Altarelli-Parisi equation

We now make contact between the results of perturbation theory and parton dis-
tribution functions defined within a hadron. The final result for the hadronic
structure function is given by the convolution of the perturbative result with a
‘bare’ distribution of quarks inside a hadron, gg. It is convenient to define a

‘dressed’ parton distribution function,

alt
g(N,t) =Tg (N, as,-l*) g5 (N, %) exp ./a(((])) d:czgz—f::—)) (3.42)
The physics of the low momentum region is certainly non-perturbative. A neces-
sary assumption in order for the whole parton picture to make sense is that the
singularities in Ty, are cancelled by singularities present in the bare quark dis-
tribution function. The ‘dressed’ quark distribution function is therefore a finite
function. Its behaviour under changes of the scale ¢ is,

dg(N,t)

S = e (N at)) a (N 2). (3.43)
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P, is the anti-Mellin transform of 4,

ag f1 _
Yoo (Nya5) = 22 [ dea¥ 2 Pyy(2, as). (3.44)
2r Jo
Taking the anti-Mellin transform of the Eq. 3.43 we obtain in z space.

dq(:l:,t) _
dt

a(t) 1 1
3 dy/ dz §(z — yz) Pp(z, a(t))a(y, ) (3.45)
7 Jo 0
P,, has a perturbative expansion in the running coupling,
ag
Py(z,as) = PONz) + EPQ(;)(Z) + ... (3.46)

So far we have only dealt with the diagonal gq case. In general we have a matrix

equation known as the Altarelli-Parisi (AP) equation.

_‘_i_ ‘I(z’t) - a(t) fl dy fl dz E(z—yz) qu(yva(t)) P"(y,a(t)) Q(zﬁt)
dt \ g(z,t) o T Po(y,a(t)) Foly,alt)) | \ g(zt)

(3.47)
The AP kernels P;;(z) have an attractive physical interpretation as the probabil-
ity of finding parton i in a parton of type j with a fraction z of the longitudinal
momentum of the parent parton and a transverse size less than 1/@. The interpre-
tation as probabilities implies that the AP kernels are positive definite for z < 1,
They satisfy the following relations.

fol dz Py (z) =0
_[)1 dz ‘”[qu(z) + qu(“’)] =0

fol dz z[2ny Py(2) + Py(z)] = 0. (3.48)

These equations correspond to quark number conservation and momentum conser-

vation in the splittings of quarks and gluons.

E. Phenomenology of the Altarelli-Parisi equation

The parton distributions are fundamental objects in the QCD improved parton

model. The distribution functions themselves are not calculable in perturbation



theory, but their change with ¢ = ln Q? is determined by the Altarelli-Parisi (AP)
equations, Eq. 3.47. The kernels of the AP equations are calculable as a power
series in the strong coupling as. Both the lowest order terms?®! and the first
correction?® to the evolution kernels have been calculated. The lowest order ap-

proximations to the evolution kernels are given as follows,

() = '1+:c e

Pq(:)(z) = Tglz® +(1-—z) ], TR=_2_.,

[ _ 2
P(°)(z) = Cf %ﬂf_)_],

l1—=z
z

(11N, — 4n;TR) -

+z(1—z)}+5(1-—~a:) 5

PO(z) = 2Nc[(1 _”z)++
(3.49)

Pq(g) was calculated in lecture II. The other lowest order kernels are calculable using

similar methods. In the space of moments these four evolution kernels take the

form
1 1 N1

(©) - — -

(©) _ (2+ N+ N?)

Yar (V) Tr N(N +1)(N +2)

O Ny — (2+N+N)

% N) = Cr| Fa—

ON) = 2N~ =+ ———+ 1 3L I
Yoo T el TR TN D T (N +2) &5 3R

(3.50)

In general the A — P equation is a (2ny + 1) dimensional matrix equation in the
space of quarks, antiquarks and gluons. However not all of the evolution kernels

are distinct so the matrix equation can be considerably simplified. Because of
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charge conjugation we have that,
Poq = Pgq, Pyg = Py (3.51)
At lowest order we have in addition the following relations,

0 .,
PR =0, PO =0 (i#]). (3.52)
The solution of the AP equation is simplified by considering combinations which
are non-singlet (in flavour space) such as g; — §; or ¢; — ¢;. In this combination the
mixing with the flavour singlet gluons drops out and we have, (V = ¢ — g;),

d _aft)

EV(:B,t) = o [Paalw) ® V(,t)]. (3.53)

Taking moments this equation becomes,

dV(N,t) _ alt)
di Y

Tee(N) V(N, 1), (3.54)
Inserting the lowest order form for the running coupling We find the solution,

_ QW)

V(N,t) = V(N,0) t2¥ = V(N,0) (ﬂ)dﬁ, v =57

a(t)

The parton radiation leads to a degradation of the momentum. This is evident in

(3.55)

Eq. 3.55 because y,(/N) < 0 and the moments shrink as ¢ tends to infinity.

We now turn to the flavour singlet combination of moments. Define the sum

over all quark flavours to be given by L,

From Eq. 3.47, which holds for all flavours of quarks, we derive the equation for

the flavour singlet combination of parton distributions,

dy a
p7 2L‘:’)—[P“®E+2n_qu,®g]+0(a2(t))
%‘i’ = 9% [qu @+ Py @ gl+0 ("‘2 (t)) (3'57)
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This equation is most easily resolved by direct numerical integration in z space
starting with an input distribution obtained from data. This has been done by

many authors and parametrisations of the solutions are availablein the literaturel3®:31:32,

We will only illustrate a few simple properties by taking moments. Taking the
second (N = 2) moment of the Eq. 3.57 we find that.

(m)-2(2 2)(m) e
@#\g2) ) 2w \ ot )\ g2

The eigenvectors and corresponding eigenvalues of this system of equations are,

o3[

0*(2) = Z(2)+g¢(2) Eigenvalue:0

-(2) = _ ; . (2 _“_f)
0-(2) = X(2) 4CF_(;,r(Z) Eigenvalue : (30p+ 3 ) (3.59)

Note that the combination O, which corresponds to the total momentum carried

by the quarks is independent of . The eigenvector O~ vanishes at asymptotic ¢.

o)
a 0 F2
(2)=[| —= . .60
oe=(53) (3.60)
So that asymptotically we have that,

E(Z) _ n; n N:nf (3.61)

g(2)  4Cp 2(N3 1)

The momentum fractions carried asymptotically by the quarks and gluons are

o (ZCFLw) » 92 = (%) (3.62)

Note however that the approach to the asymptotic limit is controlled by ¢ ~ ln Q?

given by,
z(2)

t=oa

and is therefore quite slow. For a tabulation of the eigenvectors and eigenvalues of

for general N we refer the reader to Ref. 3.

The gluon distribution grows rapidly at small 2. We shall now give an analytic
estimate of the rate of growth of the gluon distribution function. When In(1/2) is
large the one loop evolution equations are dominated by the poles at £ = 0 which

appear in the AP splitting functions,

2N, 20
-, Pag(z) — =£. (3.63)

Pn(m) - p



44—

The small z behaviour of the gluon distribution is driven by F,;. Denoting the
momentum distribution of the gluons by G(z,t) = zg(z,t) we obtain from the AP

dG(z,t) _ o()N. ' dz
o= 2 j, ~6(z,1) (3.64)

Making the changes of variables,

equation that,

2N,

t
¢ = b/ dt'a(t), y = Z=E1a(1/a), (3.65)
Eq, 3.64 can be cast in the form,
PG(y,¢) 1
Hdy 2G('y,£). (3.66)

At large £y the solution to this equation is,

Gy, €) ~ exp(y/26v), (3.67)

which expressed in the original variables yields,

4N, InQ?/A% 1 (33 — 2ny)

1
~= 1 In=, N,=3, b= v _204) .
9(=) ze"p\l 76 InQ3AT 2 5 127 (3.68)

A topic which is presently under active investigation!*? is the mechanism which
limits the growth of the gluon distribution. In the infinite momentum frame the
gluon momentum distribution G(z,t) gives the number of gluons per unit of ra-
pidity with a transverse size less than 1/Q. If the number of gluons grows so large
that the partons start to jostle one another new effects will come into play. A

crude estimate of when this begins to happen is provided by,

Area of hadron

G(z,t) ~ Q'r? ~ 25Q7GeV 2. (3.69)

~ Area of parton
where r ~ 1/m, is the radius of the hadron. At presently attainable values of z
the value of G(z,In{@?)) does not exceed 3 or 4, so the saturation limit is beyond
the range of the present colliders.
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4. LECTURE 1V

A. Fragmentation functions

The methods of the QCD improved parton model can also be applied to the decay
of a parton. In this case it is appropriate to define a decay function D¥ which
describes the fragmentation of a parton f into a hadron H which carries a fraction
z of the longitudinal momentum of the incoming parton. These fragmentation
functions are most easily extracted from e*e~ annihilation. If q is the timelike
four momentum of the virtual photon, ¢ = Q3, we find that the pion inclusive

cross-section may be written as

do

== 30‘02!: e} [D7 (2,t) + D} (2,1)] , (4.1)
9. 2
= qu’ t=ln iz (4.2)

09 is the cross-section for the production of a single colour of quark antiquark pair.
In magnitude it is equal to the muon pair production cross section. Because of
the effects of collinear radiation the fragmentation functions satisfy the timelike
modification of the Altarelli-Parisi equation,

IDi(et) = 29 (i, + D0 By
%D, (z,t) = “;1(:) (D7 +D})® Py + Dy ® Py - (4.3)

In the leading logarithmic approximation, (lowest order in as), the A-P kernels
are the same as for the space-like parton distribution case. The first corrections
to the timelike A-P kernels are given in Ref. 26. Corrections to the short-distance

cross-section are discussed in Ref. 34.

Note that the multiplicity of hadrons in the final state is given by,
do
E/JZE =< nf > o1 (4.4)

The total multiplicity is related to the first moment of the fragmentation function.
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B. Multiplicities in jets

An important problem for the design of experimental detectors is the multiplicity
of hadrons to be expected in a high energy jet. A high energy jet can be thought
of as a highly virtual timelike parton which decreases its virtuality by parton
bremsstrahlung leading to a parton shower. At some low virtuality the methods
of perturbation theory cease to be valid and the partons fragment into hadrons.
In QCD the hadron multiplicity of a gluon jet is not perturbatively calculable
because this last phase of jet evolution is not described by perturbation theory.
However the growth of the multiplicity with the energy of the jet is determined by
the parton shower and is a reliable prediction of perturbative QCD. We take as
our starting point the AP evolution equation for the gluon fragmentation function.

d as(t)

—D_ (N,t) =
dtg(’) o

Dy(N (N +...|. (4.5)

The driving term is the growth of the multiplicity of the gluons so we neglect the
effects of mixing with quarks. From Eq. 3.50 the anomalous dimension correspond-
ing to the gluon splitting function contains a singularity for N = 1. Retaining only

this most singular term we see that,

dDg(N, t) g 2Nc

e ﬂ(N_—ﬁD”(N’t)' (4.8)

The singularity at N = 1 is due to the emission of soft gluons. Because of this

singularity it would appear at first sight that the growth of the multiplicity is not
calculable in QCD.

This is not correct. The energy dependence of the multiplicity is calculable be-
cause of an interplay of kinematic and dynamic effects as we shall now demonstrate.
Remember that the AP equation in lowest order corresponds to a summation of

ladder diagrams with each rung containing a single gluon exchange.

In z space we may write the AP equation as,

dDﬂ 23 21 1 2 1 d 2 2
c(i?nC;’ 2 as(;:,q )L fP(Z)Dg (Q 7 ,g) (4.7)

where D,(Q?,u? z) is the fragmentation function of a gluon of all virtualities

1

up to scale Q3. u? is some lower cut-off at which the fragmentation becomes
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Figure 8: (a) Kinematics of parton cascade. (b) Angular ordering in QED

non-perturbative. Let us introduce the function d(r?,x?,z) which describes the
fragmentation of gluons of virtuality r2.

D, (Q% 4 2) = / ¢ dld( 2wy z) (4.8)

.

In terms of d the AP equation can be rewritten as,

()~ [ [ 0D

w13

In Eq. 4.9 we have dropped a homogeneous term which vanishes for k% >» p?. In
this form the ladder structure of the equation is manifest. Since we are interested
in the emission of very soft gluons it is important to consider the kinematics of the
gluon splitting in detail. A gluon of momentum k splits into two gluons of momenta

» and s as shown in Fig. 8(a). We now introduce the Sudakov decompositions for

k,r and s.
2 2
k* = p* + %n“, ™= zp" + + TTn“ + rf, =(1-2z)p* + ;(1+_TT) - rf
(4.10)

The maximum value of r? comes from the region r} = 3? = 0 and is given by

zk? > r? (4.11)
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Correctly including this kinematic constraint Eq. 4.9 becomes,
1dz K dr? ag(lnr?) z
2 2 3 2 %
d(k,p,z)Nfz -;—P(z)/“: S d(r ,,u,z) (4.12)

In terms of the original fragmentation function D, this can be written as,

ln k’) 122N, z
2 ., -
k (-97:—21) (#*,2) / (k z, z) (4.13)
Note that the rescaling of ¥ — k72 would be non-leading were it not for the
singularity of P,y at z = 0. For simplicity we first consider the case of a fixed

coupling constant, defined as & = N.ags/m. Taking moments of Eq. 4.13 we obtain,

d
dln k?

1
D,(N,E) = & j; %EZN'ID,(N, zk?). (4.14)

If D, has the anomalous dimension y(N), then D,(N) ~ (k?)"¥). With this

ansatz D, satisfies,
d

and v is given by, N

1N) = N -—1+~(N)

We obtain the following answer for 4.

= -0 J (W52 4 a) = g gm0

(4.16)

Note that the resummed y( V) is finite for N = 1 although every term in the power
series expansion is infinite. The emission of very soft gluons has been inhibited by

kinematics and the divergence at ¥ = 1 has been tamed.

Eq 4.17 is still the wrong answer for the anomalous dimension in QCD, because
for very soft gluons it is not sufficient to consider only the ladder graphs which
are included in the AP equation. The Altarelli-Parisi equation treats correctly all
logarithms of Q? but not all logs of 1/z. Interference graphs are as important
as ladder graphs. Remarkably it turns out in explicit calculation®3¥ that the
net effect of the interference graphs is to remove all the contributions of the ladder

graphs in all regions in which the emission angles are not ordered down the cascade.



The correct answer in QCD is given by the ladder graphs with a dynamical
constraint that the gluons are emitted at ever decreasing angles as we proceed to
lower virtualities. The result for 4(N) is,

(N-1) , [(N-12 & @& 247
WN) =~ +\/ 6 T3 N-n) @W-oip T (4.18)

Solving Eq. 4.5 we obtain,

In Q3
Dn(Q’,N)'veXPf yn (@s (t)) dt (4.19)

which for the first moment gives,

@ [N, N
2 =1) ~ —C dt ~ = 2/,12
D,(Q* N = 1) ~ exp j' ,/mtdt exp 21/2% In Q?/u (4.20)

A heuristic explanation of the reason for angular ordering can be obtained®®
by using an analogy from QED. Consider an incoming virtual photon which decays
into an electron-positron pair as shown in Fig. 8(b). An additional soft photon of
momentum k is subsequently radiated from the electron-positron pair. The virtual
state consisting of an electron and a positron differs in energy from the final state

containing an electron, a positron and a soft photon by an energy AE,

AE = (Ei+ E;+ Ei) — (Eitx + Ej)

= \/m+|§|~\/(ﬁ+i)’+m=. (4.21)

In the limit of very large p; and small §;, this becomes,

AE ~ |k|63,. (4.22)

By the uncertainty principle the virtual electron state lives for a time At which is

approximately given by
1 Ar
k|63, O’

where Ar ~ 1/kr ~ 1/(k8;) is the transverse wavelengih of the emitted soft

(4.23)

photon. In this interval of time At the electron and positron separate a transverse

distance given by
Arb;;

Ad = Atl;; = i
ik

(4.24)
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If 8, > 8;;, the separation of the electron and positron is less than the transverse
wavelength of the emitted soft photon. The emitted soft photon perceives the
electron-positron pair as an unresolved charge neutral object and no radiation
occurs. If, on the other hand, the emitted photon lies within the cone described

by the electron positron pair, #; > 8;;, the radiation is uninhibited.

This example indicates the reason for angular ordering in QED. The generalisa-
tion of this argument to QCD is complicated by the fact that the gluons themselves

carry colour charge, but the angular ordering result persists.

C. Vector boson production

The simplest application of the QCD improved parton model to the case where

there are two hadrons in the initial state is the process,

Hi+H — v+X
v L (4.25)
pt+p

The lowest order short distance cross-section is due to quark-antiquark annihilation

as shown in Fig. 9(a). The resulting cross-section is given by,

AT tern
o= ;52 (1-2}, z= - (4.26)

where Q2 is mass squared of the lepton pair and s is the square of the parton cenire

of mass energy. Inserting this parton cross-section in the QCD improved parton

model formula we obtain,

ﬂ _ 4ral 1 d.'cl 1 da:,
a7~ 3028 N o
x 3" el [q[‘] (m,t)qm (z2,t) + (1 = 2)] & (1 S ) (4.27)
b L1x2

The factor of 1/N_ is necessary because the annihilating quark-antiquark pair must
be in a colour singlet state. We have introduced the variable 7 = Q?/S which has
simple properties under the rescaling of the incoming momenta. S is the square of

the total hadron centre of mass energy and s = z,2;5.
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Figure 9: Feynman graphs for muon pair production

Experimentally the rapidity of the muon pair can also be measured. It is defined

1 E+Pll)
=ZIn| ——4 4,28
V- “(E_p“ (4.28)

as,

where F and p| are the energy and longitudinal momentum of the muon pair. A
measurement of both the mass and rapidity of the muon pair completely specifies
the z's at which the quark distributions are probed.

dg"':rdy N 3?“;2'3 N, 2 [ (vrer,t) d (Vre,t) + (1 0 2)] (429)

All input functions in Eqs. 4.27 and 4.29 are determined. The quark and anti-
quark distributions are known from deep inelastic scattering. This model predicts
many of the observed features of the data, such as the dependence on the nucleon
number A and the angular distributions of the produced muons. For a review of
experimental data on muon pair production see Ref. 43. However, at fixed tar-
get energies it is found experimentally that the cross-section for continuum muon
pair production is about twice as large as predicted by Eqgs. 4.27 and 4.29. In the

literature this is referred to as the K-factor.
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In an asymptotically free theory Eqs. 4.27 and 4.29 are the lowest order terms
in a systematic expansion in the running coupling constant. The first radiative
corrections to Eqs. 4.27 and 4.29 have been calculated.***l. The lowest order
graph is shown in Fig. 9(a). The higher order contributions are of two types. The
virtual corrections are due to the inteference of the lowest order with the graphs

of Fig. 9(b). The two graphs involving real gluon emission are shown in Fig. 9(c).

In calculating these diagrams we encounter mass singularities just as in the
case of Deep Inelastic scattering. As before these singularities are regulated by
continuing the dimension of space-time, d = 4 — 2¢, The total cross-section is a
function only of the variable z = Q3/s. After dropping an overall normalisation

factor the result for the full a5 result is as follows.

1

2
F= 5(1 - z) - g—:Zqu(z); + ‘g"_’fr'fq.ﬂ}’ (z, %—) (4.30)

Where f, py is a calculated function found in Ref. 40. This result can be written

in a form in which the factorisable structure is manifest,

s i ) 2 (2,2)

H
Ty Iz 12, zyxg3 pl

x [qu(-"’la as, '1‘) Loo(z2, s, %)] +0 (ag) (4.31)

Because of the universality of the mass singularity, 'y is given by the same ex-

pression as in Eq. 2.51.

Loz, as, %) - {5(1 —2)- %%’fpw (z)} +0(ad) (4.32)

Eq. 4.31 should be compared with the analogous result in deep inelastic scattering.

Written in similar factorised form it becomes,

e 422 (3.9 00

zp z; T3 z; pl
(4.33)

In the MS scheme one simply absorbs Iy, into the bare quark distribution. This

corresponds to a particular choice for the dressed quark distribution function.
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However, Eq. 4.33 could equally well be written in the form,

Ble) _ [ 20) [ 2+ 2] 3
(4.34)
Since we actually measure quark distributions in DIS, it is useful to define a phys-
ical scheme in which the term in braces in Eq. 4.34 is absorbed into the dressed
quark distribution. In this schemel” the measured Fj is exactly given by the
parton model formula F3(zg,Q*)/zp = ¢(zp,Q?) and the corresponding I'} is,

1lag

T2 (21) = [6(1 = 21) = £ 52 Pugls) + 52 faa(s)] (4:35)

In terms of these physical distribution functions, the DY cross—section is given

(after physical factorisation) by,

./1 d:: d:: (1 B x;z) + a;‘frt) (fq'DY (z:xg) ~ 2fas (zlzzz))]

x (g (21,£) % (22,2) + (1 & 2)]

+250 (o (55) - 10 (55

)) [ (21,£) 4 (22,2) + (1 - 2)]

(4.36)

Note the inclusion of the gluon-quark term. This term is due to real emission
diagrams not shown in Fig. 9(c). They can be obtained from the diagrams of
Fig. 9(c) by crossing an outgoing gluon and an incoming antiquark. After factori-
sation, these give rise to the gluon-quark terms in Eq. 4.36.

The result for the O(ag) correction is,

(fapr(2) = 2f42(2)) = c'F[(1 i 5, 82 (1+2%) (11151_—:'))
+

+ (1 + g-'rr’) §(1 - z)] (4.37)
(fopy(2) — foa(2)) = %[(22 +(1- z)’) In(1-2)+ gz’ — 5z + g]

At fixed target energies it is found that the corrections are quite large. For example,



the value of first moment of the correction,

(fopy(N =1) - zfq.z(N = 1)) ~ 13. (4'38)

This is both a triumph and an embarassment. Since the corrections are of order
100% the theory is brought into accord with the experimental number. But such
a large correction casts considerable doubt on the reliability of the O(as) result.
Attempts to resum the numerically most important terms present in higher orders

can be found in ref. 42.

A similar formula with a different normalisation describes W and Z production.
Note that for the case of vector boson production the O(as) terms give a correction
of only 35%. This is mainly because the running coupling as is evaluated at the
mass of the produced vector boson and is therefore smaller. The cross-sections
for vector boson production are expected to be reliably predicted in perturbation
theory. For the comparison of intermediate vector boson cross sections calculated

using the Drell-Yan model with experiment, I refer the reader to 45.

D. Vector boson decay

It therefore appears that W and Z production present a better place to test the
QCD improved parton model. Since the vector bosons are observed experimen-
tally through their decays into charged leptons, reliable estimates of the leptonic
branching ratios will be necessary to perform these tests. In this section we discuss
the decays of the W and Z. The branching fractions into the various decay modes
are determined simply by the squares of the couplings. Assuming that all final
state particles are massless, the partial widths of the W's are found to be in the

ratios,

(W™ —ew.) :T(W- 2 p77,) :T(W- —775) :T(W™ - q7;)

4.39
1 i1 11 : NC|U,'5|2. ( )

U is the Kobayashi-Maskawa matrix. The factor of N, in Eq. 4.39 takes into ac-
count the three colours of quarks. The hadronic decay mode is therefore enhanced
relative to the leptonic mode. Unfortunately this decay mode of the W has a very
serious background from normal QCD jet production. A first attempt to observe
the hadronic decay of the W is reported in ref. 44. The decay into the mode ¢4 is
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of great interest since it offers the possibility of observing the top quark. Taking
the mass of the top quark into account, (but setting the mass of the bottom quark
equal to zero), the partial width of the W into top and bottom quarks is reduced

from the expression given for ¢;§; above. The correct result is,
T(W~ — b) — NoUs|*(1 ~ rw)(1 — ’"—2‘!’.(1 +rw)) (4.40)

where rw = m?/m?,. Counting up all modes we see that the branching ratio into

a given leptonic channel such as e 7, is,

1 1
E < B < § (4.41)

The larger value holds when the decay to the top quark is forbidden.

For the Z the expressions for the branching fractions are more complicated
because the couplings to the Z depend on the charge and weak hypercharge of the

fermions. The result is,

(2% - v.7,) :T(Z° > ete”) :T(Z2° — um) : T(2° = dd)
2 i1+ (1 —42,)? N1+ (1~ 82,)") @ No(1+ (1 - 324))
(4.42)

where z,, = sin® 8,,.

The effect of the mass of the top quark is very significant in this case. Including
the effect of the top quark in both the matrix element and the phase space we find
that,

T(Z° - tf) — N.,m[l +(1 - -g-zw)’ + 2rz((1 - g-z,.,)’ - 2)] (4.43)

where rz = mi/m%

A measurement of the width of the Z would provide useful information on
the mass of the top quark and the number of massless neutrinos. At a hadron
collider the width of the Z is hard to measure directly, so we consider an indirect
method, which however requires a greater amount of theoretical input. The method

expresses the ratio /L of the number of observed W and Z decays as follows,

= o T o R, -Ren.  (4.44)
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Figure 10: The ratio of the W and Z branching ratios Rgg.
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If we know the masses of all the charged objects to which the W decays we
can calculate the branching ratio for the decay of the W into electron-neutrino.
Together with the theoretical value for the ratio of the cross-sections, we obtain in-
formation on the branching ratio of the Z. The ratio H, is calculable theoretically,
with a certain error due to ignorance of the input structure functions. Unfortu-
nately we do not know the mass of the top quark, so the limit on the mass of the
top quark is correlated with the limit on the number of neutrinos. This shown in
Fig. 10 where the ratio of the branching ratios is plotted as a function of the top
quark mass. Experimental data rule out a large value for N,.. In a less certain way
they also provide an upper bound on the mass of the top quark, which is more
stringent for a larger number of neutrinos. For N, = 3 the bound[*® on the top
quark mass is m; < 63 GeV. If the mass of the top quark is so large that the decay

into the W is forbidden no limit can be obtained.
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