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Abstract

The Liouville, sine-Gordon and non-llinear o-model in 2 dimensions are
obtained from a common formalism. The topologlical charge of the Liouville
model is found to be zero, if the definiton of the topological charge of the

sine-Gordon model is utilized.
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The two-dimensional classical models are of interest because they usually
have solutions in closed form and are amenable to studies on their
relationships, symmetry properties, and mathematical met.hods.l"5

Consider the SL(2C) operator g of the following form considered by Bohr,

Hou, and Saito1

g=1 (;: 2-) (1+uv)_b (1)

For technical convenience, we choose o= -1, and u=vﬁ s0o that we have an

SU(2) group element with two parameters,

1l u %
g=1 ( v _1)(1+uv) ’ (2)
where the determinant of g is unity, and u and v are complex varliables. We
use light-cone coordinates in two-dimenslonal Euclidean space X, = %(xltixz),

and take the field strength to have zero curvature

Ft = 3 A -3 A +[A ,Al =0 (3)
+ - — 4 + -
sO that
A, =gt 4
. = B 3,8 (4)

From (2) and (4)

N uatv-vaiu aiu atv ;
+ " 21+ uwv) %3 Y (auw) % T I+ uv °- (5)
where

at - _a,
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common Lagrangian for the classical models is

L = -Tr(A+A-)
2 2
_ _ 1 (u 3+Vd-v+V 3+ud-u) . (2+uv) (3+ud-v+3+va-u) (6)
2 (1+ uv)2 2(1+uv)2

It was shown in BHS that when one restricts the model to

du=23v=0,
- +

defines
¢ _ 9+u ®_ -V
e l+uv e l+uv
1
cpt='2'pi21B (7
Euler-Lagrange (E-L) equations for p and B are

3-3+p + bef= 0 (8)

934 = 0. (9)

A solution of the Liouville equation (8) is

p = —-21n cosh & (10)
where
é = (1+1)x++(1—1)x_= X - vt. (11)

This model that contains two independent field variables p and B 1is

regarded as the extended Liouville model. When instanton like solutions of

the

corresponding o-model are utilized in the extended Liouville model, the

variable B appears as a winding number and the topological charge

. q =

use

E% ] d cos 6ay of the Liouville model yields a fractional charge.1

We obtaln a corresponding sine-Gordon equation from the Lagrangian (6) and

the definition of the topological charge of the sine-Gordon equation to

examine the topologlcal charge of the Liouville model.



One can obtain the E-L equations for u and v of (6) and then carry out a
transformation of varlables to © and ¢, but we take the simplier approach
of carrying out the transformation first and then obtain the E-L equations for
® and ¢y , with no restrictions on u and v.

Let us change the u,v variables to 6,y in L of (6) by the transformation

u = tan oe ¥

v = tan Oe v (12)
and obtain

L = 2 (2,00 6+s1n°0 3 ¥2_¥). (13)

The E-L equations for 6 and ¢ are from (13)

9~940 - slin © cos © 3—yd+y = 0 (14)

]

0 (1%)

3-3+yP+ cotO(d+63-y+9-03+y)
Equations (14) and (15) may be regarded as E-L equations for an extended
slne-Gordon model, and will be used to obtain the E-L equations of the
non-linear o-model.

A sine-Gordon like solution is given by taking

]

'} (1—1)x++(1+i)x~, (16)

6 = stan e’ , (17)
where § is given by Eq. (1l).
When (16) is put intc (14) it becomes

a_a+e»2 8in 6 cos © = 8-9+6- s8in 206 = 0
or

ama+e~2 sin 6 = 0, (18)

and when(16) and (17) is substituted in (15), it 1s identically =zero.



It was pointed out by Dolan3 that the curvature scalar R of the Liouville

equation and the slne-Gordon equation are identical as from Eqs. (8) and (18)

1 - -
R = - a_a+e/sin 0 = > 93 pe = -2.

-
Indeed, a solution (10) of the Liouville equation and a solution (17) of the

slne-Gordon equation are related by
-3—-3+p = 4 + sinh § 9—940 (19)
We define the topologlcal charge q of the sine-Gordon model by

q = El [0(x+= ©,X-)-O(X+=—,%X-)]= E%EO(X = o, t)- 8(x= -, t)] (20)

w

and obtain from (11), (17) and (20)
s -
q =35 (2w-0) = 1.

The Liouville model is known6 to have a stable classical solution with
minimum energy only at p = - », Nevertheless, if we assume that the same
definition for the topologlcael charge is valid for the Liouville model

{because of the close relation between the two models), we find

q = E% [p(x+= @,x-) - p(x+=-»,x-)]= 0, (21)

with the ald of Eq. (10) as p is an even function of &. The topological

charge in BHS is given by

1 _ 1
q = P ] Qcose dy = - 2 (f(=) - £(0)] (22)
where
cos & = f£(|u]) (23)

The topological charge for the Liouville model is from (12), (22) and (23),

2 %
q =~ % (0-1) = %, where cos © = f(|tan @)= (1 + tan 6) .



For the 0(3) non-linear o-model, one chooses 1 the vector

N =(sin 6 cos ¥, sin © sin ¢, cos ©)and 9;1 Neg corresponding to Eq.(2),

where o are the Pauli matrices. It is convenlent to consider the

fields on a coset space SU(2)/U(1) defined on a two sphere 82 i.e.

N. -iN
12 e  -iy
W= N = cot > e , (24)
3
N_+iN
12 e iy
Y = 1_N3 = cot 2 e ’

We then invert (24) and obtailn

o = cos t g%f%. (25)
i W
W = zln (Y)s

and substitute (25) into the equations of motion of the coupled 6 and y

given in Egs. (14) and (15) and obtain

3—-a+W — g{%"’—%ﬂ =0, (26)
_ 2Wa-YasW _
9—3+Y _1:G§__— = 0.

The instanton solutions of (26) are obtained when one lmposes the conditions1
a-Ww =0, 3+Y = 0.
It has been shown above that the BHS formalism can be extended to also

incorporate the two-dimensional sine-Gordon equatlon.
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