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Abstract
We consider the Einstein gravitational field equations coupled to the
expectation value of the stress tensor in a real scalar field theory with
arbitrary mass and coupling to curvature. We consider small oscillations of
the metric and linearize the response of the quantum wave-functional and the
stress tensor expectation value. In a small time approximation we find
unstable oscillations for a minimally coupled field and stable osciltations

in the case of conformal coupling.
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I. Introduction

One can often gajn insight into the properties of interacting quantum
field theories by maintaining a semiclassical approximation in which one or
several fields are classical while the remaining fields are treated quantum
mechanically. For example, such an approximation works well in obtaining
the low energy theorems of QED in which the electron is quantized in a
classical background electromagnetic fie]d(l). The back reaction may be
approximated by allowing the electromagnetic field to couple to the
expectation value of the electromagnetic current.

An analogous class of problems arises in general relativity. We may
wish to treat the gravitational field classically but consider its response
to quantum matter fields. Thus, we consider the Einstein field equation
with the expectation value of the stress tensor appearing on "the right hand
side." This expectation value is taken in a quantum state of the matter
fields. The matter field state (wave functional) evolves in the background
geometry determined by the Einstein equation. Thus, we seek the solutions

to the coupled pair of equations:

G‘M, - A%VV = S GN AP\P\"‘;V\'\V>
4D
H WS = L s

where the gquantum field theory is described by a functional Schroedinger
equation involving a Hamiltonian, Hg, which depends upon the metric g.

Much work has been done on the problem of quantum field theory 1in
curved spacetime(z). In particular, the stress-tensor has been evaluated

successfully in various background geometries, which involves regularization
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of the usual short-distance infinities and renormalization. For example,
\’T‘N‘) has been evaluated by Bunch, Davies and others in deSitter space(s)
in a particular deSitter invariant vacuum state (which we vrefer to
subsequently as the "Bunch-Davies" vacuum). There exists a self-consistent
sotution of egs.{1) in which the rhs of Einstein's equation is this
expectation value of the stress-tensor. In the conformal limit, rk =0 and
g =1/6, the value of the Hubble constant determined by this solution is
H=6MP1 10w/N where N is the number of noninteracting real scalar fields.
Thus, for a single scalar field we have unrealistically large curvature and
the neglect of quantum gravity becomes an inconsistency. In the 1large N
}imit the semiclassical approximation becomes valid.

The question naturally arises whether the self-consistent deSitter
space solution is stable against small fluctuations. We shall analyse this
question in the present paper. A proper stability analysis in relativity
requires that one study arbitrary metric and matter perturbations. However,
it is quite difficult to calculate the renormalized stress-energy 1in the
general case. We shall consider presently Robertson-Walker metrics with
scale factor a(t). In deSitter space H=a“1da(t)/dt is a constant H. The
gravitational fluctuations studied here will be small variations in H. We
will then obtain the linearized response of the quantum wave-functional to
the metric perturbation through the functional Schroedinger equation. This
is used to compute the first order change of the expectation value of the
stress tensor, <T‘w3. Substituting <Tp,3 into Einstein's equations gives
a linear differential equation for the small gecmetry fluctuation which
turns out to be a second order oscillator equation. The values of the
parameters in this equation depend upon the mass and conformal coupling

parameter of the quantum fields. We will see that the system has stable
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fluctuations for a conformally coupled field (though it may be wunstable to
more general metric fluctuations). On the other hand, the system is
unstable to perturbations in H for a minimaily coupled ( E'=0} field, an
unambiguous statement of deSitter space instability.

The dynamical back reaction problem has been studied for conformaily

{8-12) " Gther formad

6,7,8)

coupled massless fields 1in Robertson-Walker spacetime
approaches to quantum instability of deSitter space have been given(
Extensive numerical work has been done on the semic]assica1 equation for
non-conforma) fields, focusing primarily upon the quantum effects in the
very early universe at the gquantum gravity phase transition(g'lz).
Regularization procedures necessarily spoil conformal finvariance and
there generally occurs an anomalous trace contribution to<fT v) . In a
"conformal vacuum” the entire stress-tensor is determined by the trace
anomaly. The trace anomaly may be written in a general form involving
geometrical tensors and two free parameters which depend upon the matter
content of the theory. Starob1nsky(4) found that deSitter space was
unstable to perturbations in H for a particular choice of the signs of these
parameters and for zero background cosmological constant. In his analysis
the rhs of the Einstein equation is taken to be the anomaly. Myrvoldis)
allowed a general cosmological constant and found stability or instability
for different choices of the signs of various parameters. One might think
that these analyses are general because of the conformal symmetry
restricting the expectation value of the stress tensor to be given by the
trace anomaly. However, conformal symmetry is broken by the anomaly. The
geometry will be driven away from a conformal metric and the vacuum away
from a conformal one. Thus, the expectation value of the stress-tensor is

expected to differ from the anomaly at subsequent times. Iin the present
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analysis we will consider more general couplings and arbitrary masses of the
fields.
. . 4 P“
We take the metric signature to be (+,-,-,-), F{F,S =- '58;5 S

o
RFv =R r;v . d refers always to the spatial dimensionality.

[I. Semiciassical Einstein Equations

In our analysis gravity is treated as a classical field theory and the
stress tensor is given by real scalar quantum fields. We assume a massive
scalar field theory coupled to the scalar curvature and described by the

action:

Q = g “‘x L = -;;_ S‘Ah; \3\& zvr‘-?vr;ﬂ —r:=91+ fﬁwli
(2)

We shall work in d+]1 spacetime dimensions for the sake of dimensional
requiarization and shall perform DeWitt-Schwinger subtractions to obtain

renormalized quantities {(this is equivaient to Pauli-Villars with some small

13)

subt]eties( ). Consider a general Robertson-Walker metric of the form:
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AST' = AJEI— a-(-lj.gc). Ax;c&x:) ()

The gravitational stress tensor {(i.e. the rhs of Einstein's equations)
is obtained as usual by variation of the action wrt the metric:
TeV,o -+ (VeTe - N
T(‘é\ -2 SS t v‘? g_(r r" )Brv
AT A T A 3 S 3
‘b ‘a §G—rvcv 4—?(@5’,” tar,cnifil’)
(4)
Alternatively, the canonical stress tensor may be constructed directly from

the Lagrangian as:

—_

\‘N = Vr(gvvgq — cbt,,,i (<)

These tensors are not equal in the presence of coupling to the scalar
curvature, and the canonical object 1is not conserved. Nonetheless, the
quantum mechanical Hamiltonian which evolves the wave-functional in
coordinate time must be constructed out of the canonical stress tensor. 1In
Heisenberg picture this gquarantees consistency between the operator
equations of motion and the Heisenberg equations of motion for field

operators.(13)
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Using the canonical stress tensor we construct a global Hamiltonian on
the spacelike surfaces with unit normal 'ZF , defined in the coordinate

system(3):

H{ g.,\z“ 1;5“7" = -;:cacm“ gx‘x?(cb% a6’ Ve Ta
+ (- §R) @ i ()

and the canonical momentum becomes:

(x\ = | \—"'t r 25 0 )
Tr{xy = zS 7 ‘S‘VVEP = ) @
To satisfy the equal time commutation relations:
_51 3 .
Lot ), wika)] = g S (X-%) (5)

substitute:
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@y ()
2 9 2 lx) d
T-[ .)'—* '-(: - R -
o 3 e Saty aly) O

Using the Hamiltonian and the operator representation for the canonical

momentum we may write down the Schroedinger equation for the field

theory:(13’14)

L 1.

24 2
H%’\P(Q,-t\ = -;-.gos(-k)aééx {-—o.(-k) Sew® * alt) Vo Vg

H- TR W) - inler) 6o

4%%) is an instantaneous field cenfiguration. The time dependence is
carried byfqyﬁQ;t) , which is the amplitude to find the field configuration

® at time t. We expand P in momentum space:

4 =~ .
b - a K i.k'?(
()

WPl 4) = ’VlexP%—g?%c)é ACK,{—)\n(,,\z - E_Q.&)%

and where we've chosen a gaussian ansatz for Jql) . Thus:
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K 218" A . .
gﬁ?—f\"’ ot %“"‘m DR (“‘*‘Iktw — §R )| %W - i3 \p
a)

and we obtain the equation of motion for A(k,t), or equivalently for

(k. t):

i Tl )

2 . N
r'(k,'\'\l-!— %_—Ht-{- é—\-\ - Kza;(-ﬂ — T:+ E{K (\3)

where:

Ak, v) = o leY Pr(u,e) + %1—\({-)]
(%)

I

H) (XY /o (&)

Equation (13) is readily solved in deSitter space when H=H0 is constant.

For the choice of the Bunch-Davies vacuum(13):
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M t) = = —E%YLEHLA(KH?Q-H‘*%] 0s)

1 T
where ’V.L= “L— w
4 H*

(-]

(b} Small Oscillations About the Bunch-Davies Vacuum

Consider a small fluctuation from the classical deSitter space metric

as:
%
altd) = A+ T () ; T = H SS&’) ay/ (16)
4

w»

To find Ek*) we will solve the following 1linear combination of the

Einstein equations:

N T |
G;:-o +d ;g: ‘au G-u. = ¥x <(~T~'P)>/M;l Ln)

where:
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p= <l P Z‘é"r 03)

i=t

The expectation values are taken in the state 4+i . The
Einstein-Schroedinger equations determine the self-consistent solution for
the metric perturbation, S&)with Sj-?s {Y-'?B {f—% as a source.

In the remainder of this section we calculate Sdf_??e_n'

To calculate the response of the wave-functional to the perturbation of

the metric let:

Ui, = 04 AP (19)

The Tlinearjzed equation for AV follows upon substituting the perturbed

expression for H(t):

ji.Ar(w»a 2800 = s () (20)

where:
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11 . gl
4 1 Mg —
Sc & = —;-_J H Sk + IHOS(-E\ + 2K e I+ $AR

(21)

and AR is given in eq.{A~9). The solution may be written:

t

AR — i : _ 2 . o
R . = };—- [H‘f\(un‘,‘{““ﬂ S () [H:)(mué_‘“"‘)] %\

1, (12)

Next we take the expectation value of ~f-1> in the state defined by
l':,+AF . This requires performing a gaussian functional integral. The

details are given in ref.(13) and the formal result is:

&P = (e W‘Eq)(j:?)o? W(e)

A B A a -1 ~
) E?E_\ g%w\*i%Bgaiﬁ P iR-R) (%‘)E?—;‘?‘q(mt) - jHeen
(23)
Everything in the integrand is known in terms of the metric perturbation
S (), using eq.{16,20,22}).
The linearized variations of ¢fﬂ¥¥?.rF5\\P3 come from the explicit
variations of the operators ,f and 1’ and from the linearized response of

the wave functional. The typical integrals required for Sg?hf?> are of the

form:
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d y
O RN o T RV S R |
e Y"‘"gaw\* K l H, (Wd eSS H | (el e )1 (24)

These integrals are made difficult by the appearance of two different
time arguments, t and ;L. As the perturbation vanishes, A -->t, and the
above integral becomes zero (since the product of Hankel functions becomes
real). It is therefore possibie to obtain a systemat&c expansion in small
A-t. The product of 4 Hankel functions reduces to 2, and the integrals
become of a standard Weber-Schafheitlin type. The formal details of this
expansion are given in the appendix. Essentially this implies that our
results are valid if the characteristic small oscillation frequency, & , is
large compared to Ho'

We compute the momentum space integrals which are straightforward (see
ref.(13)) and have dimensional poles at d=3 spatial dimensions. We
renormalize this regularized expression by expanding in a large mass Timit
and subtracting the nonvanishing terms of this expansion (DeWitt-Schwinger
renormalization as used by Bunch and Davies in ref.(3}); no point splitting

ambiguities arise when regularization is dimensional). One obtains:
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5513 2 (G-T> - 4T malisad
4
= B S b YT A 2560 4 w6 -21,8)]

wt

s WCT,A(84 3y T2 2T A0 436 + 2855 3 (as)
where:

Az1-6%, .= (%”m—”w)ﬁ; M= pM
L£on2T,(+47)+ 4S@W0+ 47) 4 28 6) 0+ LT/ K, (24)

‘\"}*_ = ’\‘P(’}j_:‘: Vc\,

where qP is the digamma function.

II11.Solutions of the Einstein Equations

To linear order in SG%), the Einstein equation (17} becomes:

S + CAS®) = 4w 4TS (27)

where now the rhs is known in terms of ) from eq. (24).
One may specify initial conditions by giving Séh;) and then eq.(27)

determines 3(&:} Then the Einstein constraint equation determines:
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3, Sl (28)
4G,

?j:({ch =

and one of the dynamical equations fixes Sﬁ: . Physically, one thinks of
generating pressure fluctuations, which induce density fluctuations. The
Einstein equations then determine the metric perturbations.

Note that the initial conditions, eq.({28) and the Einstein equation
{17) insures that all the Einstein equations are satisfied (see the
discussion of Appendix B).

Substituting eq.(29) into eq.(27) and once differentiating yields a

harmonic oscillator equation for & (t):

(40 S + GH QR SH) + S = o (29)

T
A, 5 and @ are determined from S‘J’-—?) .
rea

Among the various solutions of eq.{27) is the case of pure curvature
fluctuations when the contribution of the matter fields is much smaller than

the perturbation from the gravitational field. That s, if Hd<<MP1 and tlree

2

1/T% (where T is the characteristic time scale for varjations in ) } then

S +6H,d & 0. These are decaying exponentials.
It is easy to verify that this solution, and the ones which follow
below, are not gauge modes. The d=3 variation in the scalar curvature is

AR=-647(48(t)+ S(t)/H,). Since AR £ 0, the metric perturbation

is physical.
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Now consider presently the solutions for various values of the coupling

parameter § .

(i} Minimal Coupling, ? =0
When ? =) we have by eq.(25,28) that & = J3 = 0 and:

ol - %mﬂ%ﬂk(ﬂ,umt ’LP_‘, 1-}’__)(44{ 'J) %’Jﬂ -*.lz—;g { %)

T
One can check that in both high and low mass limits that s negative:

q_ ‘1

4 — m ‘r\en m"‘ "'_‘ s
T —H, 2% - }*°
= —3 (%)
e £l caihen m=L 5 o
6o He

This implies that the small oscillations are unstable (exponentials; (in
deriving the high mass 1imit we use eq.{(A.11)). <Consistency with the short
time approximation used in deriving eq.(28 ) demands that MPT‘dCJE—Ho’ where

N is the number of noninteracting real scalar fields.

(it} Conformal Coupling

T
When § =1/6 one Finds that A =co/(5H %), 3 =124 ?

), and:
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4
. ;ﬂﬁi%ﬁ[,w@m%‘_m-w_)+%l (32)

1
in this case to  is positive 1in both high and low mass limits and the

theory is stable against fluctuations in the metric scale factor:

-2

. L*j 'f% 7'1 when 44I—a o0
- —> T a (33)
M
Pl % twhen M-‘E -5* - 0

There are several different parameter regimes within the conformally
coupled case that are consistent with the short time approximation, though
all are exponentially decaying (overdamped) perturbations. If MP} » H0
then the matter terms are unimportant and one has pure curvature
fluctuations. If MP]4KH0 then the curvature terms are unimportant and one

has pure matter fluctuations with SJ,~S'P . IF Mg 2 H then §(t) =
2.-1

¢ =

]
S (t,)exp(-6H_d t) with & =(1+ w /(128 %)) (1+ @ /(5H 7)™ which is order

o
unity.

(i11) General Coupling

The stability or 1instability of small oscillations of the metric
apparently depends sensitively on the coupling of the field to curvature.
We have not yet carried out a complete study of the behavior of 031 for

1 v
arbitrary g and r» , however in general ¢&» has an infrared singularity.
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The Tow mass 1imit of & for arbitrary E

w" _94’11-“4 [C"ﬁ“%)%ﬁb(&‘l‘i)*2(‘1"'“‘7)0 )(34-\/ .w\
_% s 24 & 12?([4—43)(264%')1 (3%)

The coefficient of the infrared singutar logarithm vanishes only when §'=0

or % =1/6.

IV, Discussion

We have studied the stability of the self-consistent deSitter space
solution where matter consists of a quantized real scalar field (or the
large N generalization thereof). |

When the field is minimally coupled to curvature the small} fluctuations
become unstable on a time scale of T~MP]/H02, valid for HOJTI. > MP]' The
conformally coupled case gives stable oscillations of S(t) when MP]<:H0¢7q,
and decaying exponentials when Mp] >> HOJWE

We remark that the fact that the result does not depend strictly upon
the combination F?'- % R indicates that the sensitivity to the conformal
coupling involves the the renormalization effects, and is probably tied to
the conformal anomaly 1in some way. Further work is required to elucidate
this resuit.

A more fundamental issue is the validity of the semiclassical equations

(1). Horowitz(ls)

has found that eq.{1) 1leads to the conclusion that
Minkowski space with a conformal coupling to  curvature (hence a

"new-improved"  stress-tensor} s unstable. Since Minkowski space is
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phenomenologically stable we have that (i) either eq.{1) 1is invalid, (ii)
there are no conformally coupled scalar fields (iii) or, perhaps the most
optimistic possibility, there exist physical boundary conditions which
should be imposed to rule out unphysical runaway solutions of the
semiclassical equations. If scalar fields exist (they need not be
elementary since our analysis applies in limits in which effective scalar
Lagrangians can be valid) and are not conformally coupled, we would conclude
that deSitter space is unstable. This may provide a natural mechanism for

the decay of an inflationary phase in the early Universe(lﬁ).
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Appendix A

The integral in eq.{24) can be evaluated in d-spatial dimensions in 2
short time approximation. It has the usual dimensional pole at d=3. We
renormalize by subtracting the matrix element in a DeWitt-Schwinger scheme.

In deSitter space we have:

<f” - 2<p%, - F §R-R) T, + ()W,

)

(A-1)

where:

d-\ 4
_— -«H. v. o)
v, T (S e nanio @

The Jn can be readily eva]uated(13’17).

To calculate the first order correction to <{y-:1>f> . Substitute the
perturbed metric and wave-functional (egs.(te ) and (22)) into eq.(23) for
<J> ~P> . Then we have:
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S{r-—’?B = Zj—?>— 2‘}55
= [~ Td + 3E-DR-RT, - 3 (5(R- SR T,
B0, - £04E ¢ FO) (e
where:
T 4 * 4 a @ )
- LI P é -4
FG) = Re§ & W) Em (& s

. Df-» [‘%’)H:tlyt— S(R -R.o\(%i ﬂ [ H(:)(Ty\ H:t)Cy)‘Si g

Here T =exp(—HO(t— A )) and S;?015 Sy evaluated at argument szoyexp(HoﬁL)
in eq.{(2Y). F{v) contains the product of four Hankel functions. We adopt
the short time approximation, Ho(t-to)ztl. One can then utiiize the Bessel
function multiplication theorem {see e.g. Abramowitz and Stegun) to expand
Hc;)('(‘y) for l’t.'t-i \ Z¢ 4  and reduce F(V) to sums of the J .y . Using

¢
the Wronskian one finds for real v :

Re (-1 H‘J‘(r,) %)Y

% < (1) Hc.:.)()() H:ﬂ(f) v O \ (A—S)

Further, noting that:
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+
gcl’k sy (1) -czv"'k(-c‘- 1) = -dH T 0-4%) + OL-1) (A-¢)

one finds:

FO) = T,40-491 (2 s@-r VEWT, + T
(A-7)

The computation of the gravitational stress-tensor also requires

D(CE}?. This is straightforward, since:

<& = (1448 T ))<eS = (\..4&—_[03-3-“) (A-3)

Also, in a Robertson-Walker metric with spatially flat hypersurfaces:
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R = -dlas)n 2l

. (A-9)
R-Reo = -4 TH +Hl

in d+1 spacetime dimensions.

Finally, performing the momentum integration in (A-3) yields:

d4! 3

H - cDP(—-V Y2 +w)
LH-Bd = 5o

S K 2w P(\-—,)f’(ia-v.\l" z“"-)

EE-I d-r- 4’?3) + %’?% (A'ID\

H'L

where:

Lo 2T, (3-04G+2T4-27) + 280-1+218%)

N _3.. (4-1 + 454) (A-n)

valid for Ho(t-to)(cl and Y real. In actuality, eq.(A-lb) is also valid by
analytic continuation to V, pure imaginary, as follows.
F{y¥ ) is not an analytic function of v . However, F{V¥ ) does have the

same functional form for v either real or pure imaginary,
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Py = (4 ®6,0) (A-n)

where P(+~ ) is an analytic function of v, Define N(v} by (A-12). Then
N(v ) 1s an analytic function of v which agrees with F(v) on the real and
imaginary ¥ axes. We have just evaluated N(v) for v real. Therefore, we
know N{¥ )} on the entire < plane, and in particular we know F(¥) on the
imaginary axis.

The expression 545?3 has a pole when d=3. Let d=3-% and expand in
€; define M—m/HO, A =1- 6'{ and \Pﬂ__ (1/2 £ 4, } where 4-\) V/{" is

the digamma function. Then:

4

He e
SCJ’—FPX = /—6-;1 %‘(Eo\ynomuﬁ\ l\ﬂ%) (A"YS)

+ (W, + P\ T, A - M RT, A £3) - lA-F?)i

f is evaluated in d=3 spatial dimensions.

To subtract this expression expand eq.{AV) for large M, keeping terms

of order M4 to order M(O), and define the renormalized quantity as:
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S<{r_”?j¥ey\ - ‘Squ‘-jffi-— SS%}:»'P§> (A.p;)

neav 7

where Séj:‘?\e is the truncated large mass asymptofic expression. This
awy

requires the large M expansion of the digamma functions:
r_ L ayo L /1, 28 z)
’Hﬂ_+ T > ,EL4q4l -fr11-(ﬁlbr¥:5) ﬁhai‘(ils i 24

_;:;1‘ %(_2_+AL+2A3+ é_o) O (A.]S)

(Here we display terms through order M-6 which are required in taking
subsequent limits).
Substituting eq.(Al4) dinto eq.{Al2) to get 5&{P-7Pfiag‘ and

7

subtracting yields the renormalized expression of eq.{25,26).
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Appendix B
We note that all the Einstein equations have been satisfied(ls). Recall
how the classical Friedman models are solved. One satisfies the constraint

equation and a dynamical equation:

G°'§(T°5 ; G’,EZT‘33 (’B'i)

and the equation of state.

In the present work the equation of state is fmplicit since _? and P
are both defined by Az? . Equation (17) 1is a linear combination of
eq.(B-1}, so one might worry that the constraints by themselves are not
satisfied.  However, (G’N-— T'N )‘.v=0, and eq.(17) together imply that
E°°— T°° =constant. At t=t_ the inftial conditions of eq.(28) fix the

constant to be zero.
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