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ABSTRACT
Condensation of the operator (Gf:v)2 in Quantum Chromodynamics is shown
by constructing the effective potential through the trace anomaly equation.

Effects of Wilson loop on the condensation are ajso studied.
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Certainly one of the most important problems in low energy Quantum
Chromodynamics (QCD) is the determination of its correct ground state. Various
pictures have been of:fered1 as to how it might be formed, but at the moment we do
not yet have secure knowledge of its structure and the primary mechanism(s)
responsibie for it. In this note we study the structure of the vacuum in QCD with
massless quarks by constructing the effective potential for the gauge invariant

~

gluonic operator ¢ E(%‘)fdux(éiv(x))z, where G2

_ S a S a abcibhc 2
uv = auAv - avA“ +gf" A Av‘
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(We use caret to denote operators and the internal group is taken to be SU(N).)

Our central machinery is the trace anomaly equation for the energy-
momentum tensor /éu\) of the theory with a constant source J coupled to gp From
it, through a Legendre transform, a non-linear differential equation for the
effective potential V(¢) is derived (see equation (10)), and is solved for small
coupling. The solution leads us to conclude that there exists a unique stable
vacuum in which E; condenses with positive sign, relative to the perturbative value,
which agrees with that deduced from experiments.3 It should be emphasized that
our discussion does not rely on any assumption of the dominance of certain field
configurations nor on the large N limit.

We then introduce the Wilson loop Y{(c) into the condensed vacuum and derive
an exact renormalized equation (see (11)), which states that the area dependence of
{(c) is determined by how the condensation <aa> changes due to the presence of the
loop. The salient feature is that the condensation is broken near the loop.

An elegant derivation of the trace anomaly in QCDQ has been given by
Collins, Duncan and Joglekar.5 A new situation arises, however, when one
introduces the source J for a "hard" operator ® and wishes to study the J-
dependence; one needs to renormalize the theory in such a way that multiple

insertions of 33 become finite. This must be fully discussed before we can utilize
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the method of Ref. 5. Below we shall present the discussion without quarks and
later indicate a change to be made when we include them.

Our starting point is the generating functional Z, in an axial gauge, given by
Z = expiW - f D Ags(n Al (exp i f ¢%x d -1 + 3G V0 + A o™},

where "0" indicates dimensionally regularized bare quantities and d is the dimen-
sionality of space-time. For the purpose of renormalization it is convenient to go

to an alternative representation of Z. By making a scale transformation
g%o Egg/(l + 35, Auo =(1 +JO) j?o =(l +JO)"/ZJS, Z takes the form (in

dimensional regularization the Jacobian is unity),

Z = expiW - f @Rma(nuﬁgo(x))exp i f ax { CUGE 0?4 1 (x0AT L0 @

where G“\’(x) is of the same form as GLJ (x) as a function of AJO and g10. Z is

made finite by the usual renormalization prescription

2 _ 2 e, ; iy
B = 830 Z38pe) o Aj = Zylgg, ) A, ’
jg = Z (83’5)/2]30 ;- e=d-4 . (3)

The n-fold insertion of the bare operator E)O E(%)fddx(agv(x))z is effected by

(-3/3 JO)nW | J4=0° Observing that W can be regarded as a function of g%o and j'jlo,
it is easy to establish

-n
(-BIBJO)nW|30=O - (gg) Dyw , (4)



4 FERMILAB-Fub-80/55-THY

where w =W(J; = 0) and Dy = gg(ggafagg + sz:jdxjga/ajlé). Obviously, w is a
finite function of g2 and ju defined by precisely the same form of equations as in
{3) with subscript J omitted. Now we can define the renormatized n-fold insertion
of a to be (gz)_nan, where D has the same form as Dy in terms of g2 and ju. Let
us see how the bare and the renormalized n-fold insertions are related. All we have

to do is to rewrite (gg)_an in terms of (gZ)-nDn using (3) with J = 0. The result is

- z7lgd lpw

(_a/aJO)WIJO:O -

-1

= z_z(gz)_zDzw + z'z(z -1- gza In z/agz) (gz) Dw (5)

2w
(-3/33y) “IJO=0 =

etc., where z =1 - gzaln 23/8g2. For general n the structure is (~3/3 JO)nW IJ 07

ri an(gz)—ﬂ’Dﬂ'w, where C, g is a function of z and its derivatives with respect
%o_ g + The gist of all this is that we face an operator-mixing with the mixing
matrix which is triangular and is of infinite dimension. To handle this situation, we
first define the renormalized source J to be such that (- S/BJ)nW| 7=0 &ives
precisely (gz)'nan. Now if we make the relation between JO and J non-linear and
write

1
1g = 3249 = 329 3204 L) , ©)

then the operator mixing above is succintly described. Indeed from (6) we
n
n T (70 1) %
reproduce the form (-3/33;) WIJO:O: }; ChgZy 257 w3 R W |1 0.
Comparison with previous equations determines Zgl) in terms of z (= 280)).
Moreover, by explicitly solving the defining equation (-B/BJ)anjzoz
{gz)'nan, it is not difficult to show that the J-dependence of gg is quite simple,

i.e.,
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g5 = g°/1+ D) . )

We can now apply the analysis of Ref.5 to (2) with (6) and (7) in mind. We
obtain, in the functional notation of Ref. 5, quxé\“ (x) = (2p(g 3)/83)(8§ a/ag§ +

fd x}J(x) a/ajg(x)) which, by noting ]J/gj = j¥/g and (7), can be rewritten as

quXé};U(X) = [2B(g)/g51(1 +J)( fd x(G (X))z) ' (8)

where the operator 1-4.“/.dq'x(€}}‘l1 \)(x))z = 333 is defined by -3 /33J. This is the desired
form of the anomaly equation, which we utilize below. Inclusion of massless quarks
does not alter the form of (8). Its effect appears only through a change in the g
function,

We are in a position to derive the effective potential for ¢ = <$J>/Q, where
<> denotes the vacuum expectation value and Q is the total space time volume.
The operators on both sides of (8) are well-defined except for the perturbative
vacuum matrix elements. Since we are interested in possible non-perturbative
effects, we shall define them to be zero by subtraction. From Poincare invariance
of the vacuum, we have < @;u(xb = 4<§JOO(X)> so that in fact (8) is an equation for
the energy density <(J) in the presence of the source defined by (3% =

<B10gX) >0 = -W, Le.,
e} = (Blgy/2g41(1 + o, de/37=2¢ ) (9)

The effective potential V(p) is then constructed by V() = e(J) - 79 e(1)/33.5 At
present there exist no systematic ways of calculating €(J) or V(¢) diagramatically
but we do not need them; by substituting J = -dV/d¢ = -V’ into the definition of V{g)

above, we obtain an exact non-linear differential equation for V(4). For a range of



6 FERMILAB-Pub-80/55-THY

g and J such that g4 is small, it can be solved. With B(gJ) = bogg + blgg + wesy the

equation becomes
2 4 1 '
V() = Vz(bog + blg JL-V) 4+ )+ V' d . (10)

In what follows we assume the number of rnassless quarks to be not too large so
that b and b, are both negative. We first study (10) for ¢ > 0. If we keep ng2
term only, the solution is V() = ¢—Vzbog2¢(ln(g2¢/uq) + C) with the stationary
value ¢S = (uqlgz)exp(zlbogz-—c-al). From the definition of one insertion at J = 0,
$ = —gz BV/BgZ, C can be seen to be independent of g.7 If we retain blgu as well,
the solution becomes V() = ¢ - }/zbog2¢ f(ln(gz(b/liq)) where the function f(x) is

1 -1
given implicitly by x = 2:[ dy (1 -y - ({1 + y) +2b /b )/2 . The stationary value

is 0= [n*/@g% « b g*/by) 10 by + blgz)/gzl ZbI/bg exp(2/byg? - C - 1). These
solutions are sketched in Fig. . It clearly shows that there exists a single stable
vacuum whose energy is lower than the perturbative one. Notice that the negative
character of bO is essential. For ¢ <Q, it is easy to see from (9) at J = 0 that the
energy becomes higher than that of the perturbative vacuum. The fact thatd = G
cannot be a stationary point can be shown without assuming small coupling; near
=0, V(¢) = -Vzbogzqa ln(ngi? M 4) is the exact solution for any value of g.

We now introduce the Wilson loop &(c) = (I/N)P Tr exp igj‘Ru(x)del in the
condensed vacuum. From now on we set J = 0 throughout. It has been shown8
recently that Y(c) = <Il‘)(c)> can be made finite by the usual renormalization
procedure provided that the self-energy of the test particle is isolated. It is
assumed that this has been done. Then the renormalized V(c) satisfies
(Ma/ou + Blg)a/dgh(c) = 0. For simplicity we take a circular loop of radius r, in
which case ({c} is a function of g and ur. Recalling that g28/8g2 effects an

insertion of ¢ (E fd%cd)(x) = }ﬁfd xG (x)), after Wick rotation the above

equation can be transformed into
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(8—35 + Mz(o))w(c) - 0, (11)
where ¢ is the area of the loop and
M%o) = (Blg)fgo) 60 , AQ = fd‘*x(q;c(x) - ) . (12)

Here cbc(x) (4) is the vacuum expectation value of &(x) in the presence (absence) of
the loop, 1.e. ¢C(x) = <$(x)1’i}(c) >/<ﬁ1(c)>. It is understood that both cpc(x) and ¢ have
been made finite by subtracting the perturbative value of . Diagramatically M2 is
represented by the exchange of gluons between % and the loop, which shifts the
expectation value of 3) from its vacuum value. The non-trivial contribution to (11)
starts from order g#. In the large N limit ¢ (x)= O(N‘?), $ = O(N®) and
¢C(x) - ¢ = O(1). Finiteness of ¥(c) requires A® to be convergent so that ¢C(x)
approaches the vacuum value ¢ at infinity faster than ¢C(x) -¢ v (1//33}4. if A®
goes like o for large 0, then the "area law" for U(c) is obtained.

The sign of M2 deserves a separate discussion. An important property of the
Wilson loop is that it tends to reduce the condensation, that is A®<(, More
precisely external color electric field "expels" the condensation near the source and
renders cpc(x) negative. We discuss these phenomena for a small loop.

First we apply the operator product expansion to llJ(c).9 After simple lowest
order calculations, we obtain, up to logarithms in ur,
w(c) 1 — g6 2/12N + const). Then from (I11) and (12), we get
rt= % /6byN < 0.

Next we directly calculate the behavior of q)c{x) - near the loop. Take a
loop in 1-2 plane with its center at the origin and let X, = (g, 0, 0, h). For small h

dominant contribution comes from the diagrams depicted in Figs. 2a and 2b and is
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given, up to logarithmic corrections, by ¢ _(x) -¢ = —gz(l\l2 - 1/qu)(o 2/(r2 < hh% -
(g2/6n2N)(02¢/(r2 +h9%) <0. We see that for small r and h the perturbative
effect dominates. Since ¢ is negligible for small coupling, ¢C(x) itself is negative.

Equation (11) looks similar to those obtained in Ref. 10. However, our
equation differs from theirs in the following repsects: Qur equation is written in
terms of rencrmalized quantities only and is a first order differential equation with
respect to a global deformation. Note also that the string tension is proportional to
the difference of <Giv> inside and outside of the loop. We expect that this will
lead to the correct sign of MZ.

We are grateful to Bill Bardeen for his interest in our work and useful dis-

cussions.

FOOTNOTES AND REFERENCES

On leave of absence from Research Institute for Fundamental Physics, Kyoto

University, Japan.

There exists extensive literature on this subject. For a recent review, see
S. Mandelstam, in Proceedings of Lepton, Photon Conference, edited by
T.B.W. Kirk and H.D.I. Abarbanel (Fermilab, 1979). See also the references cited

therein.

The vacuum expectation value of ¢ has been studied in M.A. Shifman,
A.L Vainstein and V.L Zakharov, Phys. Rev. Lett. 42, 297 (1979); Nucl. Phys.

B147, 385, 448, 519 (1979); R. Fukuda, Phys. Rev. D21, 485 (1980).

A.l. Vainstein, V.I. Zakharov, and M.A. Shifman, Zh. Eksp. Teo. Fiz. Pis'ma Red.

27, 60 (1978) JETP Lett. 27, 55 (1978) .

R.J. Crewther, Phys. Rev. Lett. 28, 1421 (1972); M.S. Chanowitz and J. Ellis,

Phys. Lett. 40B, 397 (1972); Phys. Rev. D7, 2490 (1973).

?3.C. Collins, A. Duncan, and S.D. Joglekar, Phys. Rev. D16, 438 (1977).



9 FERMILAB-Pub-80/55-THY

¢ Although we subtracted source-dependent infinities in defining the effective

potential, it can still be used to find the stable vacuum, for which the source
vanishes; values of V and its derivatives at stationary points have their usual
physical significance. Note that in dimensional regularization, the subtracted

term actually vanishes.

7 The above form of the potential was obtained by Fukuda (Ref. 2), assuming the
existence of a non-trivial sojution to the renormalization group equation for €(J).

Here, such an assumption is unnecessary.

8 V.S Dotsenko, S.N. Vergeles, Landau Institute preprint (1979); W.A. Bardeen and

C.T. Hill, private communication.

? M.A. Shifman, preprint ITEP-12 (1980).

1071, Gervais and A. Neveu, Phys. Lett. 80B, 255 (1979); Y. Nambu, Phys. Lett.

80B, 372 (1979); A.M. Polyakov, Phys. Lett. 82B, 247 (1979).

FIGURE CAPTIONS
Fig. 1: The effective potential obtained in the text. (Our approxi-
mation is valid except for the region where J = -V' = -1.)

Fig. 2: Lowest order diagrams contributing to ¢C(x) - b,
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