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I. INTRODUCTION

Recently a new set of variablesl has been proposed in
order to study the properties cof Quantum Chromodynamics (QCD).
These variables have proven to be useful in the study of the
strong coupling limit cof the theory. 1In particular, a
description of string-like quantized electric flux tubes is
naturally obtained in this formalism. Furthermore, when the
theory is placed on a lattice, a precise map can be established2
between the new variables and the conventional lattice variables.3
The new variables are local and correspond to ""corner" variables
as opposed to the bilocal "link" variables of ref. 3 . 1In
terms of the local corner variables it is easy to establish
that the lattice gquantum theory is very closely related to
contipnuum QCDZ, a result which was difficult to obtain in
terms of the link formulation.

In ref. 1 a consistent set of commutation rules
satisfied by the new variables was proposed. They were guessed
at by demanding consistency with the canonical commutation

rules of the independent dynamical degrees of freedom defined
4,5

in the axial gauge. In this paper we present a method for
deriving the desired commutation rules, allowing generalizations
to similar systems of variables which may be defined more
generally in curvilinear coordinates. The method is applied

to lightcone variables of similar nature.

The present approach clarifies further the properties

of these variables. In particular, it becomes evident that

——
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they are gauge invariant and that their commutation rules are

a gauge invariant property of QCD. These commutation rules
are related to chiral-like local transformations realized on
these variables and they should follow in any quantization
approach to QCD.

We begin by parametrizing the 4 hermitian and traceless

a
matrices (gauge potentials) Au = Ai %— in terms of 4 unitary

matrices Bu which have the same number of independent functions.

A =

1.
B '3 B no sum on . 1.1
I uu( 1) ( )

i

0g

We demand that the Bu are SU(N) group elements for each U

BB =1=8B"T (1.22)
H oM u
det Bu =1 (1.2b)
Before proceeding any further let us note some gauge
symmetry properties of these variables. The theory is
invariant under the local gauge transformation
A ~a =Ua +13y (1.3)
U L U g "u
where U(Xu) € SU(N). The Bu's as defined in eq. (1.1) have
a much simpler behaviour under gauge transformations:
[
-+ =
Bu Bu BUU . (1.4)
Note that the gauge transformation acts on the right of the
matrix %J' In addition, each %J may be transformed from the

left by an independent gauge trapsformation TL , such that
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Tu is independent of x for given ule.g., TO is independent of
H

xo). That is, for
a T =0, (no sum on y) (1.5)

Au remains invariant under the transformations

B -+ B =TB8 . (1.86)

From eq. (1.1), it is apparent that BUT, for given y, is
closely related to the gauge transformation that leads to
Au = 0., In other words, if we take in eq. (1.4) U = Bof
.{..

r_ _ l_ + _
(for example), then BO = BOBO = 1 and BI = BIBO , 1 1,2,3

so that Aé = 0 and Ai = é (BOBI+)BI(BIBOT). This form makes
it evident that the left-handed symmetries Tu(in this example
TO(Q)) are closely related to the remaining gauge invariance
after the choice of some linear gauge such as A.u = 0 for given
H.

We note that by multiplying eq. (1.1) from the right by
qi for each 1, one obtains a differential equation from which
%J may be solved in terms of %J in the form of a path ordered
integral. The symmetry Tu is related to the fact that the
boundary value of the integral may be chosen arbitrarily.

In this paper we will take the view that the BU are the
fundamental local variables and that the Au are obtained from

them via eq. (1.1) if desired. The consistency of such a

point of view will become self-evident as we proceed.
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If we are working in a space with a metric guv’ then

v
AlJ = gIJ A,, and we will define ﬂ*through the relation
A =éB“a“B“ . (1.7)

Clearly, BU is not a vector in this space, and generally
Bu # guva. In this paper we will mainly be concerned with

the ordinary Minkowski metric guv = nuv = diag(l, -1, -1, -1).
We will also consider the non-diagonal lightcone metric towards

the end of the paper.

We intend to utilize the formalism with a more general

metric by introducing a general change of coordinates
H o= ), (1.8)

and work in the u-basis while treating x!(u) as a field on the
same footing with the other fields in the theory. In this
approach X“(u) play the role of collective coordinates which
obey constraints given through the canonical formalism. One
may be able to take advantage of such a formalism in order to
work in a string-like basis, since QCD leads to such structures
naturally in the strong coupling limit. Work along these lines
will be reported elsewhere.

In Section II, we discuss the form of the Lagrangian in
terms of the new variables and identify the canonical variables
and constraints. 1In Section III we quantize the theory, solve

the constraints and prove that our variables are gauge invariant.

—
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In Section IV we apply our nmetheod to lightcone variables of
similar nature and derive the lightcone Hamiltonian and

commutation rules.
IT. LACGRANGIAN AND CONSTRAINTS

We start with the famiiiar Lagrangian for QCD without

fermions:

= ; = HV :
~% Tr Fuvr s (2.1)

-
|

I
;u\)

aa, - 8.8 - igla,a] . (2.2)

In which we make the substitution (1.1) for A
As discussed in the previous section, BUT(for a given u)

is closely related to the gauge transformation that leads to

Au = 0. This fact can be utilized to obtain a simple expression

for Fuv' as follows. Write Fuv in terms of a gauge transformed
, . . = . . ,

Fﬂv' where Fﬂv is defined in the gauge Av 0 (i.e., Fuv avAu

for given M and V). Then by the above argument,

= nT @
va = B, va B, (2.3)
Since
a' =B.(a + L3 (2.4)
v g M v ' .
it follows from eq. (1.1) that
N ¢ + t i T
Au gB (Bu auBu)Bv + z Bvaqu
=1p 3 (2.5)

g CVH MUY
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where we have introduced the notation

_ T T
B = B B = B 2.6
HV [EIY VU ( )
Thus, repeating the argument for all p and v , we find
F =173 (8 3B )B (2.7)
uwv 2V AV AV TR TR VR VA Y ) }

This result can of course be arrived at directly by substituting
(1.1) in (2.2). The antisymmetry in u and v , although not

manifest, is still not lost. This can be seen by considering

—_ .%.H
Fv=B,F.B | (2.8)

where Fuv is defined in the Au = 0 gauge, and proceeding in

a similar manner. Then

B. 73 (B 3B )B, = -F

1
pv g u TurPuvyPup (2.9)

g
as expected. Note that the variable B“Udefined in eq. (2.6)
can now be interpreted as a gauge transformation from the
AU = 0 gauge to -the Av = 0 gauge. This follows from eqs.

(2.3) and (2.8), whence

— _ oT
Fhv = BM\)F{J\)B\)u = Bquﬁvau . (2.10)

Thus, using egs. (2.7) or (2.9), the Lagrangian eq. (2.1)

becomes

.f-
= 1 T TR TRRRTIURVIRVSY u}_
(2.11)

Since Au is bilinear in Bu, we lose no generality in taking
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" provided we adhere to the usual diagonal Minkowski

metric nuv' Then the minus sign on the right-hand side of

I =1,2,3 comes from aI = —31 . This will not be
possible in gauges such as the lightcone gauge, where one

must work with an off-diagonal metric, and B+ =B # B+ follows
from A+ = A # A+ . More generally in any basis with non-trivial
metric B" has to be defined relative to Bu as mentioned in

the introduction.

.f.
Hence for the diagonzal Minkowski metric, BuB“ = BUBU+ =1
{no sum), and the Lagrangian simplifies to
= L TPIRTLTIRY vu]
L 3 Tr[au(Buvavau)a (B""3"B ") . (2.12)

2g

The theory is now written entirely in terms of the variables

Buv’ which are gauge invariant by egs. (1.4) and (2.6). 1In

fact L contains time derivatives of B 1=1,2,3 only, so

or-

that the BOI'S can be regarded as the fundamental dynamical

variables. The remaining Buv’s are related to BOI via the

constraint

By; = BioBoy o (2.13)

which follows from the definitions of Buv(eq. (2.8)),

Of course there must be additicnal constraints which
relate the BOI'S or their conjugate momenta, as is dictated
by the generalized Gauss' law which follows from gauge
invariance. To find these constraints we must identify the

canonical momentum conjugate to Bé;J), which we denote by
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A%gi). This is done by varying the action § = fd4xL with

respect to SOBé%J). Integrating by parts, we find
- 1 4 . 2
88 = = fatx 1r[6(aOBOI)aI (BIOBOBOI)BIU] ,

and therefore

2

e 1
Ao = —59; (B

(2.14)
I
° g

10%0B01°B10
The equations of motion for BOI follow in a similar manner

by setting the variation with respect to B equal to zero.

01
Multiplying the equation of motion from the left by BOI and

summing over I=1,2,3, we obtain the relation

3
ol 2 Baorh ] =0 (2.15)
or equivalently

3
Ezi Borhip = Gy (2.16)

where GO is some time independent matrix which is determined
by the boundary conditions, that is, by the properties of the
vacuum. It is clear that eq. (2.16) is a constraint on the
dynamical variables whose existence is directly related to
the gauge invariance denoted by T0 in eqgs. (1.5, 1.6). This

constraint is identical toc Gauss' law
DIEI = 0 , (2.17)

as can be seen by rewriting eq. (2.17) in terms of our variables,

It is then clear that we should demand GO = 0 on the physical

-
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gauge invariant states. Actually, in terms of our gauge
invariant variables the constraint is easily imposed as an

operator condition, as we will argue in the next section.
III. GAUGE INVARIANT HAMILTONIAN AND QUANTIZATION

From the Lagrangian of eq. (2.12), we obtain the symmetric,
gauge invariant energy-momentum density,
2
= —= Tr B B (@ Bu]— L. 3.1
™ [aa( w2 B2t B a B 0 g L (3.1)
From this we obtain the Hamiltonian density,

= H = . _2. | 2 -
%00 2 TrZI: [BI(BIOBOBOI)] L

1 2
= -3 Trz[BI(BIOBOBOI)]
-5 Tr ¥ [BI(BIJBJBJI)]z : (3.2)

Note that this is indeed positive definite, since (BIJaJBJI)%=

"BIJSJBJI' In order to express # in terms of the AIO’ we must

solve for BI(BIOBOBOI) in terms of AIO:

_ 21
31(B1p3gBor) = 8 31 (AroBor? (3.3)
where we define
=0
L oeexty = - axt op(xl)y (3.4)
51 i

for some function f of x°. Thus
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_ 2 1, 2_ 1 ' ?
q = -g TI‘Z:[BI (AIOBOIil 5 Tr*éir [QI(BIJBJBJI)}

i g
(3.5)
The second term in H is just the usual magnetic term,

2
Z: Fry - Similarly, the first term is related to the usual
I>J
electric field term ) EI2 , although its significance is
I
more transparent in the light of the commutation rules, to

which we now turn our attention.

(Ji)
10

to take the naive commutation rule,

Since A is conjugate to B

é;J)’ one may be tempted

(ij) (1m) ,_, ] _ i dm gl < U
Recall, however, that the relationship between Au and Bu is
+ T
i i = Tr B 9 B =0,B' B =1,
subject to the constraints, det Bu 1, Tr w oty oy
Translated into the language of BOI'S and AIO’S, these

become a set of 2nd class constraints (ignoring for the moment

BIOBOI=1):
det B

|
=

o1 = (3.7)

Tr A =0 . (3.8)

IOBOI

Note that had we considered an U(N) theory instead of SU(N),
we would not have such constraints. These constraints are
not consistent with the naive commutation rules (3.6), and
they are not easily solved explicitly. We muét therefore
resort to the method of Dirac brackets6 in order to find

the correct commutation rules. In addition, we must deal with
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the constraints(2.16) and BIOBOI 1. We will return to these

after we modify the commutation rules to first take care of
(3.7) and (3.8).
The Dirac brackets are constructed as follows. We start

with the naive Poisson brackets,

{A(lJ)( x), B(lm)(x') b= g Mgd a3kt | (3.9)
The constraints are
3 =0, (3.10)
where
¢§l) = det By; -1, (3.11a)
¢§2) = Tr ApBoy - (3.11b)

Define the matrix MI constructed through the naive Poisson

brackets (3.9)

5 M2P(x,x1) = fo2(x),00(x") b . (3.12a)

Then the Dirac brackets are given by

00, B o ™ = (A5 60,8 ™ (x)
(i3) ab (1m)
- fa%ya zfAIO (x),¢ (y)}(MI )y (2 ed [(Z)>Bor (x1))
(3.12b)
Using equations (3.9) - (3.12), we find that the only nonzero

element of M?b is
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MIZe,xt) = -MIl(xt,x) = -N§O(x-x') . (3.13)

then
uihxrx) = Fl0 (3.14)
In order to evaluate eq. (3.12) we also need:
{A(lj)(x) ¢(1)(x')} = 69 (x-x! )B(IJ)

10l (x), B(lm)(x)} = B{I™ ¥ (x—x") . (3.15)

we finally obtain

lg
~ B1o” "Bor

(3.18)
The commutators of the quantized theory are given by the

*
correspoundence {, } =+ i[,] . Thus we find

[ (13)( y, B(lm)( .)] = _q(gimgdl _ 1g(13) (lirn))(S (x=x")

N I0
(3.17)
Note that the AIO'S alsc do not commute. However,
A(ij),A(lm) is not very 1lluminating, since AIO and BOI
occur in the Hamiltonian only in the combination A and

IO o1’

it is this operator which is significant. Also note that we
have not yet taken the constraint eq. (2.16) and BIOBOI = 1
into account.

Let us now consider the operator

G (%) = % Rro(0Bgr(x) (3.18)
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Siace AIOBOI is traceless and hermitian (See 2.14), GI can
be written as;:
G.(x) = A—ic;a(x) (3.19)
() = 376; ’ '

where the ka/Z's (a=1...N2—1) are the traceless NxN

representations of the generators of SU(N). They obey the

identity
101 @ a - 1
PO 3R = S imd51 - F 81500, (3.20)
Using eqgs. (3.17) - (3.20), it is easy to show that
a
a ' - A7) <3 .
[GI(X),BOJ(X )] = (BOJ 5 )6 {x-x )GIJ. (3.21)

Taking the hermitian conjugate of this equation, we find
~ a
G2 (x),B (x')} - - 2p §3(x-x"16 (3.22)
I TJ0 2 TJo IJ - :

It can now be checked that (3.21) and (3.22) are consistent

with BIOBOI = 1. 1In fact from these one can deduce the
. _ T ,
correct commutation rules between AIO and BJO = BOJ’ which

together with (3.17) are consistent with this constraint.,

The Hamiltonian can now be expressed entirely in terms
of the GI'S and BIJ'S as seen from eqgs. (3.5) and (3.18).

These variables are invariant not only under the original

gauge transformation (1.4) but also under the To(x) type

gauge transformation of eq. (1.6), as is obvious from

eq. (2.13) and (3.3). The quantum properties of the theory
are now given by the commutation rules of these gauge
invariant variables, which can bé_derived from eqs. (3.21),

(3.22) and (2.13):
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a a
a 1 = - -)\-__ A_ +_+|
[Gi(x)’ Bk (¥ )} [~ 815 537 Bgg * 1B 3t 8(x-x")

(3.23)
The commutators of G? can be calculated directly using the
Dirac formalism of egs. (3.10-3.14), or by commuting both

sides of eq. (3.23) with GE and applying the Jacobi identity.

In either case, we obtain
a b, ., _ . eabec .cC T >,
EGI(X), GJ(X )] = i f G (x)S(x-x )GIJ (3.24)

These commutation rules indicate that the GI(X) act like the
generators of a local SU(N)l @ SU(N)2 ® SU(N)3 group, which

is realized on the BIJ(x). They are reminiscent of the
commutation rules that one encounters in the study of the
non-linear sigma model. We remind the reader that in the
non-linear SU(N) @ SU(N) sigma model one deals with left-
handed and right-handed transformations on a unitary matrix

Z . If one denotes the generators of these left(L) and right
(R)-handed transformations by Gi and Gg one finds a constraint

of the form
G, + 2 G,z =0 . {3.25)

In our case there are 3 unitary matrices B B and 3

120 Byg Bag
generators Gi,Gg,Gg which act on the 1,2,3 '"sides” of the B's
as in eq. (3.23). Analogous to the constraint (3.25) of the

sigma model, we have the constraint GO = 0 as given in egq.
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(2.168) which now takes the form? (via 3.18):

3
2. B =G (3.28)
I=1

o1%1810 0
It can be checked by using the commutation rules (3.21) and
(3.22) that Gg is just the generator of the gauge transformation
TO(§) of eq. (1.6)., Therefore, it must commute with our gauge
invariant variables G% and BIJ‘ This indeed is true and can
be verified by direct commutation. Since the theory is
already expressed only in terms of singlet operators we can
set GOa = 0 , satisfying Gauss' law identically.

We have to ask now whether our commutation rules (3.23)
and (3.24) are consistent with this contraint. The constraint
can easily be solved as follows: We apply to eq. (3.26) a
unitary transformation in the form :BJOGOBOJ: = 0 for any

J, to obtain

3
;Ei ‘B;;GyB;: = 0 (any J) . (3.27)
+In (3.26) :(...}): implies an ordering of operators to insure
tracelessness of GO and consistency with the commutation
rules, The ordering is defined asl
.B'¢ B: = ¢?s' %i B =B %i B G*

It is seen that :B+G B: is traceless, hermitian and consistent

with the commutation rules (3.21) and (3.22). 1If one insists
in placing G* in between B+ and B, a ¢-number term proportional
to the matrix 1 must be added to be consistent with these

properties.



-17- FERMILAB-Pub-78/51-THY

We also remember that the BIJ satisfy by construction (see

eq. (2.6) or eq. (2.13))

BIJBJK = BIK (any J) . (3.28)

This implies that one can choose just two B's and two G's as
being independent and solve for the 3rd B and G through eqgs.

(3.27) and (3.28). For example if we take J=3, then
B12 = 813B32 (3.29)

Gy = —[:1331(}1513; + :B32G2B23] . (3.30)

Egq. (3.30) is a generalization of eq. (3.25) of the sigma
model. We can now check the commutation properties of B12
and G3 by treating them as dependent variables as 1in (3.29)
and (3.30). The remarkable property is that they continue

to satisfy the basic commutation rules (3.23) and (3.24).
Since the operator properties of our variables are insensitive
to the choice of dependent and independent variables, we will
continue to preserve the symmetry between the 3 axes 1=1,2,3

by keeping the notation as before, bearing in mind that the

constraint is automatically satisfied.

&
I J

invariant with respect to the gauge transformations U(xu) and

We have argued that our variables GI and BI are gauge
TO(§) of egqs. (1.4) and{(1.6). There remains the gauge

transformations TI I=1,2,3. It is easy to verify by direct

(equal time) commutation that the generators Q% of these
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transformations are the complete integrals of G? in the X1

variable for each I. That is

o o o
Qy = Janl(xlx2x3)dxl; Q2 =‘JPmGg(xlxzxs)dxz;QBijiw G3(x1x2x3)dx3
(3.31)
The physical states must be annihilated by these Q?, since
they must be gauge invariant. We refer to refs. 1 and 5 for a
discussion of this point. Briefly, the Q? are propertional
to the electric field at « (see eq. (3.32) below), and for
that reason the gauge non~invariant unphysical states, only
on which Q? is non-zero, acquire an = energy and disappear
from the spectrum automatically. In the strong coupling
approach this condition is easy to implement and restricts
the spectrum only to closed strings or strings with gquarks
at the ends.
Finally to make contact with ref. 1 we express the

Hamiltonian in terms of the variables

o2

(%) = - %—IGI(X) =j ) axtexy . (3.32)
p. 4

The HI for given I can be interpreted as the eleciric fieid
in the AI = 0 gauge.l Thus, the Hamiltconian written in terms
of gauge invariant variables is

2 1
H o= Trig z ()2 = L z 3,(B; ;8B 1) 2 . (3.33)
i & I3

This is the theory used in refs. 1,2 as described in the
introduction. We have given here a method for deriving the

quantization rules of this theory, and simultaneously we

———
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nave shown that the variables are gauge invariant.

IV, LIGHT CONE QUANTIZATION

Lagrangian, Equations of Motion, and Constraints

As an example of how this formalism works for a basis

which requires an coff-diagonal metric, we explore the light-

cone basis. We take x+ = (xo-x3) to be the "time variable,
- 1 0 _3 2
and x = — (x -x7), xi(i=l,2) as ''space'" variables. On the
V2
light cone, eq. (1.1) is replaced by
it
Ai =z BtaiBi ,
S S S-S
A = z 3°B” = A
_1gt _ b
Ai - BiBiBi A (4.1)

Although the Au-variables are simply related to those used

previsouly (e.g., A+ = 1 (AO+A3)), this is not so for the
V2

Bu’s. The relationship between B, on the one hand and BO

and B3 on the other is complicated and nonlinear. However,
the substitution of eqg. (4.1) is the most natural general-~
ization of eq. (1.1).

The derivation of the Lagrangian goes through exactly
as before, with the same interpretation for the Buv's (e.g.,
B, is a gauge transformation from the A, = 0 gauge to the
A = 0 gauge). We must be careful, however, to use eq. (2.11)
rather than (2.12), since because of the off-diagonal metric

. +

B' = B_ and B® = B_. Thus B+B+ = B,_ rather than one.

Then using eq. (2.11) we have
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fd X Tr[B 9_(B_,3,B,_ )B_,3,(B,_3_B__)

Zg

+ B 3,(B

-4 "4 )B+___8_(B_ a B )

-8By +047 4

-4 zi 3;(By_3_B_;)8,(B,,8,B )

1

t 297(B1335B5778,(By53,B 21)]

Using the identity

3,(B,_3_B__)B

— = ~3_(B B, ) , (4.2)

+- _+94By_

this bhecomes:

L = ;% [d3x Tr[;(aﬂ(B LB, 7

-2 ;? 8,(By_3_B_;)3,(By,3,B, )

+ (31(31232321))2] . (4.3)

+
Once again, L 1is expressed entirely in terms of Buv’s. X

(i.e., "time") derivatives occur only for B+ and B+i’ S0 we

take these as dynamical variables. Proceeding in an analogous
fashion to that of the previous section, we find that the

conjugate momentum to Bii, denoted by AJi . is

_ 2.2
A, =—5 8_“(B_,3,B, )B

—+94+P+ 7P (4.4)
g

Similarly, the conjugate momentum of Big, denoted by Agi, is

= 2, 2 =
Ajs = S21 (B; 9 B_1)B;, (4.5)
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Note that eq. (4.5), since it doesn't contain time derivatives,
takes the form of a cohstraint, and must be dealt with by the
Dirac bracket method.

The Gauss' law constraint is found from the egquations

of motion for B+_ and B+i as before. We obtain

+ZBA)=0- (4.6)

3+(B --A—+ i +i7i+

Thus
B+_f\_+ + ZiB+iAi+ = G+ , (4.7)

where G+ is time-independent. We will find, once again,
that Gi is the generator of T+-type (i.e., x+—independent)
transformations on the '"+" side of B+_, B+i’ etc., and that

only 812 and G_ appear in the Hamiltonian. It will then be

possible to set G, = 0 for all "time".

Hamiltonian and Quantization
We proceed to find euv as in Section II, however we

must now bhe careful to use the Lagrangian of eq. (2.11}.

Then

-—_.l a4, Oy
8,, = 5 Tr(a (B 3 B )B %% 5 B *)B" )

1 Oa Ol -
gz Tr(3, (B,,3,B,, 08,2, (B, 7378 DB ) - gL
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. . . +
The Hamiltonian density is defined as usual as ¢, , or

o = - Tr[gz[%: (A_+B+_)]2 + g—% (31(B1282821))2]

(4.9)
Thus all terms invelving Ai+ and B+i have canceled. It is

in faet a well-known result that only F,_ and F occur in

12
the Hamiltonian in any lightcone formulation. The simplicity
of the Hamiltonian is one ©of our main motivations for
exploring the light cone gauge. We will see, however, that
this simplicity is achieved at the expense of complicated
commutation rules.

The complications arise in the two extra constraints

which must agree with the commutation rules,

_ -1 2
Gi = -3 ai (Bi_a_B_i) , (4.10a)
g
where we have defined
G, = =i, B (4.10b)
i 2 i+ 41 )

We already know, by the method of the previous section, how

to deal with the constraints

Il
o

det B+i

Tr Ai+ B+i =0 . (4.11)

Thus in applying the Dirac bracket method the constraints
(4.11) are easily taken care of: Before dealing with (4.10)

we can use (with k,n = 1,2,~) —
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a0, BUM iy = (61769 - 2 B{DBIM) g $3xx)

1

N k
(4.12)

as the "naive" Poisson brackets. At this point all of the

statements of Section III after eq. (3.16) hold. The G?'s

act as generators of SU(N)i transformations on the i-side of

B+i Just as in egs. (3.21-22), and similarly

a 22
G~ = -i Tr—g A_ B, _ (4.13)
generates such transformations on the "-" side of B_i.and B_, .The

guantity G+ defined in eq. (3.7) has zero Poisson bracket
with all the other G's, B—i and B12 (and hence with the
Hamiltonian). Thus once again we need not incorporate

eq. (4.7) and the unitarity conditions B+B = 1 in the Dirac
bracket formalism, but we must deal with the new constraints

(4.4) or equivalently (4.10) that arise on the lightcone.

As can be seen from eq. (4.9), only Mz 51 G_ and
B12 occur in the Hamiltonian,
- - 2_2 1
=9, _ Tr(g IZ - =5 (3B 53,B,51)) ) (4.14)

g
Therefore, to illustrate the method, we calculate the Dirac
brackets (and hence commutators) for these variables
{Hf, } and {B(IJ)(X), B(lm)( *. Unfortunately, these
commutators are found not to be very useful due to their

complexity, and are much more difficult to interpret than

those of Section TII.
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The constraints egs. (4.10) can be written in the

form

. a
02 =6 v+ 5.2 tr(t B, 3B ) =0 . (4.15)
g

Although II_ has simple Poisson brackets with the left-hand

side of this equation, the matrix M??(x,x‘),(eq. (3.13))that
results from this constraint is impossible to invert explicitly
A more tractable form of eq. (4.15) which yields an easily

invertible form for M??(x,x') is (no sum on i}.

i _
4By + ;ﬁ 5_(B_,3,B; ) =0 . (4.186)

where Hi is defined as in Section 111, and we have used an

identity similar to eq. (4.2). Then defining new

a .
I 4
¢i = Tr 3 (B_iHiBi_ + gza_(B_iaiBi_)) R (4.17)
and noting that
3 & Ab
{Tr 5 B—iHiBi—’ Tr 5 B_jHij_} =0 (4.18)
we find
a b, , _ 1 cab 3,
{¢;7(x), ¢y (x )} o= - 2 §%78 87 (x-x )513
= u2P(x-x7)6 (4.19)
= i . .

Because of eq. (4.18), only the cross terms have contributed

to the resulting eqg. (4.19). Thus from eqg. (4.19),
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(M)

2
(x'x) = :%~6ab

The g-symbol is used as the inverse of

correct symmetry properties for the Dirac brackets.

e(x -x_)6(xq

FERMILAB-Pub-78/51-THY

—xl)d(xé—xz)
(4.20)
9 _ to insure the

We

also need the following to calculate the Dirac brackets:

m_®, ¢.%xn) = Elg 6205 6% (x-x")
g
. C
- L *P° mrio BB, 6%(xx) (4.21)
g
{9,7(x),B (")} = 16(x)-x1)8(xh-%,)8(x!~x_)
)\C
x By "5 B_;Byo(x') (4.22)
(957 (x),Byo(x")} = —18(x}-X,)8(x]~x)8(X]=%_)
Aa
x Bo(x')B, “5B_, (4.23)
(%, Byy(x")} 0o, (4.24)
{B(13), (1m)(x "} =0 (4.25)
Then we find
n_%(x), Byp(x)1 =
lB(X' ' ' abc lc
- 3 1—xl)e(x_—x_)6(x2—x2)f Tr ) B l(x)a B1 (x)
b
x Blﬁ(xlxéxl) —5 Bwl(xlxéxl)Blz(xixéxl)
C
+ 3 o(xg-x,) e(x_~x1) 8(x,-x])EPC Tr A B (x) 3B, (x)

{cont.)
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b
X Blz(xixéxl)Bz_(xixle) AE B_z(xixle) , {4.26)
and
(13) (lm) ot g . ‘Y (g .
(B1g” (x),By {x") P = 5= e(x_-x1)6(xy-%5) [dy, 8(xq-y)e(xi-y)
x[[Bl_(ylxzx_)B*l(ylxle)](im)[le(x')Bl_(ylxle)Bﬁl(ylxzx_)

+ [Blz<x)32_<ylx2x_>B_2(y1x2x;)321(x'>](im)[B2_<y1x2x;)

B_z(ylxzx_)](lj)] . (4.27)

Unfortunately it is not at all clear from these equations
what the commutators of the quantum theory are, since the
strings of Buv operators on the right-hand sides present
numerous ordering problems. The only operator which retains
simple commutation rules like those of Section III is G+a, since
it commutes with the constraints, eq. (4.17). Hence whatever
the quantum versions of egs. (4.26) and (4.27) are, they are
still consistent with the constraint G+ = 0, and insensitive

to the choice of dependent variable (Bl—’ B2_, or B12).

We further note that generalization to more complicated
metrics (e.g., that of the u-basis of eg. (1.8)) will not
necessarily present the same kind of difficulties as those of
the lightcone. The complexity of eqs. (4.28) and (4.27) are a

. . + . .
result of our choice of time, x , which induces two extra
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constraints. This can always be avoided if we quantize only
on spacelike surfaces.

We have shown that the quantum algebra of the new
variables for QCD, introduced in ref. 1, can be reproduced from
a more fundamental Lagrangian approach. Furthermore, the
dynamical variables are completely gauge invariant. It
is found that the generalized Gauss' law, which is readily
obtained from the equations of motion, can be imposed as an
operator constraint since it commutes with all variables
occuring in the Hamiltonian. The commutation rules are
insensitive to the choice of dependent variables.
Quantization on the light cone leads to certain difficulties
which arise because of the choice of time, although it is
possible that a more judicious choice of variables may

circumvent these problems.
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