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ABSTRACT

We study vacuum tunneling of non-abelian gauge theory directly
in Minkowski space. We do this by constructing a family of field
configurations which connects vacua of different winding numbers and
which satisfies conditions necessary and sufficient to produce maximum
tunneling amplitude. Using these explicit configurations we obtain
explicitly the potential energy barrier in winding number space, through
which tunneling occurs. We finally discuss the possible connections
among the tunneling solution, the classical solution and the full quantum

mechanical solution to the field equations,
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1. INTRODUCTION

Recently, much progress has been made in understanding the
nature of the ground state for a non-abelian gauge theory. The discovery
of Euclidean solutions, 1-5 the instantons, and their possible interpretation
as tunnelings among vacua with different winding numbersé-i0 stimulate
many speculations and excitement. In our opinion, there are many
features concerning these pseudoparticle solutions which still need to be
understood. In particular, the detailed mechanism of the vacuum tunnel-
ing in Minkowski space10 and its relation to the instanton solution
deserve a thorough investigation. We address ourselves in this paper
to the following questions:

1. What field configurations provide the vacuum tunneling, and
what are the condition for a maximal tunneling amplitude;

2. In what space does vacuum tunneling take place, and what is the
potential barrier in this space; and

3. To what extentcan vacuum tunneling be understood as a
solution to the field equation.

Our results provide partial answers to these questions. It is our
hope that our work will stimulate further research on this topic.

In Section 2 of this paper, we formulate the vacuum tunneling as
a quantum mechanical transformation of field configurations from one
vacuum to another. In Section 3, we work out the necessary and sufficient

condition for a family of field configurations to achieve the maximal
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tunneling rate. The proof is simple in Minkowski space, and the physical
picture is clear. We work out anexplicit example in Section 4 for a Q=1
vacuum tunneling which gives rise to the maximal tunneling rate. We
then explore in Section 5 the mass parameter and the potential barrier
associated with vacuum tunneling in the winding number space. We work
out the potential barriers explicitly, and also plot them in graphs. In
Section 6, we discuss the validity of the method and the possible inter-
pretation of the vacuum tunneling as a simplified quantum mechanical
solution to the full field equations. We discuss and speculate on various
topics in the last sections. We also include an Appendix to illustrate

several interesting features of vacuum tunnelings in a simple ¢4 theory.

2. FORMULATION OF THE PROBLEM

We consider a non-abelian (Yang-Mills) gauge th.eoryi’1 described by

F- —;11- f:f]‘) galw (2.1)
£ .5 2@ L5 5@ 4 BN (@ (2.2)
v [TRERY) v R € €abe v ? *

with a being an sospin index, and p, v Lorentz indices. In terms of

matrix notation ,

Fo=gf? =" (2.3)
v g pvy 2 7 '
a
A =3 a(a) z , (2.4)

K B2
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we have 1 2
S+ -— Tr(F )7, (2.5)
[TRY
2g
and
1
F =20A -2 A +-1A ,A1]. (2.6)
Hv pLov v poi nov

In (2.3), T(a) (a=1,2,3) are Pauli matrices. It is often more convenient

to introduce

1
E =F ’B=Z€

i oi i (2.7

ijk ij ’
where E and B are generalizations of the electric and magnetic fields.

In terms of E and ]—é, we have the Lagrange density

- L e @ -8B, (2.8)

and the Hamiltonian density

- ——12— Tr(B*+B%z=20. (2.9)
g

One can define the winding number difference between two space-like

surfaces as1
urfa 940,
%2
1 4 - =
Q=—-—2Trf dxE - B. {2.10)
4q 0‘1
If FHV =0 on Oy Oy then, Q is an integer. Equation {2.10) also tells

us that if the vacua at ay and Oy give rise to a nonvanishing @ , there

must exist some regions between oy and o, such that Fp.v # 0. Since

the energy density FH [see Eq. {2.9)] is positive-definite and vanishes
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only if FHV = 0, the existence of such a region (region with va +# 0) can
only occur during a tunneling process. For a sourceless classical theory,
va =0 on oy (or 02) implies Fp.v = 0 everywhere. Thus, it is impossi-
ble to change the winding number of a classical ground state. However,
as a quantum system, the winding number of the ground state may change
due to quantum fluctuations. This phenomena can be understood as a
tunneling in some collective mode in the field configuration. Recently,
Gervais and Sakita studied the vacuum tunneling and its quantum correc-
tions by means of the collective coordinate method. 10 The readers are
referred to this paper for details.

In this paper, we concentrate on the vacuum tunneling by considering
only a single collective mode. We shall write down the rules for obtaining
the maximal tunneling amplitude, In Section 6 and the Appendix, we dem-
onstrate in a simple example that the vacuum tunneling is consistent with
finding a first quantized solution to the field equations.

For simplicitly, we choose ¢, and o, as surfaces at equal-time

1

{t

1 and tz). We work in the Coulomb gauge, Ao = 0. We denote the

vector potentials on oy and g, as K“) and :’-‘;(2). We require that AL“
and A:LZ) are associated with pure gauge transformations such that

F}w = 0 on both 9y and O, The winding number difference Q can be

written as the difference of two surface inﬂ:eg,uuals1
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o
i

i
—_ - T
T (f“z f"i dcp) €uvno TF (A8, 4)

i 3
oo (ft'z_fti d x> € TTAAAD . (2.11)

Thus, @ is independent of the intermediate field configurations as long

as A“ is regular inside the region.
The procedures for obtaining the maximal single mode tunneling
amplitudes are:

1) We introduce a family of intermediate field configurations as

A =10, (2.12)

BAx,t)="F [z, M (t)], (2.13)

where M\ is a parameter describing the field configuration within the

family. We require that

- —-{1
-z at A=, (2.14)
F - @ N (2.15)
and that { varies continuously from X“) to E(z) as X\ varies from
?\1 to hz. Given (2.12) and (2.13), we obtain
afi
Ei Sy A, (2.16)
B, =Y e (a.f -8 f +L[f, £] 2.47
T R e e L (2.17)
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The field variables E and B for intermediate values of X\ usually do not
vanish,
o — . .
2} From E and B, we construct a single-parameter Lagrangian

and Hamiltonian as

L = % m(n) 32 - v, (2.18)
and p__Z
H = ZETEN + V(N , (2.19)
where
- 2
2 3 of
m(\) = = f d’x Tr (H) s {2.20)
1 3 =2
VI(A) = = f dx Tr BY, (2.21)
g
8L s
p, = % mi(h) & . {2.22)

A typical potential V(A) is shown in Fig. 1.

To obtain the tunneling amplitude, we treat (2.19) as a quantum -
mechanical Hamiltonian. With appropriate orderings of the operators,
we can make H Hermitian, We can now obtain the tunneling amplitude
by solving an ordinary Schrédinger equation., At the weak coupling limit
in which the tunneling amplitude is small, we can compute the tunneling

amplitude by the WKB method as e-R with,

X
R = f 2 4n NZm () Vi, (2.23)

M
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3) By varying the field configurations f(x), : (t)}, we can find the
conditions for obtaining the maximal tunneling amplitude. In Section 3,
we shall obtain the necessary and sufficient conditions for the maximal

amplitude.

3. VACUUM TUNNELING IN MINKOWSKI SPACE
Now, let us compute the WKB vacuum tunneling amplitude due to a
particular family of field configurations (A =0, A = f {x, A\t ))) The

total Hamiltonian H associated with {i?} is

+ V(\), (3.1}

with m({}\), V{\) being given in Egs. (2.20-21), The first term of H
denotes the kinetic energy with a A- dependent mass m (\), and the

second term denotes the potential energy. It is easy to see that

V(hi) = V(P\Z) = 0, (3.2)

and

V{(\)}>0 whenever ﬁ#ﬂ. (3.3)

The WKB tunneling amplitude is P=e"R with

A

2
R =f dh N 2m(A) V()
=~—— dA/TrIdx ;—)'Trfd:jxﬁz
=-—f dt/Trfde-Trfde (3.4)




-9- FERMILAB-Pub-77/67-THY

We can interprete
Trf d°x 2(x) B(x) =a-b,

as a scalar product with a prositive norm, i.e.

Iazlza- a>o0,

for every a # 0. This implies that Schwartz inequality holds for every

J4a2] [z [a- b] .

The Schwartz inequality implies in the present case

Trj- d4x E'g

Thus, for a given winding number difference Q , R is bounded from below

8ne
by —% | Q|; and hence, the WKB tunneling amplitude is bounded
g

a and b,

2 _ 8w
R2 = fgz— Q. (3.5)

g

from above by

2
- 8
P=e Rs expl:-——--—z ‘Q |] - (3.6)
g
8w2
In addition, R reaches its minimal value R = —- |Q| (or P reaches

its maximal value) if and only if E is proportional to B for all X and t
with an x -independent proportionality constant. The problem of finding
the fastest WKB tunneling rate is equivalent to finding a set of field con-
figurations which gives rise to parallel E and B. Note that even though
E and B are gauge dependent quantities, the relevant quantities such as
L., @, and the condition E /B areall gauge independent, Hence, the

WKB tunneling amplitude is gauge invariant, In the following section,
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we shall present field configurations which give rise to the maximal

tunneling rate for Q = 1.

4, AN EXAMPL.E
An explicit family of field configurations which gives rise to the

maximal vacuum tunneling amplitude for @ = 1 is

X T
-2 2 2
x + X T3

-
it]
.

(4.1)

A = __;‘ "2’”2 ) (4.2)
x +Ax ta

The vector potential Ap. given in {4.1) - (4.2) is not in the Coulomb gauge.
We can transform it into the Coulomb gauge AL = (0,3’) by a gauge
transformation U,

. -1 .
A =U [ -1A)U], 4.3
u e, -1 W Ul (4.3)

with

U = exp S M (4.4)
:/§2+az '\_/3? +a2

The Coulomb gauge vector potential is quite complicated. Since both the
Lagrangian L and the winding number Q are gauge invariant, we can
compute them in the original gauge specified by (4,1)-(4.2). We can
evaluate the vacuum tunneling amplitude once L and @ are known.

Using (4.1)-(4.2), we find
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2.
— Za A -
Es- D7 7. (4.5)
(X + 2" +a%)
2
B-=- 2a == T, (4.6)

& +2%+ad)
which are indeed parallel to each other. The effective one-parameter

Lagrangian L and the Hamiltonian H are

-—bZ —
L=~1—2- Trfd3x (E° - B%

g
352 a? 12 3 0 a4
- 572 - 572
gznzmz) {2 gz(hzmz) /
= Zmy 32 - vy (4.7)
and 2
px
= ToTEN + V(A {(4.8)
respectively, with
E)'rr2 a4
miX) = =75 s (4.9)
gz()\2+az) /.
3'rr2 8.4
V(A) = 5 , (4.10)
gz(xszaz) [2
P o= m\) \ . (4.11)
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For an intermediate value of A(t), we define a winding number variable

a(\) = -—-—Trj dtfde-E. (4.12)

For E and ﬁ given in (4.5)- (4.6), we have

q(\) as

dt

an) = ==
iy

dn X

x+?\+a)

2
1 4 \ ( a )
-+ = = +2 1. (4,13
2 4 ??\2+a2 7\2+a2
According to the definition (4.12), we have

lim

L g -0, (4.14)
Ay = Q (=1 here). (4.15)

We can use gq(\) as a dynamical variable to describe the vacuum tunneling
in the winding number space.

We can obtain the vacuum tunneling amplitude by solving the one
dimensional quantum mechanical system described by (4.7)-(4.11). The

WKB tunneling amplitude is P = e R with
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w0

f drn NZ2rmm(A) V(A)

@
E_ dx 3‘1Tza4 :817,2
2 2 25/2 2
- g

g (A +a’)

pu v
n

which is indeed the maximal tunneling amplitude associated with a Q =1
transition. Our result agrees with the action integral overa Q=1
Euclidean instanton solution, and provides a justification for the usual
interpretations of instantons as vacuum tunnelings, By working out the
vacuum tunneling amplitude in the Minkowski space, we also obtain an

explicit expression for the potential barrier V.,

5. WINDING NUMBER SPACE
In Eq. (4.10), the potential barrier is described as a function of A,
Note that the winding number q(\) is also a function of A». Combining
Egs. (4.10) and (4.13), we have a parametric definition of the potential

energy V as a function of q. In Fig. 2, we plot the scaled potential,

2'::1V( )
Ulq) = LTQ‘ ) (5.1)
3T

as a function of q. We can also express the kinetic energy term (K. E.)

into the standard form

1 .
K.E = 2mi(q§, (5.2)

with
3.?.'n'2 K2+ Z)SIZ (5.3)
>4 { a . .

3g a

m' =
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Egs. (5.3) and {4.13) define m' as a function of g. In Fig. 3, we plot
3g2m'/321r2a as a function of q. We can view the vacuum tunneling
process as a particle of g-dependent mass going through the potential
barrier V{g).

We would like to point out that the expression q defined in (4.13)
is not the only possible definition of the winding number. In fact, any
function q'(\) which agrees with g on integer values is an equally
acceptable definition of the winding numbers. We may write

q' = q¢(q)
with
¢{n) =1 for n = integer.
A simple example of ¢(n) is cosénr., Even though q and q' agree on
integer values, their behaviors for non-integer values are entirely
different. We can use this degree of freedom to define a new g' which

gives rise to a qg'-~independent mass. Indeed, if we require

2 4 5
3 . -
K.E. = LA 575 =-;—m“q'2, (5.4)
g2(\2+a?)
with m" being a constant, and
q'(-0}=0, q'{w)=1; (5.5)

we.obtain
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2 I'(5/2)

, 2
.67 a (F(UZ) I‘(3/4)> ) (5.6)
g

A a
. T'(5/2) dt
T T TAj T/ ‘[m ( 72

p2+1)5
1 sign : (1 3)
= -t — —_—
2 2B{1/2,3/4) B&, 2’4/ (5-7)
where )\2
g = -—————2 > (5'8)
A +a

and Bg {a,b) is the incomplete beta function. In terms of the new winding
number q', the potential barrier U(q') = gza vigh/3 “2 is a smoother
function of q' near q'=0, and 1. We have plotted V(q') as a function

of q' in Fig. 4.

6. FURTHER INTERPRETATIONS
In this section, we shall explore further the meaning of the vacuum
tunneling, For notational simplicity, we denote the field variables as

A(x,t), and the initial and final field variables associated with the

(W) 4 af@)

different vacuum modes are A and A

(1 (2) .

to A in the path integral form as
A_(Z) f ‘g
<A{2) [A(1)> = ) Ga ¢ LA, A)dt, (6.1)

We can express the transition

amplitude from A
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where L is the Lagrangian. We have also suppressed a gauge -fixing §-function

term for notational simplicity.

(1) {2)

For all the paths connecting from A to A"', we can parametrize

...} where f(x,A{t))
(1) (2)

denotes a family of field configurations connecting A to A

A(x,t) by a set of variables {f(x, )\, (t)), 3,48,
, and
a.(i=1,2,...) represents the remaining variables describing the fluctu-

ations around the path f(x,A(t)). We can express the transition amplitude

as

L +iL)dt
<a'® ]A(1)> =‘/‘°@R(T)_@ai T, a.) eﬁl 172 »2)

where J is the Jacobian describing the transformation of A to {f(x,}), a.l} .

(6.3)

L, (N = L4, A) 'A = f(x, A (t))"

and

L,nX,a)=L-L. (6.4)

Now, we integrate out the variables ai's, and obtain an effective action

AS. ifL dt .
f.,@ai Jnaye T % = BS0) (6-5)
We can write the transition amplitude as

L, (h, \)dt+1iAS(A)
<A(2)[A(1)> i/.@“t) . f 1 . 6.0

Note that our result (6.6) is still general. The result does not depend on
the particular choice of the field configuration {collective codrdinate)

f{x, Mt)). On the other hand, we can see easily that L1 obtained here
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depends crucially on the choice of f(x,\(t)). The difference in L1
due to two choices of f(x, A) is compensated by the difference in the
correction term AS, For some choices of f, AS may be small, We

conjecture that the particular choice of f(x, A {f)) which maximizes the

transition amplitude
(0} i L (n, Ndt
<A(2)[_A(“> zf,@x(t ) e f ! . (6.7)

gives rise to a small correction term AS. For this choice of
f{x, A (t)), we can ignore AS and write

<a'P |1, :f,@h(t) . fLi()\’ o (6.8)
The -integration over the one-parameter function (path} A{t) leads to a
one-dimensional quantum mechanical transition amplitude. This resuilt
is equivalent to our calculation given in the previous section. We wish
{o emphasize that the smallness of AS is at the moment a conjecture,
The above assumption is equivalent to the dominance of the "most
probable escape path” (MPEP) in the function space. 12 We believe that
this conjecture is a reasonable one.

Operationally, what we have done is to replace A by A{x,t)=1£(x, A\t )),
and supress all other variables. We would like to point out that the inte-
gration over A(t) for a given A =f(x, AM(t)) still includes many paths in
the original (x,t ) space. Namely, to each function A(t), it corresponds
to a path in the (x, 1) space. Ii is the integraiion over these paths which

makes the quantum tunneling possible.
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For transition between vaccua with different winding number,
there is no classical path which minimizes the action. However, it is
possible that there exists a two dimensional surface {(or more generally,
a N dimensional hypersurface) such that a path outside the surface gives
rise to a larger action than that obtained from its projection in the surface.
If such a surface does exist,the path integral will be dominated by the paths
lying within the surface. If {ai} measures the variations of a path per-
pendicular to the surface; then, the action is dominated by the surface
A = fix, A1), {ai} =0. Thus, we obtain naturally a semi-classical
approximation by setting all a; = 0 {classical 1limit), bui keeping the
integration over A(t) exactly. This semi-classical approximation is
precisely the method used in the previous section.

The above interpretation also suggests that, with a proper choice
of f(x, AMt)), Atc,t) = f(x, M t)) should obey the field equation va;v= .
Now, the relation among our tunneling solution, a classical solution, and
a fully quantum mechanical solution are transparent. 13 All three solutions
obey the field equation va;v'—' 0. In a classical solution, the field variables
are c-numbers. In a fully quanturn mechanical soiution,all field variables
are g-numbers and they obey the canonical quantization relations. In the
tunneling solution, one pair of dynamical variables (X, 3\) are treated as
quantum operators, and the remaining variables (the ai's) are treated as

c~numbers, At the moment, we have not yet found the proper parametr-

ization which makes this interpretation manifest in the Yang-Mills theory.
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However, we are able to provide such a picture in a simple ¢4 theory.
See Appendix for detailed discussion of this model,

We can generalize this physical picture to multi-instanton solutions.
In a N-instanton solution, the field equation va;v= ¢ are still satisfied,

but there are N-pairs of dynamical variables being treated as quantum

mechanical operators.

7. DISCUSSION

a. Relation to the instanton solutions

We have shown in Sec. 5 that the weak coupling tunneling amplitude
obtained from our solution agrees with the Euclidean action integral over
an instanton solution. Thus, our solution provides a direct verification
that the instanton describes the vacuum tunneling. The Euclidean
description is valid if the tunneling is weak such that the WKB approxi-
mation is reliable. In the sirong coupling case, the WKB approximation
is no longer reliable. We expect that the Euclidean version is not
reliable either, and one has to solve the tunneling amplitude in the
Minkowski space exactly. In the following, we shall examine the con-
nection of the WKB and the Euclidean solution closely.

In the Minkowski solution, we do not have the self-dual condition
E=iB as given in the Euclidean solutions. We have instead a weaker
condition EIlB for all x and t . Combining the condition E /| B with

Egs. (2.16), (2.20) - {2.20), we have
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= = [m
E-B /350 *
=B Tmovm (7.1)

which should be viewed as an operator equation. We can recover the
self-dual condition and the Euclidean solution from (7.1) by noting that,
in the WKB approximation, we may interprete formally the momentum

1N during the funneling to be imaginary,

p,=iN2mV , (7.2)
Note that this is only a formal, operationally convenient identification.
The true guantum mechanical operator p A is self-adjoint, and does not

have any imaginary eigenvalue. Accepting this formal identification,

and substituting (7.2) into (7.1), we obtain the self-dual condition
E =iB. (7.3)

Indeed, if we apply this formal identification to our solution in Sec. 4, we

obtain
A=, (7.4)
and
2
E=iB = - —~ iza 3 (7.5)
(x 2+ \& +a?)

which is precisely the analytic contihuation of the instanfon solution to

the Minkowski space.
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b. Non-optimal solution

In. Sections 4 and 5, we concentrate on the vacuum tunneling
through an optimal path, (i.e. the most probable escape path. 12) In
reality, tunneling through non-optimal paths are also possible, but they
give rise to slower rates. In the following, we shall provide an example
for such a path.

Consider the tunneling through the field configuration

A =0, (7.6)
A= AT X xT . (7.7)

;2+K2+32

The field configuration 3 in (7.7) is identical to that of (4.2). It is easy
to see that the winding number changes by 1 (Q =1) as A varies from

-0 to @, The E and B fields obtained from (7.6), (7.7) are

= [(-2%+%%+2%) 7 20 & x 7)] s

(7.8)
& 2432+ a2)°

2
- za T (7.9)

(;2 + K2+ aZ)Z

{

os))
I

respectively. Note that E and B are no longer parallel to each other.

Indeed, when we compute the WKB tunneling amplitude, we find P = e_R

with
R = 15.8831 72/g%> 8n2/g>. (7.10)
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At the small g limit, P represents a much smaller tunneling amplitude

-82 /g2
than the maximal tunneling amplitude e .

c¢. The instanton density

In this paper, we consider the vacuum tunneling describing the
change of field configurations around the origin (xH= 0}). Evidently,
vacuum tunneling can also appear at different space time locations, and
the tunnelings at large separations (distances >> a) are dynamically
independent. Also, tunneling processes involving small space-time
regions can take place within the tunneling processes involving large
space-time regions. Using simple scaling arguments,we expect that
the total tunneling rate due to a single instanton (i,e. Q =1 transition)
over the entire space time region and sizes is

VT da _-16n%/g

4 g
a

I'=z (7.11)

If the contribution due to different instantons are independent as in the
dilute gas approximation, we expect that the average density of the

instanton and of the anti-instanton are the same, and are given by

2, 2
dn « 9—2— e‘iéﬁ /g
a

(7.12)

(without quantum correction).
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The vacuum is thus filled with randomly distributed instantons and
anti-instantons as in a dilute gas. For a fixed g, the density of small
size instantons varies as the fifth power of 1/a. Presumably, the
quantum corrections will moedify the tunneling amplitude. It is reason-
able to assume that the higher order correction will change the coupling

constant g in (7.12) to the running coupling constant g, giving

2,—, .2
dn « _d_a e“8Tr /()

5
a
(7.13)
(with quantum correction).
. . . 14 .
According to the perturbative calculation, one finds
2 2 a
St .8 22y, o (7.14)
- 2 3 a
g(a) g
2,2 2, 2 2213
8r [E 8n /g (_5_) ) (7.15)
0

where a, is the length associated with the renormalization point, This
correction is sufficient to render the instanton density finite at small a

region,

22/3 2, 2
dn da o 161 /g
51 a
a o

= const. 37/3 da. (7.16)
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It is generally believed that at large a, g(a) becomes large too.
Hence, the WKB tunneling rate is no longer reliable. If we take the
formula (7.13) literally and study iis large a behavior, we find at large

a,

which gives rise to a finite density. This indicates that the total density

of instantons over all sizes is finite.
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4
APPENDIX, VACUUM TUNNELING IN A SIMPLE ¢ THEORY
Consider a two-dimensional (;54 theory described by the Lagrange

function

1 3
+B(c2¢-—§¢>+%Bc3,B>O. {A.1)

The field equation obtained from (A.1) is
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It is easy to see that for a classical field both ¢ = ¢ and ¢ = -c are
stable minima. Quantum mechnaically, the ¢ = - ¢ state represents an

unstable vacuum, and the tunneling to the stable vacuum state ¢ = ¢ will

take place. 15,16

We shall consider the case of a small and possible B
in which the vacuum tunneling is weak. The Hamiltonian of our system

is

. 2 2 -
H- ¢2+§(-§§) v Lot B -B(czdo--;— ¢>3)
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Be, (A.3)

The energy density associated with the unstable vacuum state, ¢ = -c, is
chosentobe zero. The energy density associated with the true stable state,

p=c, is -€ with

ce= 2 gy, (A.4)
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To understand the tunneling process, we note that there are kink-
antikink states, which are degenerate with the ¢ =-c state. The exact
form of the kink-antikink states were worked out by Katz in Ref. (16).
For our purpose, we only need to consider an approximate form. The

kink-antikink state centered at the origin is described approximately by

¢ = c [tanh %(x + xc) - tanh % (x - xc) - 1] , (A.5)

with
b= N2ge?, (A.6)
KC = M/e , (A.7)

- ——-——2}{—2 gt/ e3, (A.8)

In (A.6) - (A.8), p denotes the mass (or frequency) associated with small
oscillations around ¢==zc, ZKC is the separation of the kink and the
antikink, and M is the mass of the kink. The total energy associated

with the field ¢(x) given in (A.5) is

E=2M-~-2ex =0,
C

as desired,
We shall work out the tunneling amplitude between the ¢=-c
unstable vacuum state and the state given by (A.5). Once the field

reaches the field configuration (A.5), a real kink and antikink pair is
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produced. The kink and the antikink will move away with an acceleration
= 0(B), and they leave behind them an increasing region of true ground
state ¢ =c. Thus, the tunneling between the ¢ = - ¢ state and the (A.5)
state represents the vacuum tunneling that we are looking for.

The intermediate field configuration describing the vacuum tunnel-
ing is the kink-antikink configuration located at X\ and -\, and moving

with velocity =+ A .

X tA

_ BpooxX = A
$=c |tanh & — - tanh & - -1 . (4.9)
[ 2 [, 32 2 Ji2

The 1/+1 - .?\2 factor denotes the Lorentz contraction of the moving kinks.
(In the tunneling process, N is imaginary and the factor 1/ 1 - 'hz is
smaller than one. It actually describes a Lorentz expansion! See

Ref. (16)).

After ignoring terms O(Bz) or higher, we obtain the effective

Lagrangian as
1 .2 1/3¢ 2 gr.2 2 . 2 1 .3, 2 3
- dx[ﬂ -7(58) -3(6° ") +m(Pe-540 G )]
12
= -2M N1-X" +2enr. (A.10)

The first term in (A.10) denotes the Lagrangian of the kink and antikink

moving with velocity + A , and the second term 2e\ describes the volume
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energy of the ¢=c region between the kink and the antikink, The

Hamiltonian associated with our system is

= '\Ip2+4M2"'ZE}\, {A.14)

where .
pi-ﬁ=-—-——.-??\. (A.12)

We can identify the kinetic energy K and the potential energy V as

~/p2+4M2' -2M (A.13)

>
"

<
4

2M-2¢eh, (A.14)

In Fig.(5), we plot V as a function of A. As we vary A from 0 to hc,
V{A) first increases rapidly to 2 M indicating the creation of a kink-
antikink pair. V(\) decreases graduately to zero as \ increases such
that the volume energy -2€X becomes important.

We now treat L. and H as those of a one-dimensional quantum

system, and obtain the WKB transition amplitude as P = e B with

A
[
R =f Jam?-zen® o
0

= wM)_J2 - M2e . (A.15)
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As a quantum mechanical system, \ and p obey the Heisenberg's

equations:
M= i[H ] 2 e (A.16)
;;p +4 M
and
p=i[H,p] = 2¢€. (A.AT)

Equation (A.16) is identical to the definition of p appearing in (A.12),
We may express (A.17) as the equation of motion for a relativistic

particle moving under the influence of constant force e,

d 1 . 2Bc¢
— = €M (= ) . (A.18)
dt [ 1- KZ] 11

The region A< )Lc is forbidden classically by the energy conservation.

However, vacuum tunneling can occur quantum-mechnaically, and it
takes place precisely in the forbidden region X\ < ?\C. Heisenberg
equations of motion (A.16), (A.17) apply equally well to the tunneling
process as well as to the real motions of the kink and antikink after
tunneling.
We would like to show that,with a slight modification, ¢ given in
(A.9) obeys the full field equation (A.2) if » and X obey (A.16) and (A.17).
For simplicity, we shall treat A and X as c-numbers. We expect that
one can generalize the above result to accommodate the operator nature

of P\andi.
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To verify that the ¢ given in (A.9) obeys the field equation, we
note that the kink and the antikink solution in ¢ do not interfere with
€ach other once they are separated by a distance A\ >> 1/p. Fortunately,
the region hc > A>>1/p is exactly what we need to know for unde rstanding
the tunneling process. In this region, we can treat the kink and the anti-
kink solution separately. We shall demonstrate in the following that both
the kink and the antikink solution obey the full field equation (A.2).

Consider the kink solution,

+
4, = ctanh £ ZEX (A.19)
k 2 + 2
1- A
We have ,
CH 2{p x*X A
¢, = = sech | =
k 2 2 NETRY N1-X
Cl 2{p xtA x+ XA
+ —— sech - {=-AX) . (A.20)
. (2 J1 32 ) (1-33P02

The first term in (A.20) describes the c.m. motion of the kink. The
second term in (A.20) describes the change of shape of the kink as we
accelerate it. We can remove the second term readily by including a
small {(~0(B)) shape correction term in the argument of tanh in (A.19).
In the following, we shall ignore this term because its presence does not
affect our final conclusion, but only complicates our discussion. With

this simplification, we have
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;. CR 2/ p Xt A
¢k > sech (2 = >

1

+ terms which can be ignored, (A.21)

cp Eox+x \d )

. 2
¢, = —— sech ( -———-—)—-—————
k2 2 /1-?\2 dt 1-3%

<2

cp 2/ x+\ ( x+\ ) A
- ——sech ( &= ~=————=|tanh —_— | ————
* - - 2
2 <2'\ii—)\> 1-?~.2 (i-kz)

o E

+ terms which can be ignored, {A.22)

where we have ignored shape-correctionterms, and terms of O(BZ) or
higher. Hence, we have for a single kink solution

2

9 ¢
. k 2 2 2 2
qsk— axz + g(¢k"c ) d)k-B(c —¢k)

=0, (A.23)

The 1ast_ relation follows from the equation of motion (A.18). Of course,
the result applies equally well to the antikink solution. We can now work

out the field equation of ¢ associated with a kink and an antikink solution
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given in {A.9) in a similar way, obtaining

2
- 28 g(g®-ch g-Bie® -6
dx

S

=0, (A.24)

provided that the Heisenberg's equations of motion are satisfied. Since
the Heisenberg's equations of motion are satisfied for tunneling processes
as well, we expect that the fyll field equation (A.24) (or (A.2)) is satisfied

for the vacuum tunneling solution.
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FIGURE CAPTIONS

A typical potential barrier associated with the
vacuum tunneling. The parameter A denotes the
change of field configurations. WNote that the
potential V(X\) vanishes at \ = Xi and )‘2’ and that
it is positive semi-definite, V{X) =z 0, for >\1< A< ?\2.
The potential barrier as a function of the winding
number g for a Q=1 vacuum tunneling. The
winding number ¢ is defined in Eqgs. (4.12), {(4.13).
The effective mass parameter as a function of the
winding number q for a Q=1 vacuum transition.
3¢°m'(q)

32w . a -

F(q) is defined by F{q) =

The potential barrier as a function of a modified
winding number gq'. The variable q' is defined in
Eq. (5.7).

The potential barrier as a function of the kink-
antikink separation in a two-dimensional ¢4 theory.
The variable Xk denotes one half the kink-antikink

separation.
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