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ABSTRACT

An exact duality transformation is applied to the partition function, Z,
for the x-y model in two and three dimensions. The fields which appear
in the dual representation of Z are integer valued and represent the topological
excitations, or vortices of the x-y model. Furthermore, this form of the
partition function is particularly simple at low temperatures. In two dimensions
the dual representation of Z at low temperatures describes a two dimensional
coulomb gas in which the point charges are vortices, In three dimensions,
the dual form of Z describes a locally invariant gauge theory, analogous
to QED, and coupled to integer valued, conserved currents which represent
the line vortices of the three dimensional x=y model, Qualitative comments
about the low temperature behavior of the theories are made. The meaning

of vortices on a lattice is also discussed,
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I. INTRODUCTION

Topological excitations are certain stable or metastable configurations
of fields which exist because the system in question has a compact symmetry.
These excitations which in general represent rather complicated field
{or spin) configurations can have a profound effect on the behavior of the
system. Because the relevant field configurations are so complex,
ordinary perturbation theory (or the high temperature expansion) is not
useful for describing these excitations.

Recently, a new method was proposed for dealing with these objebts. 12,3
The method is applicable to a class of theories in d-dimensions which
possess a U{1) symmetry and consists of transforming the usual partition
function of the theory into a new form using a duality transformation.
The fields which appear in this new form are integer valued fields which
directly represent the topological excitations of the theory. Moreover,

this new form is particularly simple at low temperatures (or, in the

language of field theory, small coupling constant).

The simplest member of the class of theories considered in ref. 1
is the x-y model, In this paper we will apply our methods to the two and
three dimensional x-y models, The extension to higher dimensions will

1,3 . 4,5
be clear, "’'“According to the usual homotopy arguments, the globally
U(1) invariant theory in d dimensions should have topologically stable
excitations of dimension d-2, In two dimensions, therefore, we expect

the x~y model to have point vortices, while when d = 3 we expect
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line vortices. (For d =1, localized topqlogical singularities are not
important at low temperatures, although smoothly varying spin configurations
which go through several revolutions from one end of the lattice to the
other are, Formally, we can consider this an excitation of dimension -1, )
After applying our transformation to these theories we will obtain expressions
for the partition functions in terms of the vortex degrees of freedom. This
exercise will also demonstrate in detail the steps involved in the general
duality transformation described in ref, 1-3,

For the d = 2 x-y model, we will be able to write the partition function
in terms of point vortices, The low temperature limit of our expression
will coincide with the low temperature approximations to Z derived by

¥

other authorsz,’ ba.nd is just the partition function of a neutral coulomb
gas in two dimensions.

In three dimensions, we will show that the x-y model is equivalent
to a locally invariant gauge theory for which the symmetry group is Zm ,
the additive group of integers. At low temperatures, this partition function
becomes identical to the generating functional for photons coupled to
integer valued conserved currents in three euclidean dimensions, These
conserved currents represent the vortex 1ing filaments (actually, vortex
rings) which appear in this theory.

In the next section, we will present the duality transformation for

the two-dimensional x-y model. We will also discuss in what sense the

integer valued fields of our dual representation may be regarded as vortices.
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This point requires some elaboration. The physical degrees of freedom

1
of the x-y model are the spins, Si =e L . Physically, we associate a vortex
with a spin configuration in which the spins rotate some non-zero number of
times as we move along a contour which surrounds the vortex. To describe
this vorticity mathematically, itis common to say that the phase integral
éde (x} {or, on a lattice E ABi) around the closed path is non-zero, which
means that 6‘.1 is multivalued. (Of course, the physical degrees of freedom,
Si’ are single valued.) But in the usual formulation of the x-y model, (2.1),
this criterion is difficult to implement since the range of 8 is only -w to =.
Moreover, performing the duality transformation, one obtains integer valued
fields only after integrating over -all spin configurations, and so it is difficult
to uniquely identify a given configuration of dual integer valued fields with a
configuration of spins. It is possible, however, to define another mode15
whose low temperature behavior is the same as that of the x-y model. The
vortex excitations of this model can be simply described in terms of a multi-
valued angle variable, 7 , and can be related in a unique way to configurations
of the spins, eiT. Our integer valued, dual fields will be put in a one-to-one
correspondence with the vortices of this model, and in this sense can be
regarded as the vortices of the x-y model. In Section III we apply our duality
transformation to the three dimensional x-y model. We discuss problems of
gauge invariance and demonstrate that the currents of the gauge theory

represent the line vortices of the model. Conclusions and a summa ry are

presented in Section IV,

-,
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II. THE TWO DIMENSIONAL X-Y MODEL
A. The Partition Function at Low Temperatures
We now present the details of our duality transformation for the two
dimensional x-y model. This operation will result in an expression for
the partition function which simple at low temperatures., Some of the steps
involved are well known and have been described by others in different
contexts, but are repeated here for the sake of completeness. In the
next subsection we will discuss the interpretation of the integer valued

fields that will appear in our final expression.
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The usual form of the x-y partition function is

m
dg; B _Z_cos (8, -0.)
k < {i>
Z = f ‘[T e lJ 1 J (2. 1)

where the limits on the 6 -integrations follow from the fact that Z includes
a sum over all (physical) configurations of the spins, Uk =exp (i ek_).
The sum in the exponent runs over all nearest neighbor pairs on a two

dimensional square lattice. Using the character expansion for the interaction,

Bcos(6, - 6,) - ;
e 1 I “.1.(91"9.)
EE TPl o (2. 2)

n=-o

(2.1) can be rewritten

w d R .

Z = 2 ﬂ- I ..(ﬂ) .[ LT zf el?ej(é Ej) . (2.3)
{a} Lw w3 T

In this expression, we are instructed to sum over a set of integer valued

fields, {n }, one for each link of the lattice. Since the links can be labelled

by a site, i, and a direction, u, the ni " can be thought of as a collection

r

of two-vectors, ;- The coefficient of BJ_ in the exponent is the discrete

divergence of n at the site j. Specifically,

At n =N, (2.4)

L] . ™ .o AN
i X jxx LY vy

|

H

where we recall that the site labels are two dimensional vectors., (We

will usually omit the vector symbol from site labels, for notational convenience. )
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Since the fields, n, are integer valued, integrating over the ej in {2, 3)

will just give us a set of kronecker & -functions which enforce the condition
A+ n =0 (2.5)
at all sites j. This condition is automatically satisfied if we write

n .. =€ A¢ (2. 6)
T RV V]

where { qﬁj} is a set of integer valued fields located at the sites of the dual
lattice. For a d-dimensional hypercubical lattice, the dual lattice can
be obtained by shifting the original lattice by half a lattice spacing in each

direction. (see Fig. 1.) Using (2.6)in (2. 3) (and neglecting overall

constants ), we have

z .ﬂ' I A ¢ B = zexp

{¢y ¥ w¥ VI {¢)

Jz [ é(m]‘. (2.7)

Now, for integer n, In(ﬁ) has the representation

m
I () = 1 f dw eﬁcoswcos nw . (2.8)
n ™ Jg

We insert this representation in {2.7) and expand cos nw in powers of

n. The partition function can then be written

(2.9)

e T efS S

{¢} Uir p=t

g
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2
where we have dropped an overall multiplicative factor of I0 N(ﬂ), N
being the number of sites of the lattice. Dp(ﬁ) is the p'Eh cumulant of a

set of functions, ’I‘p {B) defined as

11
P _D. 1 2p fcos w
T = (-1 ——— d
p(ﬁ) (-1} Zp) ol (ﬁ)f ww e ) (2,10)
0 0
So, for example,
Di = Ti
D, =T,-T 2 2
D, = T, -3T T, +2T 3 t
3 3 172 . ¢
Using the identity
a0 <]
i?2
Zﬁw -k = z ot 2mme (2.12)
K== m =-m

we can rewrite (2.9) as

Z=J’6¢2Exp

where now the qu's are treated as continuum fields, -« < q53_< )

D (@)
E p 2p
| o (Auéj) +121-rrnj ¢j ‘ f2.13)
3, 1P

Now, let us estimate the behavior of the Dp([i). For very small B,

the T,

D {8) have the form
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p P B ) 2p
Tp(ﬁ) = (-1) p! Zp FI) +Tr(2p)lfdw W™ CoS w +] (2. 14)
0

so that even though the expansion in (2. 13) converges for all real A¢, all
Dy (3) will have contributions which are of low order in B and so cannot be
neglected. Consider now large B, We want to show that for § > 1, Zis
well approximated by keeping only the p = 1 term in the expansion (2.9)

or {2.13). To do this we first examine the coefficients Dp(ﬁ) for g > 1

and P > p. In this limit, the behavior of the Tp([.’:) can be calculated

using a saddle point estimate of the integral in (2, 10), or more conveniently,
we can replace one power of w in the integrand by sin w and do integration
by parts. This procedure will pick up the leading contribution in B_i,

since for large P the major contribution to the integral comes from small «.
Repeated use of this trick will let us determine higher order corrections.
Doing this, we find

P pt 2p-1n!

_p_.i )
p) "~ gp + ) ;B> 1,p.  (2.15)

Tp(ﬁ) = (-1)

Using (2. 15), we see that Di(ﬁ) = -1/2B. Furthermore, in the calculation

of Dp(ﬁ) for P > 41, there are cancellations among terms of low order in

B- , so that, for example, Dz(ﬂ) A~ ﬁ’(i/ BB). Now, the expansion in the
exponent of (2.9} (that is, the expansion of In In(ﬁ) in powers of n)is certainly

ip 2
convergent for all real (A¢ )2. Moreover, if B > 1, and (Ad) £ B, we

make errors only of order [3_1 in the exponent of (2,9) by keeping just the
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P =1term, So to show that keeping only the term with p = 1 is in fact

a good large P approximation to Z, we need to show that configurations

of {¢} such that (Aqﬁ)z > B, make a negligible contribution to Z. This

is not completely obvious since the series in the exponent (2.9) alternates

in sign, and so the P = 1 term which becomes large and negative when

(AQS)Z > p could be cancelled by terms of higher order in p. That this

does not happen can easily be shown using a uniform asymptotic form for
In(ﬁ) valid as n and § both go to infinity. 7 The quadratic term in (2.9)

is therefore a good low temperature approximation to Z. A systematic
expansion about this approximation is possible by retaining higher and

higher terms in p (and more and more accurate approximations for the
Dp(ﬁ)). Such an expansion is related to (but is not exactly) a perturbation
series in powers of T, It will be sufficient for our purposes to keep only

the term with p = 1, which we shall do in the rest of this paper. It is
important to remember, however, that each term in the exponent of (2.9)

{or in the analogous expression in higher dimensions) has the same symmetry
properties, and so we will never introduce artificial symmetries by retaining

only the quadratic term.

For g >» 41, we can therefore write (2.13) as

_ o1 2 .
Z = fﬁ ¢ 2 exp Z 28 (qub].) +12nmj¢j (2. 16)
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where we have used the approximation of {2, 15) for Ti(ﬁ)' The functional

integral over ¢ can be done by introducing the representations

T o
i - .
¢. = 5> | dae L dn) (2.417a}
I oen®)
hts
P
1 2 -iq - j
m, - = | d%qe 19 lx(g) (2.17b)
I emt

where the q's are vectors in the first Brillouin zone, If we have periodic

boundary conditions, this representation will diagonalize the Hamiltonian,

Inserting (2.17)in (2. 46) and summing over the lattice sites, we can write

2 1 B
z - 2 fan(q)exp [7 dfa-x@n@]® 55 @n (2.18)
{m} "

where

-T,(B) =T, (B)

K@) = —5—Ta) = —5 [1-%2 cos g ﬁ‘]
T T n
(2,19)
~ 12 :l-é 2 cosq-ﬁ
2B m ~

and where we have dropped an inessential Jacobean and have used the

fact that since ¢j and mj are real, n(-q) = na-(q), and £(-q) = Ex(q),

The Gaussian integrals over n(q) can now be carried out with the result
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" 2K(q) ¢ (@)
-qu%ln[ Trq]+ d
=T

16K(q)'rr2

(2.20)

Inverting the transformation (2. 17b}, we have

£lg) = Z m, etd 74 (2. 21)
i 4

which we insert in (2. 20). Integrating over q, and dropping an overall

constant, we finally have

Z = Z(O){z exp
m }

[ ot 2t
-

B S S 2. 22
16T (o) < ™'y (2. 22)

where

and
g elgc )
_ 2 e ~
Vig T L 49T

7(0)

is the partition function of free, non-interacting spin waves in two
dimensions and, as we shall see describes the x-y model in the absence
of vortices. The second factor in (2,22) is just the partition function of

a neutral coulomb gas in two dimensions. This can be seen as follows:

There is a divergence in Vi‘ which can be removed by writing
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2
d
V,, = U.. , 2.23
ij ff(q ij ( )

3 f alq 1 -4 I (2. 24)
R I'(q)

The first term in (2. 23) is divergent, Its coefficient in the Hamiltonian

o
I

2
is proportional to -(Z mi) . Hence, the total net charge of the system must
i

8
be zero, For i =i, Uij =0, Fori #j, Uij is well ag::proximated9 by

Uij = 81r[ln [1-j'+%1n8+y] = Sw[ln [i =i +c] ) (2.25)

v being Euler's constant. Using (2. 25} and (2. 15) we can display the low

temperature form of (2, 22):

= ()Zexp 16'1‘ ZmUm‘

{m}

= Z(O)Z exp wﬂZmiln[i—jlmj—-chZ miz‘ (2. 26)

{m} 1#] i

where the sum over {m} is understood to include only those configurations
satisfying szj = 0, We therefore have the partition function of a neutral
gas of integer charges interacting through a logarithmic potential. Note
also that there is a chemical potential which one must overcome to excite

the m's,
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B. Interpretation of the m-Fields

The expression (2. 26) looks the same as the approximate, low
temperature, form of the partition function for the two-dimensional x-y
model derived by Berezinski, Kosterlitz and Thouless, Polyakov, and
others.s’ ¢ In their works, the fields {m} have been interpreted as vortex
excitations, but strictly speaking, (2. 26) has a somewhat different interpretation.

To understand the difference, we need to briefly summarize what
other authors have done.mAlthough the details of the analyses differ from
author to author, the general approach has been to construct a compact,
quadratic theory which at low temperatures agrees with the small T behavior
of the x-y model. The first step is to approximate cos (6,1 - ej) by its
quadratic term., Next, the range of integration over 8 is allowed to extend
from -« top @, One then essentially solves the equation of motion8 V28 =0,
but remembers that since # is really an angle, discontinuities of 2mn are
allowed in the solution since this discontinuity in 6 will still correspond
to a mostly smooth configuration of spins. The classical solution is then

BC(I‘) = Z kumln (r —rk} (2.27)
k

where the {qk} is a set of integers. One then writes 8 = Bc + s, and
inserts this into the quadratic Lagrangian. The result is a partition
function which is equal to (2. 26). ¢, the perturbation about the classical

)

0
solution gives rise to the factor Z( and represents a non-interacting

spin wave, or free boson field (on the lattice). In this approach the integers
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q, are naturally interpretable as vortices at the positions r That is,

-

a small contour integral fd@c about the point r, has the value ank.

k
Moreover, in this formulation, the vortices emerge as pieces of the
original angles, @, namely the classical parts,

In our approach, on the contrary, the discrete fields, qi_l, are a
complete set of fields replacing the angles which have disappeared from
the problem. These fields are then represented in terms of the m-~fields
and the continuum ¢'s just as in the approach outlined above § was by
BC +i. Furthermore, in our formalism, the m's cannot be interpreted
directly as vortices, if by a vortex on the lattice we mean some spin con-
figuration in which the spin rotates through some multiple of 2w around a
closed contour. This difficulty has two sources: First, in performing the
duality transformation we have summed over all spin configurations, and
the spin degrees of freedom have been replaced by another complete set
of variables which include the m-fields. It is therefore difficult to associate
a configuration of m's unambiguously with a configuration of spins. Second,
since in the expression (2.1) for the x-y model, -w< 8= w, the quantity

EAG. will be zero around any closed path, and so this phase integral
1

cannot be used as a measure of vorticity. One might
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suppose that if we extend the range of integration -vLL < & = nL and let

L = o, we will be able to identify the m's as vortices. One way to implement
this would be to let 9_1 - 9_1 + 211*pi in the original partition function and

sum over the {pi} as well as integrating over the { Bi} from -wto .

If we do this, equation (2.9) will read

(ﬁ)

Z ZiNZZexp Zz-'—l——“(A¢)p+12nV¢’ (2. 28)

{e} {(V} [i,p p=t

where

¥ oo
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around the plaguette surrounding the jth site of the dual lattice, and the

limit L. = = should be taken. But this is the same as (2,9} since

exp [izwquvj] =1, so in this formulation the partition function is independent of
the 'vorticity', Vj'

To see this another way, keep the last term in (2, 28) to a later
stage in the calculation. Then we see that the effect of this term is simply
to redefine mj -’-rn:j + Vj in (2, 13), but we still sum over both mj and Vj
separately, so mj cannot be identified with any particular vortex.

The problem, of course, is that we have been too careful in retaining
the periodic structure of the Hamiltonian. Once we have integrated over
the principal part of the angle in (2, 28) we will have integrated over all
spin configurations of the system. Summing over the set {V} merely
repeats the process, but does not give any new contributions to Z. To
put it another way, the variable, 6 which appears in the x-y model (or
in the paragraph preceding (2. 28)) does not have the same meaning as the
variable, 6 associated with the compact quadratic theory?’ 6’I‘he final
low temperature form of Z derived by both methods is the same, but in
the compact quadratic approach leading to (2. 27) one is able to associate
a unique vortex distribution with each distribution of 6’ s (or spins) whereas
that is not possible in the formalism leading to (2, 28).

Nevertheless, even though our m-fields cannot, strictly speaking,
be identified as vortices, it is clear that they do play the role of vortices

in the partition function. The connection between our m-fields and the
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bona fide vortices of the compact quadratic theory can be made somewhat

clearer by the following considerations: ILook at equation (2. 28) and set
all the Vj = 0 and for simplicity keep only the p = 1 term. The discreteness
of the sum over ¢ is a reflection of the periodicity of the original Hamiltonian.

If we make the substitution
1
;ﬁ z —- fﬁﬁb (2. 29}
{¢}

then, with Vj = Q (2.28) will just be a functional gaussian integral which,
when transformed back to the 6 variables is seen to be just the partition
function with only the quadratic term of the cosine interaction and with

-0 < § < o, This non-periodic gaussian form has no vortices--that is,
only smoothly varying configurations of Bj have a significant weight in the
partition function. If we make the substitution (2. 29) in the full expression
{2, 28), then (2. 28) will be the same as (2. 13) with the m's replaced by
V's, On the other hand, remembering that we must sum over {V}, the
substitution (2, 29) does not change the numerical value of {2,28). All

it does is reshuffle the configurations of spins among the configurations
of V's, so that it is possible to assign a definite distribution of V's to a
given spin configuration. The substitution (2, 29) is essential to this
reshuffling since it ensures that in the absence of vortices there is no

periodicity, and that only smooth configurations of 8's are important.
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To summarize, our understanding of vortices is as follows: To talk
sensibly about vortices one needs i) criterion for measuring vorticity and
ii) 2 method of unambiguously associating a vortex distribution with a given
spin configuration. A common criterion for measuring vorticity, namely
the value of a phase integral is not directly applicable to the x-y model
defined by {2.1). In addition our duality transformation does not allow us
to uniquely associate a distribution of m-fields with a given configuration
of x-y spins, On the other hand, these cobjections do not apply to the compact

quadratic theory as treated in references 5 and 6. Now, at very low

temperatures, a configuration of spins in the compact quadratic model
will have essentially the same energy as the same configuration of spins

in the x-y model. There is therefore a one to one correspondence between
the spin configurations in the two models. Since vortices can be identified
in the compact quadratic model, the corresponding spin configurations

of the x-y model can be assigned the same vortex distribution. But the
partition function of the compact quadratic model written in terms of the
vortex degrees of freedom is the same as (2. 26), and so our m-fields can

be thought of as representing the vortices of the x—y model,

One might wonder what effect the fact that the lattice is spatially
discrete plays in this discussion. After all, homotopy arguments concern
continuous maps which are not possible on a lattice. For the purpose of
this discussion, the continuity can be thought of as a criterion for assocating
a vortex distribution to a spin configuration, But at low temperatures,
at least in the compact quadratic model, there is approximate continuity

for the spin configurations, since only those configurations in which the
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spins vary smoothly from site to site will be important. Hence, it is
compactness of the symmetry, and not spatial continuity which is important
for the existence of vortex like excitations. (Of course, the continuum limit
in the sense of the renormalization group could a priori have different
physics, but that is another question. )}

We have made some effort to explain in what sense our m-fields
are vortices. But, this nomenclatural discussion notwithstanding, it is
important to remember that in terms of the original spin variables, the
low temperature partition function of the x-y model is still dominated by

¥

vortex-like spin configurations as described by other authors. Bearing
all this in mind, in what follows we shall sometimes gloss over these
distinctions and simply refer to our integer valued fields as vortex excitations.
It is worthwhile stressing one other difference between the compact
quadratic approach and our duality transformation. Some previous discussions5’6
of the x-y model involved at some point an explicit sum over an infinite
number of minima of the Hamiltonian, all of which had the same energy.
This was accomplished either explicitly in the partition function, or by
solving the classical equations of motion as described above. Using this
procedure, one might a priori be concerned with problems of overcounfing
in the partition function when one calculates very high orders in perturbation
theory about these vacuua. Such a problem does not arise in our approach.

The duality transformation leading to (2.13) is exact and so there is no

possibility of overcounting. We view this as a significant conceptual
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advantage that might be of real value in more complicated problems.“

Finally, we mention that since our analysis yields a low T partition
function which is to a first approximation (i. e. keeping only the p =1 ferm
in 2.13) identical to that derived by other methods, our approach predicts
the same qualitative features for the low temperature behavior of this
model as have been previously discussed. This is clearly true when describing
the theory in terms of its vortex excitations. Furthermore, although the
formalism is somewhat different, the expressions for the spin-spin
correlation functions calculated by our method (which involves the duality
transformation) will be the same as those computed using more traditional

methods.

I1I, THE THREE-DIMENSIONAL X-Y MODEL

We turn now to a discussion of the three dimensional x-y model.
In this case application of the duality transformation shows that the d =3
x-y model is equivalent to a locally gauge invariant theory which resembles
QED, In fact, the low T limit of the partition function is the same as the
generating functional for photons which are coupled to conserved, integer
valued currents in three euclidean dimensions. These currents are the
vortex lines of the three dimensional x-y model (in the same sense in which
the m-fields of the previous section were the vortex points of the d = 2

x-y model, )
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As before, we begin with the usual expression for the d=3 x~y partition

function

v 48 B £ cos (8.1-9]_)
Z = f m E o <ij> (3.1)

where now the spins Uk = expl:i Bk] are associated with the vortices of a
three-dimensional cubical lattice, and the sum in the exponent runs over
all nearest neighbor pairs, Proceeding as before, we use {2, 2) to write
(3.1) in a form analogous to (2,3), Integrating over the angles, Bk.,

results in a product of kronecker & -function constraints which enforce

the condition

9-133. = 0 (3. 2)

at each site j, only now n is a three vector (since there are three links
pointing in positive directions associated with each site) and 4 in (3. 2)
is the three-divergence, To satisfy (3.2) it is necessary and sufficient

to write n in the form

n = (3.3)

. € A A
) Fuk v As]
The A . are a set of integer valued vector fields which are naturally
associated with the links of the dual lattice, Referring to Fig. 2, we see

that there is a one to one correspondence between links of the original

lattice and plaquettes (elementary faces) of the dual lattice. Four fields,
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A?vj’ are coupled together according (3. 3) to yield a value of a given

n i Each of these A)\j is associated with one of the links of the dual
TS ;

lattice which borders the dual lattice plaguette through which the original

lattice link associated with the given n . passes.

»

Using (3.3), (3.1) can be written

Z = Eexp E In[I (ﬁ)] . (3. 4)
: [EpvavA?\;j
{n} L

The sum in the exponent runs over sites and directions of the dual lattice,
The sum over {n} is understood to be a sum over all distinct configurations

of n . which can be obtained from a set of A?\'j via (3.3). Putting it another
K *

way, one chooses a set of A)\-j then forms from them the set n}rj and

calculates a contribution to (3.4). Moving on to another set A, . one

X;j

repeats the process, but one must be careful to avoid counting distinct

sets of A?\'j which give rise to the same set of integers, n ., Sets of

A's related by

- +A '
Ah;j A?\;j hpj (3.5)

where pj is an integer valued field will give through (3.3) the same set of
n i This problem is just the usual problem associated with defining

M
a functional integral (in our case, a functional sum}) in a theory with a

local gauge symmetry, expressed here through (3.5). On the dual lattice,

the symmetry (3. 5) can be visualized as follows: associate a number with
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each dual lattice site, j. Add that number to each A)\;j-"?\\ and subtract it
from each Ax;j (,» =41, 2, 3), This operation leaves the nH;j invariant,
Since this transformation can be carried out at each dual lattice site
independently, the symmetry is local.

The symmetry (3.5) is quite similar to the symmetry of the photon
field in QED, only in our case the vector potentials and gauge functions
take on only integer values. (Actually, an overall, non-integral constant
can also be added, but this is trivial.) In fact, (3.3) shows that the n .

IJ‘)

can actually be thought of as Fv , or integer valued E and B fields in

A
three space-time dimensions.

We will return later to a discussion of this gauge symmetry and how
one can define the functional sum in Z, but first we wish to extract the
leading low T piece of {3.4). This is easily done in a manner analogous
to the treatment of the two-dimensional x-y model. We use (2.8) to

expand the exponent of (3.4)in a power series inn _, Doing this we have

>

s o)

D _{B)

- o Zp
Z = E exp 2 2 = (e pthvAh;j) (3.6)
{n} j’P p=1

with Dp(ﬁ) given by (2.41) and (2. 10). The analysis of the coefficients
proceeds as in the last section, and so it is a good low T approximation

to keep only the term with p = 4. Doing this we can write

-1 2
Zgzex —z(AA.—AA.) 8> 4 (3.7
pzﬁ BV Vo] 8

{FMV} AT
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where

F

(l
P
e

l
>
=

I
=

I iR R S i (3.8)

according to (3.3). (Note that the indices on n refer to sites and directions
on the original lattice while the indices on F and A refer to sites and
directions of the dual lattice. )

(3.7) looks exactly like the generating functional for free photons in
three space-time dimensions except that the fields AR;. are restricted to
take on only integer values. It is interesting to compare (3.6) or (3.7)
with the corresponding expression in the d = 2 case, (2.9). Keeping only
the p =1 term in (2.9), we see that we have a discrete two~-dimensicnal
gaussian model which would describe a free massless spin zero boson if
the field, ¢, took on continuous values., In both cases it is the discreteness
of the fields that give rise to non-trivial topological structures,

To understand (3.7) {or (3. 6), since the symmetry properties are
the same) we need to rewrite Z as we did in the last section by using the
identity (2.12). Here, however, we must be somewhat more careful
because of the local gauge symmetry. First we present a heuristic derivation
of the final form for Z. This will be followed by a more careful discussion
in which Z will be defined by choosing a gauge.

The heuristic argument proceeds as follows: In (3.6) or (3.7) we
need to sum over a set of variables {n _}. Eachn _ can take on integer

) s

values from -« to «. We use (2, 12) to write



Z

{
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J,ZWZK n
o 3T 69

Using (3.9) in (3, 7), and making use of (3. 3), we have

-4 2
= i A
2 f6(€pvavAl;j)expsz (zﬁ)(eMAVAR;j) vz e WA A L (3.10)

} tir e }

| &

We sum the last term in the exponent by parts and rewrite (3, 10) {dropping

Jacobeans)

-1
A )e z —F F +i2nJ A 3,11
f XP’_ 2B wwi wvij [V IV ( )
{J} I v
where
Ju:j = - evaAva:j . {(3.12)

The prime on the functional integral indicates that as usual, a gauge
condition must be imposed in order to define the functional integral. The
prime on the sum over J indicates that not any arbitrary set of integers,
{J} is allowed; in particular, only those J's satisfying the representation

(3.12) will appear. This immediately implies that

AJ . =0 (3.13)
B

so the currents are conserved. This is heartening since it assures us
that every allowed configuration of J's will give a gauge invariant contribution

to Z, Finally, choosing a gauge and performing the functional integral we have
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(0
Z = Z {z}exp vﬁz 5 P"Jk vk
J ,v

J

where D viik is the three dimensional photon propagator (on a lattice),
v
{0)

and Z represents the contribution to Z from the sourceless, J = 0,

sector, The currents, J ., which are associated with the links of the

'

dual lattice represent the vortex lines of the three dimensional x-y model.

Before elaborating this point, let us examine the steps from (3, 7) to

(3.14) more carefully.

(3. 14)

This sequence of steps constitutes a good example of proof by notation,

The sleight of hand happens in the substitution (3.9). The point is that the

variables n . are not all independent, so it is not precisely clear what

1

is being done in (3.9). To- properly carry through the derivation of (3. 14},

one should identify a complete set of independent variables which will be

summed over and then perform the substitution (3.9) on those variables,

This can be done by choosing a gauge in the sum (3.6) or (3.7).

The gauge we will consider is an axial gauge defined as follows:

First we choose pj in (3.5) so that all the A, . =0 for A =1, Referring

Nii

to Fig. 3, which is a picture of the dual lattice, this corresponds to setting

all the A?\" associated with vertical links of the dual lattice to zero. This

2

does not yet completely specify the gauge, however. We can still add a

piece to pj, Bj which satisfies Ai‘ﬁ. = 0 without affecting the condition that

J

A = 0, We do this by choosing . such that A, . = 0 for all j which lie

;5 i 2]

on the bottom plane of the lattice. Finally, we have one last gauge choice
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to make since we are free to add to pj + 53. another piece "Ej such that

Aigj = Azﬁj = 0. This piece we choose by requiring that A, . = 0 for all j

which lie along the bottom front edge of the lattice as indicated in Fig. 3.

+]

We therefore have

Ai;j = 0 allj (3.15a
Aoy T 0 1 7 =g dg) (3. 15b
A3;j =0 j = (-@, -o, 33) . (3.15¢
Up to a trivial overall constant, this completely specifies a gauge:
the remaining Ap_. are a complete set of variables which independently
take on integer values from -oto =, We can now write (3.7} (or (3. 6))
in the form
ZZZexp iz(AA -AA )2 (3.16)
2g bV vl )
[A] i, M, v

where the set [A] includes all those variables not fixed by the gauge (3. 15).
Now, for each member of the set [A], we can use the identity (2. 12)

to write (3.16) in the form

Z = z f&[A] exp

[ H]

LA -aA FPeizeH A (3. 17)
A& 2B Y] Vol Il
,]r H;V

where there is one H , for each of the fields A . not fixed by the conditions

L s

(3. 15). The functional integral over A is understood to be carried out in
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the gauge specified by (3.15). Note that condition (3, 15a) is sufficient to
define the inverse of the quadratic form in (3.47), but all conditions (3. 15)
are necessary to completely specify the gauge.

Carrying out the integral over the A's, (3.17) can be written in the
form

Z = Z(O)z exp wﬁz H D _H . (3. 18)
Wi uvik vk
[ H] W, v
i,k

D is the three dimensional photon propagator in the gauge (3.15), and Z(O)
is the partition function with all Hp;. = 0—that is, the partition function for
the free photon field,

How are we to interpret the fields, H? To answer this, note that
there is a one to one correspondence between the terms in the sum over
Hin (3.18) and the terms in the sum over J in (3. 14). To each configuration
of H's (which in general do not satisfy the condition &4 + H = 0) we can
construct a configuration of J*s satisfying A- J such that the contributions
to (3.18) and (3. 14) match, This is done as follows: Consider a set of
fields [ h] complementary to the set [ Hl . The set [ h] consists of
integer valued fields, h ,, which are associated with the dual lattice

3]

links along which AH" = 0 according to the gauge choice (3.15). For any

configuration of fields H, we can construct in a unique way a configuration

of closed contours by filling in the configuration of H-fields with h-fields.

In other words, any line segment corresponding to an allowed configuration
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of H-fields can be closed by tracing lines along the links defined in (3, 15).
A gimple example of this is indicated in Fig., 4. By choosing the h-fields

to have the correct strength, this closed contour will represent a divergenceless

configuration of a current, G . =H . +h .. Inthe gauge (3,15}
5] [V iy
= G G
z HH’JD“v:JkHV;k z H;JD}-I-V,Jk vk (3. ‘19)
M, V M, V
ik i, k

for any configuration of H-fields and its attendant configuration of G-fields.
Since 4 - G =0a configuration of G's will give a gauge invariant contribution
to 7Z.. These G's can be identified with the J's of (3.14), so that the H's

are just a representation of the J's in a particular gauge. Note that in order
to construct the divergenceless current from an arbitrary configuration

of H-fields, one must recognize that all the conditions (3. 15} are necessary
to completely specify a gauge., Only by fixing all the conditions (3. 15}

will the set of fields[h] be large enough to uniquely construct closed loops
from any configuration of H-fields.

We now will demonstrate that the J's represent vortex lines in three
dimensions in the same senses in which the m=~fields of the last section
represent vortex points in two dimensions, The simplest way to proceed
is to first construct an approximate, periodic form of the model, valid at
low temperatures, in terms of the spin degrees of freedom. The representation

vy 5. .
for the case d = 2 used by Berezinski, Villain and others  is applicable here too

and we approximate (3.1)as
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(3. 20}

14

® :E-Z(AB vomg )P
n 46 2 I B o] M)
-t k k

where we have dropped overall constants., The sum over {y } is a sum

over a set of integers, one for each link of the lattice,and ensures that the
effective Hamiltonian is periodic; i, e. invariant under the operation

ek - Bk + quk, for q, an integer. The range of the 6 -integration has

been extended from -o to ©», For large § this makes a negligibly small
effect in Z, This form for Z demonstrates how one may view the periodicity
as arising from a sum over an infinite set of inequivalent minima of the
Hamiltonian in 6 -space,

The argument of (3.20) may be written in terms of its Fourier components.

The partition function then becomes

1

2 -z—ﬁtz_—I-i(A 6, +2m g % .
7 ﬂ—dekz f T at '_e . B B3J o] Mid gl

'm L} (3. 21)

2 2 j +izZwg bt
]Tdt B(A t )e}‘L’J 2(3 IJ" H;J F""J
{ﬂ }

where the Dirac & -functions come from the 6 integrals, and where we

have again neglected overall constants. As before, we can enforce the
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& -function constraints by writing

= FaX A
tl-l;j Epvk e (3.22)

where the A A5 are associated with the links of the dual lattice and take
on continuous values from -« to o, Inserting (3,22) into {3, 21), we obtain

an expression of the form (3, 11) where the J . are now

"

J .= -

" Epvkavf)\;j (3, 23)

But from (3.21), ¢, . just tells us, loosely speaking, how many revolutions

LN

6 has gone through as we move from the site l to the site j - . Juij
therefore, tells us how many revolutions 6 goes through as we move around
an elementary plaquette of the original lattice, and so represents the
vorticity.

In accordance with the discussion in section II, this demonstration
is, in a sense, heuristic. In equation (3. 20) we have surreptitiously
changed the meaning of the variable, 6, As in the two dimensional case
we cannot associate a configuration of J's uniquely with spin configurations
of the theory defined by (3.1). Nevertheless,
the J's which exist because of the periodicity of (3. 1) faithfully embody
all the physics associated with the vortices of the compact quadratic theory.

A determination of the detailed low T behavior of this system requires

more work, but from the form of (3, 14) we can make some gqualitative
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statements, At large distances, D , So to produce a vortex

Lwjk N _I-J“-_ET
ring of linear dimensions ~r requires an energy «r. At very low temperatures,
Z should be dominated by spin configuration without vortices. As T

increases vortex excitation becomes more likely with increasingly more
vortices of increasingly larger size being produced. Finally, it is possible

that some sort of phase transition occurs signalled by the appearance of

states which are dense with vortices of arbitrarily large size. That there

is some simple relationship (not necessarily an equivalence) between such

a transition and the standard Wilson~Fisher fixed point is an intriguing

possibility, but it is far from obvious. These questions require further

study for which the representation (3. 14) provides a useful starting point.

Iv. COMMENTS

The duality transformation which we have used to recast the x-y
model has yielded some very interesting insights, First, we recall that
the transformation itself is exact: the low T approximations which result in
the simple forms (2, 16} and (3.7) were made on the dual theory after the
transformation. Because the transformation was exact, we did not encounter
the conceptual difficulties which exist when using the approach of Some previous
work which involves summing over inequivalent minima of the Hamiltonian
to enforce periodicity. Our transformation involved replacing the complete
set of angle variables by a complete set of conjugate variables which

are the discrete ¢ or A-fields and can be represented by the smooth spin
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waves plus the vortices. Moreover, since the low T approximations were

made on the dual form of Z, corrections to (2,16) and (3. 7) are well defined.
A very interesting feature of the three dimensional x-y model is that

it is equivalent to an abelian gauge theory with the structure of QED.

Since the x-y model is thought to describe superfluid helium, the vortices

in the superfluid should be described by the currents in (3. 11). This is

therefore an example of a system with "extended” excitations which obeys

a gauge principle--and a very familiar and important one at that. In any

case, this theory is a good one to study further the intriguing equivalence

between the locally and globally invariant formulations of the same system.12
Finally, we mention that since the dual forms of Z are fairly simple

at low temperatures, the vortex fields should provide a good basis for

investigating low T properties of these systems. In particular, one might

try using (2. 16) and (3. 7) as the basis for a renormalization group calculation.

Such an exercise should reveal if there is a phase transition associated

with the topological excitations and may help answer the question of its

relation (if any) to the usual Wilson-Fisher critical pc:nint.fl3
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FIGURE CAPTIONS
Original square lattice and its dual in two dimensions.
Simple cubic lattice in three dimensions and its dual lattice.
Representation of the gauge choice (3, 15) on the dual lattice,
The dashed lines indicate those links along which the field

:0.

Ty
Construction of a conserved current from the gauge dependent
sources, H. The solid line segment in the space on the
left represents a configuration of currents, H“‘_. associated
with the links of the dual lattice in the gauge (3.15). The
dash-dotted lines in the lattice on the right represent the

complémentary currents, hp;j which lie along the dashed

links of Fig. 3 and uniguely complete a closed path,
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