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ABSTRACT

We review the relation between the two-dimensional Ising
model in the critical domain and the free fermion field theory.
The equivalence of the latter with the sine-Gordon model is

used to compute corrections away from the critical temperature
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I. INTRODUCTION

Ever since Onsager's derivation of the free energy,the Ising
model in two dimensions has remained a notorious problem in stat-
istical mechanics. Long adgo,Schultz,Mattis and Lieb? have shown its
equivalence with a free fermion gas in one-dimension.This analogy ca
be used to compute its behavior in the critical domain characterized

by T-+T T, being the critical temperature, and p >> a , where

o
a 1s the lattice spacing, and p a typical distance of interest.
Furthermere, there is an intimate relation between one-dimensional
relativistic massive fermions with or without four fermions
coupling, and the sine-Gordon interaction of a Bose field. It
turns out that departures from T = Tc can be described by a
mass term for the Fermi field. Hence the mass perturbation
procedure developed by Coleman3 gives a mears to investigate the
leading corrections.

In part II we summarize the Hamiltonian, a transfer matrix,
formalism following reference.2 The third part is devoted to
the critical domain. We introduce two non-interacting Ising
systems, in order to be able to describe them in terms of a
complex Fermi field. The latter enables one to construct a charge
current which is related to the gradient of a scalar field. This
has the drawback of producing a spurious continuous symmetry
at the critical peoint: the chiral invariance of the charged

massless field. Quantities of physical interest are insensitive

to this degeneracy.
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Mass perturbation is plagued by infrared divergences. A
simple example allows us to understand the mechanism of an
infrared cutoff. The first non-vanishing correction to the
two-point correlation is found to agree with work done using

4 we hope that further progress

the Toeplitz determinant methods.
along these lines, will enable us to compute higher order cor-
rections. It is gratifying to realize how much the statistical

models have in common with relativistic field theories. Each

domain can contribute to a better understanding of the other.
II. HAMILTONIAN FORM
A. The Ising Model

At each site of a two-dimensional square lattice (of size
L) is attached a dynamical variable o, = +i ., The energy of a
i .
configuration 1is a sum of contributions of nearest neighbor

pairs:

= - :’.:i 0“ (l)
(L3)

The partition function is

Z= Z. “P{-—' €1} = .-+| |,{-F(t-znw'w'} (21

)
w1th 8 f{}}.a natural measure for inverse temperatures. If
a large lattice of N = 1° sites approximates the infinite one,
we define the free energy per site (up to a factor -4 ]z
£7
F(@) = Um —&‘- o 2
N-»> o0 (3)
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and the correlation functions

=1
{ao. G ..0: Y= 2 Z T, e O, zq»g-'g (4)
L L —— [N ] 1 ] -
\ ‘a. 21\ c.. *i P{P(")
Onsagerl was able to compute the function F(B),showing in

particular that its second derivative is singular at the
transition point Bc given by
Ainb Qe.=! g, = 0.4407. (5)
It is the purpose of the critical theory to investigate
the singularity of F(R) and the behavior of the correlation
functions in the vicinity of 3 = BC

For notational simplicity we shall, most of the time, take

the lattice spacing a as a unit of length.
B. Transfer Matrix

The transfer matrix connects the configurations of successive
rows of the lattice in such a way that for appropriate boundary
conditions: L
Z = trace V '3
The 2Lx 2L matrix Vv will be cast into the form exp - H , H
being a hamiltonian appropriate for a unit step in an "euclidean
time" direction.

The set of row configurations is given a vector space
structure in the following way. Orthogonal basis vectors are
labelled by the values of L variables 0k , and dencted

104,00 5T 2
This vector space can be identified with the L-th tensor product

of a spin % , two-dimensional space, with a complete set of
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X

operators 1, T1%,1tY,1%, where the <t's are Pauli matrices and

t; Loy, 0,0, T = T lo,0,, 0,00 C7)
The transfer matrix V is factorized into
V= vy, "% (o)
In this product, Vl corresponds to the contribution of those
terms in the energy which involve nearest neighbors along the
same row:

» ’
<0, 0,00 [ Ve 6 0 > = S;: o O ol % o upiﬁzcrcr }

3 23

Ve gp EhEiehd (s

s=1

i.e.,

We have adopted the convention that 'Cs_ﬂ-:'. T, , implying

periodic boundary conditions. The matrix V2 takes care of the

coupling between rows:

L
’ F 4
<Oy s ) Vo 10,0 e8> = Il_" LALEE /O (40)
where v, is a two by two matrix given by

(rivyle’> = exp § oo’}
that is,

. N __
- L sinkap + } '
g, = enp § L Enasinkap gz )
In this last expression B* ig defined by

Canf P‘: exp §-apl . (v

J

The fixed point of this transformation, 8 = B , corresponds
to the critical value B referred to in (5). Thus
L
tz x } '
— -+ T . la,
V, = “\"i ﬁn.a.&m'f;aP ¢ Az S (
We factor out the explicit c-number in (12) which gives a regular
contribution to F , and perform a ¥ rotation around the y-axis

in the Pauli-spin % space for later convenience. Thus we write:
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2= Qx\:{%-enaabinﬂ.ap} trace wL

W= owtw oW

L x
W= wp g I -cs’_‘“} “3)

Szt
Was e §-p"Z Tl ]

»

The original variables &, correspond now to the operators t:S‘

S

C. Jordan-Wigner Transformation

The Jordan-Wigner transformation is designed to change

spin operators into fermion ones as follows. Let

cto y, (T TY)

such that z
+ + + 1= T
. + oty <t T )= et
&.t.’.;t}:') {'C » T §—° ’[ !
These anticommutation rules are characteristic of Fermi

L b 1 : - .
statistics, however & operators referring to distinct sites

commute.

Fermi operators can however be constructed as
=t
. t - -
Cr = axp {IM2 TgTel <

r

. PR (14
c‘r"“"{'“.tsts; Ter,

satisfying



-7~ FERMILAB-Pub-75/57-THY

Ecr’ C,.s; = ict', C-t"} =0 {Cr'; Ct,} = 8?‘ e

P

The inverse transformation reads
a1

TL = expiivZeiede, 04y

=y
+ : + i
T, = e,r.{ t1T€; Cws‘%:} C, ,

from which it follows that:

k4 . + .
Tr T = (e )optwetc, Y (hs cnn) = (-6 ) 4G

and

<* = acte, -1 (16)

[

In terms of fermion operators Wl and W2 are exponentials of

quandratic forms
w|: WPS_@I. (C:-— s)(-c':ﬂ"'c's-m)} ( \
- \7
Wys e L - 3pT 2 cTCs)

A Fourier transformation takes care of translational invariance

if one sets: iqr

1
= ('8)
= L *2Z e
c, a Oa
. 2m
where the momentum g takes discrete values of the form q= - P>

p-::o) :t, ee e L . Since (18) is unitary

)
<
+ +

{bq,oq'}a‘ i.); ’9q'}=o {Dq,')q1§: Squl .
In terms of these variables

+ + + 1 € Tt _
g(c's -CS)CC'S-M*CSN): zq (a qui 91 * ISIhq(,q 7-1 ‘qb‘l)) )
This expression was normal-ordered and we used the fact that

+
Iq cedq = © . Similarly %C:;C,s = Zq ‘)q"q .

In the infinite lattice limit the mode at g = 0 plays a
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negligible role for fermions. Thus:

W= exp ;, QP'Z"‘"" [‘:ﬂ ('): ')q *):‘ D—q) -M'Sincl (9: 7;- 21.’9] i
Wozep § L -2 (o n+0%,20) ('9)

D. Diagonalization

The expressions (19) are suitable for a diagonalization
of W . Indeed operators referring to different values of
positive g commute, and the problem is reduced to the study
of four by four matrices acting on the states

9>, l-aa> =y gl , 19> =57 k=,
where 10) is the vacuum for the g and -q modes.

In terms of these states, the relevant operators are

represented as

oao O + o0
’:r)q = ! to D-qo"ﬂ: °! Ooe

O oo O o (20)
by = g; O Dta|d; - ve ©

These expressions exhibit the further reduction to a non-
trivial problem in the two-dimensional subspace spanned by the
vectors 0% and l-q,q) . In the Iq%, -9>, subspace

the contribution to W is simply the diagonal matrix

wp 2(pewnq -p*) . @
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In the 107, {-q,9) subspace we make use of auxilliary Pauli
matrices d"f,lry, % (not to be confused with the original @ -

variables) with the correspondence

+ t i-g*

Da% 1 Plq —

LT
a

The corresponding contribution to W is the two by two

9"7_4 — 0";i<r7 7:11 )'; —

matrix ‘\Jq egual to

W= ep {3(pinq-g%)} ovpf- gon] apRp¥e "} enph-pen} , (@)
with the same factor as appeared in (21} and a unit vector n with
components W, =0, Myz=Sinq , hy= Cod Q . With the help of the

following definitions (for g% 0) of eq>o and qu

cosh ﬂ.e aS{QP' - Ainf\.QP Sl-nhp*ﬂc%q'.-. m‘ﬂ.eq

) . * ) i @3)
Sindk aP wsd P" - &6{2@ Sink 2 cerq = sln'&e1$m(¢q+q)
Aind QP* Sinq = aink Eq (#08 (d?q +q)

the expression for W, reads
. : . 7y (24
Wy = exp § A(Binq- (*) - € (Sind, T 4+ g™ ) . :
In this subspace ® = stands for l-?‘&‘)‘ ")tq')_q and @
for =q (bql')_q_,tq ')fq) . Both combinations vanish in
the lq¥, \-qY subspace.

Combining these results for the = positive q wvalues

we obtain . 4
. wtn . + o -
W= o - %, S 1 Sind O30, -0 1) ~icaad, O 00N )
The final step in the diagonalization amounts to a

3ogolioubov canonical transformation, to new fermion operators
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§ﬂ and g: given by
sy= & [em(Zega)8, - 5n (Fo ) ¥E, T

@cy
A "”'*I.'c»(*w H)5,+ (T +b)5L ]

leading to

W= axp-Hz exp§-3, €(8e%,+80,5 -0} , (a7)

and H describes an assembly of free fermions with "energy"

€q

E. Free Energy and Correlations

The free energy F involves the computation of trace WL .
Only the largest eigenvalue of W contributes in the limit
L> = provided it is non-degenerate, which is the case for
B# Bc - In turn this means that only the|s -vacuum state
survives in the limit as it is the lowest eigenstate of H
Henceforth brackets will denote averages in this state. Then

In the infinite L 1limit the discrete sum is replaced by

an integral according to

ﬂ' -
o2, > @n S dq
Consequently we obtain Onsader's expression in the form
w
_'. On (Ra&n‘nﬁap) + -'_ ‘; dq €q R (a®
with eq given implicitly by (23}. As long as Piﬁz , then

e¥§ and eq a'ﬁ P | ., which means that the vacuum is an

isolated point in the spectrum. As P-PFC the energy gap goes to
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zero and the infrared region becomes predominant in the calculation
of physical gquantities.

We shall concentrate our attention here to the two-point
correlation at "egual time", meaning along the same row. As we
expect an isotropic behavior close to the critical point, this
is not a serious limitation in this case.

Let r < r' refer to points on the same row; the thermal
average <C;G}J> is given in terms of a (g) vacuum expectation
value as

2y

(o 0> = < (Chel)enp(im 75 ctesl Cchirenys

r.
< (C*r—c,.) egpg inz'cgcs} (c";., +CLYD -
T

Due to the anti-commutativity of the c's the right hand
side operators are hermitian. Even though the underlying
dynamics has been brought to the simple form (27) which means
that the vacuum has a simple structure, the computation of
correlations seem to involve complicated expressicns in terms

of fermion degrees of freedom.
ITT. CRITICAL REGION

A. Expansion Near 8 = Bc

Close to P: Pc , singularities appear involving long range
correlations. The discrete nature of the lattice is washed out
in the large distance behavior of correlation functions,and
continuous euclidean invariance 1is restored in this limit. We

set
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F - ?C - _’“_ y (30)
<4
where in units of the lattice spacing ma&l , and from (1l1) to
leading order ’
* - P° - <§°)
¢ *

Here m>o (wm<o0) corresponds to T» Te CT<TC.)
Only long wavelength with respect to the lattice spacing, i.e.,
small g , are of interest. Thus it is legitimate to expand
€, near gq=0©0 . From (23)
eq = mYeq”, 1)
This is the relativistic dispersion relation with the
identification of jm} with the fermion mass. From the relations

(23) we also find in this approximation

!
Ain ch = - “5‘bq =3 ’ €1

Vmteqt vV m2s q*

which allow us to write W 1in the form
W= ep-t = eap§- ZIm( 0 0,-) #q (T - 0000} Ga

We s5till keep discrete values for q , recalling that in the

large L limit Zq -’(L/z.n)s dq and the transition
~
from discrete (plq ) to contlnuous (5 T) fermion operators
amounts to:
*
F et g -
Vg = N ) ART RN (33)
9= Yzw 19 | 3 1
the continuous operators fulfill anticommutation relations with
8 -function replacing Kronecker ér's.
A guantity that can immediately be computed is the

singularity of the specific heat, i.e., the second derivative
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of F . We call AF the departure of F from its value at
P P" excluding the regular % 1n abmg-lp piece. Hence
AF(m)= L  (4q (it -q) = -2 faiml + OCmYY, (39
which shows the logarithmic SLngularlty of the specific heat.
At ?:Fc the mass m is equal to zero, which implies
4>,‘=o . Using (26) the diagonalization of the Hamiltonian is

performed through
-4!

7‘!' (gq §-q) D-q‘ (g-q E ) 9

The orlglnal fermion operatonscrcan then be written

(\Pl"'i“"’a,) (3¢)

-
o 4

C

r

with

¢, ()= J_f qzx(e "‘] q )"’ [d‘i (e“l Eq e §*)6‘ )
' (v
YRR P (e"‘ &V )-,—- jdq(e“'g., RATON

In dimensional units the llmlts of integration are
317/& » and can be replaced bygee when no ultraviolet divergences
are encountered. The hermitean fields ~P' and 4)2. are the two

components of a relativistic Majorana spinor field,5 if we allow

for Minkowskian time development
iHE - Wt
Yir,ty= ¢ " Yne | (38)
which leads to

Y (nE) = 4§ (r-b) Yotnt) = § (r+b) . @3)

If we define the following ¥ matrices
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- S t 0.t 10
o= 50T (o = ¥ (37) (g

v v (40)
{"P’] } - agl‘ 309:_ _3u=‘ ‘39-___ 3.°=

the field\P satisfies the Dirac equation

+5.9¢=o0 (a1)
In the discrete version\P satisfies ordinary anticommutation

rules

Stl)&(r), +p(r')} = 3." Srr‘ »

and its equal time Wightman functions are

] l_e‘ur(r.r‘; )
G (> = ¥ (r)+ > =4 - =

<¢, (r) t(r')) = 0.

As long as the spacing is kept finite we find from (42) that
2 2 . -t
(!-Pl(r));,- (Qz(,-)>=_‘.. . The limiting form l.[z‘!r(r-r')] 18 only
2

valid for large separations,and is then identical with the

result obtained using continuous field theory.
B. Two-Point Correlation Function at the Critical Point

To express the two-point correlation function in terms of
4’ we observe that since
: +
(% yf <
e = l-acte = (€% (c*-c)

one can rewrite {(29) as



~15- FERMILAB-Pub-75/57-THY

<¢r "> < [c C+ ")(c f‘.’\*cﬂl)] [ CC el r-u) ( r;z "'l-t)] *t

“sa [CC- ’ -cr ')(C ;‘."C.,;)J)
¥ g e r‘.': 2, s

where from (36) thd iy
i =)
Crrez g =.4!r> cte= i(-%) =4 (a9)

In the continuous limit

PR o= <y

(a3)

This means that if we use another set of fields (f

isomorphic to.P we also have:

S <‘?(.ﬂ r-n 2-n ‘e&vhz - \é:".. ‘P(:' 2 G
The reason for introducing a second set of Majorana fields
is the following. The aim is to construct a complex Dirac
massless field which allows the existence of non-vanishing
currents. These currents are the appropriate gradients of
scalar massless fields. Calculations with the latter are
greatly simplified. This trick is related but not equivalent
to the method used in Ref. 6 and 7.
We letxf and *J anticommute and introduce the common vacuum

for both fields. The square of the correlation function reads:

»
(# (') ‘fr‘ q".>

a > (-
<O 2 < ¢, 7 45 @ @9

[ v ©
= (")f < (q’ ’ (ﬂ) (+r4| ?P’-ﬂ) "’r..,.qr-n) ( e L ))
where f:rir . If J and K denote the combinations
TJ= 4B ® k= ¢O® (a7

they satisfy
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3:3* K= K+ 3"-_- Kla‘-‘ [3;"]"‘:0 )

hence U_" (3_‘)
- A

K-
J = < e_a( )

K=

This allows one to write i
. - )
{o.o..> = ¢(egF.s.tEE [rK,.-P‘EE‘(:%5+‘<s) *':],;] >

We note a boundary effect: the first K and the last
J are not paired. However this can be neglected in the limit
f-;eo as a careful study shows using the determinantal
expression for the correlation. For our purposes we can write

2 . £_
(T Tp > =cenp | ‘T2 Qs+ Ks)}> (48)

With D standing for the complex Dirac massless field

: +
D= Yrif , §0,¢m, Dy} = 8., S, (49)

= . ¢ ¢
we recognize that J+K is the space component of the charge

2

current j

-!i (Jq— K) = .;_ ( q"(-’?(*,* \l’("’)‘e(")) = _"'(q" 'f' _.{,2 qz)

- D‘;D.- D:Dz_ = Do5'D ‘é’" (se)

From Klaiber's work8 it is known that in the continuum
limit the current JP can be expressed as the gradient of a
free massless field%with a suitable infrared regularization.
To conform to standard normalization we write
. ) ~
i3 "

The infrared regularization is irrelevant for -} @

We need the equal time two-point function of QE‘ This is

related to the one forgP as follows



-17~ FERMILAB-Pub-75/57-THY

. 2
CH $'Cr> = <M v e <M (P>

=! ' = =L 23 bnir-r|
QAW (r_r-‘)"‘ an draor!

Inside the logarithm|'5?1 could be multiplied by any mass r’
without affecting the result. Thus we set

<4>Cr) ¢(r')> = ‘5";'. In plr=ri . ($3)
This is quite a natural definition. Indeed consider a massive
sclar field in two-dimensional space-time. In the euclidean
region if P’ stands for the mass and if r and r~ are two-

dimensional vectors the Wightman function can be written:

Sd."& o thlrry Ko ( P lr-v1)
K

(a‘r)t _ii: Pl L - N

with the modified Bessel function given for small 2 by

Ko () = — (€n ?é.q.'r) +» O(22lnx).

%
If we assume that tlf-vo and if we set M =..Lp'e. , the
2

uniform approximation forln«"ldﬂi& is indeed given by ({53).

Approximating sums by integrals as L -»ee , and using (51) we
see that

<q'.r;,<ri,>=l = <exp § (AT ( §(o) - Cf)) } > (5%
The exponentials commute for f.-.fo but they require a multiplicative

3

renormalization. This means that we do not try to compute the

absolute normalization of the correlation function. Thus we
i
replace @ P§(") by

N eitd _ £ e £e§(r): (s5)

‘" - *
P ¥

. ! -
The : : mean Wick ordering with respect to the mass 'J = Zp&
of a massive scalar field in the limit ¥9e which amounts to

ase (53) as the two-point function. Our definition, slightly
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i
different from Coleman‘s,3 implies that J(‘e P§ is given
the effective dimension
. z s‘
Y
dim (Ne P2) = Em )
Further calculations are always understood in the limit p—>0 .

In this way Wick's thecorem yields

: &8
L ,éB(ﬂJ L v Z i.l =w
coreths N e f""§(”“> = p = ..‘E.(NG.&\) e

€p)'
£fi)
This contains a factor P &+ , and hence vanishes if
ZP;_ #o0
It follows at once that,up to an unknown constant factor,

set equal to one for convenience
2 it e - @l
LT, Ty = <Ne éo)d/‘e' é-t’)>
_l/
= ¥ %

It is known in general that the correlation function is positive

(€®

(Griffith's first inequality):; consequently one can take the

square root of (58) and one finds:
|
-
(v, Qrf:> = ¢ ¢ 659)
C. Mass Perturbation

Below Tc (p\<c0 , the Ising system develops a spontaneous
magnetization. This means that for m<o fixed, and @ —» o ,
the correlation function tends to a finite limit, equal to the
square of the magnetization. We shall however investigate a

different limit such that f—-) o, Mm-»o but mf remains finite.
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Under such circumstances the spontaneous magnetization vanishes

and:

<o,apy = £ 7% F, (\mif) (&0

where the + or - sign refer respectively to Mo or meo » and
Fy (o) = |
We shall only attempt to compute the leading correction to
E; (&) for t small, using mass perturbation.
To illustrate the care required to deal with such a
perturbation and its infrared singularities,let us first treat
a simple example. Assume for the moment m » o and express the

Hamiltonian given in (32}
. + 5t + \ = H
We T L ()T 00.) +m (049 +9%,0.5)]= Hot ton
in terms of the Majorana field \.P { C\a- stands for ¥° .

= i I %!
H, = Sdr ¢ % D,q) @
H
m

The mass term occurs with an unconventional _;$S' matrix
but this does not play any significant role here. Having
introduced two uncoupled fieldsq/ and \f , the total
Hamiltonian jig:
HY) +HLly) = Sdr Hm €2
The Hamiltonian density % expressed in terms of the
complex Dirac field D, reads:
=9,+%, H=--i0¥0 H =-md¥D. €3
To derive (61) and (63) we have used a Fourier analysis of D

adapted to the mass zero case
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D, = .‘_.l?—' qu (qura.“ + ' b"i) 6(q)
(¢®

' . iqv -qr v _
LD () = -Ewgdq(e."aq- e” 1" b7) e(q).

If g stands for the operators pertaining to the field ?

~ 7
and g are their continuous version, then of course

~ . N ~ g 4
aq= 2(§ T el- = (RLGEY
satisfy the ordinary anticommutation rules. The choice of (64)
as a Fourier analysis seems inappropriate for the massive theory.
Indeed a canonical Bogslioubov transformation can be performed
from a's and b's to A's and B's adapted to massive fermions.
From (63) the Minkowskian time evolution of D is governed by

the Dirac equation

12 D(nt) = {de [3(re), Dint))

™ = if 1-" D(rt) +m ¥'D(r,t))

Explicitly
G+ )= ™D (&s)
(71\: -%) D, = -mD,

implying of course the Klein-Gordon equation -2 +M) D=o

3!:‘ or*
Let u and v be the positive and negative energy solutions

of this Dirac equation in momentum space

alg)= (20w 2 (wl v@q) = w@), w=luvgr (0
normalized to Iudiluz\t: N.l " A \t:.- 1 and reducing in the

zero mass limit to
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wi@g) — (G(q) ) v (: (9(‘0 )
. —
! "o -1 8(-q) q)«--.o 4 6(-9)

as should be the case. The corresponding massive fermion field
denoted by a superscrip+ m is
m -iqr A )
D (D= = qu (e* "atgq)Aq + € T wig) B, 3
9

The equal-time nghtman function for this field is an average

- isfyi =8B =0
computed in a vacuum state satisfying Aq |0>‘m .‘|0>“ )
and is found to be

iqlrvy) £ wrq tm
<Da(r) D;(r'p 2 (da e ( ) (¢

2w ) 2w -\m w-q
As "’"—’0,?-‘3"-"'] finite we find with C = &% Q.'
2
e © O\ [° i tncmp
<D“ D, D = (g ) “* il PO
P " - .
an(p-iey! Voo nlmp ° (s

The first term is of course the mass zero value (D‘(r) D;'(f')>
and the correction term is of order m 1ln m . It would
seem that perturbation theory in m 1is in trouble. However
the origin of the 1n m factor lies in an infrared singularity.
If we assume the existence of an infrared cutoff of order m in
momentum space,orwﬁ; in configuration space,we should be able
to recover from perturbation theory that to lowest order
o -il'n QnChf
3< DM Dpcr» = ( (%)
L Qntnf
aw
Let us now see if this idea works. The interaction picture

Gell-Mann-Low formula tells us that

< D._.,( (r) D, C".O)) = <70 (ro)DP(' o) exp § i [dz}a‘ (7)}> (o
Cenpd-i ([ 8min} >
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On the right-hand side we use massless fields and a Minkowski

space formula. Since we are computing an egqual-time Wightman

function which does not distinguish between real and imaginary
time, this should not make any difference. The time evolution
of the massless field is simply given by (39) so that the

propagators are

. |
& - L

.3 = (%%4°)r-ie)

* . (7
- -
{T D‘z(x) Da (3)> - -z-.'_‘. g'..s‘ . (20-3 D)(.-;e)

\l . . .
and <T° (x) D,{y)) vanishes. With 3‘” given by (63),satisfying

<¥ (}))eo , we find to lowest order
§ <D0y Dla (r}o)> = -m {d* 3<Th, (rp)bp(r,o) D(3)¥5p(3)> - (72)

Applying Wick's theorem we see that this implies
+
& <D, lr,0) Dy (F0)> =D

in agreement with (69); while for instance CTS)

3¢9, (ro) D (rlo)) = de <T1:3‘ (r,0) DT(3)><T D ) DI(;))
=m \dy |d2° '
Qz.“)zg } 5 } (l"—"'-l-%'(l-l'e)) (-).""’ + ‘5.'0-;'&)

The %0 integral is readily evaluated by contour integral methods

(7

and with =|r-v we obtain, in configuration space, the
§

logarithmic infrared divergent integral:

. 1]
S < D (r0) B (rlo)Y = im gb _5:'-? : (2s)

This is exactly what was expected and we supply an infrared
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X t
cutoff by replacing the upper limit of integration by =

Cwm
where, of course, the constant C 1is here unknown. Then
1
3<D,Cr,0) DY (o)) = im (T dit = im P, Cmp (7¢)

N uep aw
Fortunately we thus reproduce the exact result given in (69).

Thus mass perturbation works, at least to lowest order, with
an infrared cutoff, and we feel confident to apply the same

methed to the Ising correlation function.
D. First Order Correction to the Correlation Function

In (58) we wrote the correlation function as an expectation
value of a product of non-hermitian fields f&.'Jﬁ%(ﬂfﬁ-;ﬁiq).
It is clear that we could have used their hermitian conjugates.
Furthermore the formula would have been insensitive to a shift
of § by a constant amount e , reflecting the spurious chiral
degeneracy, introduced by the use of a complex Dirac field. The
latter arbitrariness is fixed by requiring the vacuum to give aé
a vanishing expectation value and using instead of (58) the
equally good choice

4 d;@'r)l = & < Sain Vit P J-Amﬁ@(")) (7)

From (57) we see that the added terms do not contribute in
the limit P-»o - This choice however commits us to a choice of
perturbing Hamiltonian é(o,m in terms of § . Coleman's work3
enables one to translate the massive Thirring model into a sine-
Gordon model. We have here the special case corresponding to a

free massive Fermi field and thus in Coleman's notations the

. . e 2 T
appropriate coupling constant satisfies P = 4N . Thus to express
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& =-imD¥D = im (ZT-29)

™
12 wt (79
I(+>= D:‘-D >3 > - >

in terms of é all that is necessary is to find the correct
normalization. The Minkowskian time crdered products can be
rotated in the complex time plane (rotation =W ) to yield

euclidean averages. For instance

200 I%y)> = : o
£ (&5} C:)) > (211’)"' ] x-a'z ) )

while for instance from (57)
e Pix ~ivex PY) ¢
1 -4
Similar relations can be written for strings of Z's or

exponentials of § . Thus we have the identification of z_&,(x)
iV 3
with -.i'_ N e ¢ 41'%‘ ) , up to a phase and thus
" . '
.
adjusting the phase to e 'll'/z_ we £ind

W= -BNeavaw p (82
The choice of phase is dictated by a classical argument
requiring the positivity of energy.and we assume for the moment
m> o . The corresponding Lagrangian for the éE field reads,
using Lorentz variables and renormalized fields:
LcP)= L (Bé n): = N eoa i G ) +JooN sinfiT ey . @3
The source j(x) 1is coupled to S;M\"l-l’é- , the effective
field of interest and hence plays a role analogous to a magnetic

field. From (55) we recall that the dimensions are
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i (N e F) =
dim (NAmITPY = Y4

)

so that (83) is dimensionally correct but presupposes a vanishing
dimensional parameter P - The latter could possibly be related
to a multiple of m

The equivalent of the Gell-Mann-Low formula in euclidean

space time is

GGy = A LN EF© NaimdTE () 2 - [3 K a)] >
<~u\»§ fdry 3., ()} > &9

Since <qun\ﬁ'1"r¢ = s to lowest order

<G‘<rf) = <c'c-,>a“+8<0‘0}>a

545,y = 2m S"F’t NGV F (o) VT S (p) Neon Tam 3 (3)D

= - S (o ‘
znt.; §* J ¢ Iyl 13-¢1 @

In the last expression z and .f are two-dimensiocnal vectors.

Using an infrared cutoff of order yﬁ:"‘(for instance in the

—Cmyz- x|
- e kJ ) we readily

{F -\ 1 g ~x|

translational invariant form

find

' -
Consequently
(ToSgy= §74 (e g mplaCimip ¢ ) @)
It turns out that (88) is also valid for m<0 . We can see this

as follows. In the absence of source and for m positive, the
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minimum of energy as derived from (82) anrd (83) is at é:o >
and the source term drives it to a value in the vicinity of this
point. This in fact justifies our choice of coupling to
ﬁnﬁ? rather than say mﬁé . This was no innocent
choice for the m 1n m correction as it would have amounted
to a change of sign. For M<LQO this analysis falls. To

recover a positive energy a finite shift é-—) é T —-—“r

is necessary. This we can realize by keeping the previgts choice
of 8%.,,, with my replaced by |"l'l\‘) and shifting Smﬁré to
cos ﬁ§ (up to an irrelevant sign) which as we said changes
the term %"‘ﬂf -eh C |"\\g into its opposite. Hence (88}
holds for wn£0 and coincides with the value quoted in Ref. 4.

It can also be noted that lowest order mass perturbation
yields the correct singularity of the specific heat already
obtained in (34). 1Indeed the denominator of (85) can be interpreted
as

axp § LQ'.'ZAF(M)} = <exp S- Sol’% 3, (})3 > (89)
The factor L2 is expected here from translational invariance
while the factor 2 arises from the two non-interacting Ising
systemns. Thus to leading order

aF = L (2) [ dy, < How B By Wew B 300>

= m é&? . (30)

8w lala'
To make sense of this expression we need both an infrared cutoff

l'b\ < ./C Im) and an ultraviolet cutcff \‘.H > a , a

being the lattice spacing taken as unity. Thus

X
6F = 52 fnim + OCmY), @)
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in agreement with (34). This is a check on the consistency of

this approach.
IV. CONCLUDING REMARKS

The derivation of the critical theory of the Ising two-~
dimensional model as described by the Lagrangian (83} has been
straightforward even though here and there a sleight of hand
was necessary. Actually if another method than mass perturbation
is to be used, it would seem preferable to modify the
renormalization prescription involved in the Jvﬁsymbol with its
dimensional parameter P . Perhaps as 1s suggested from the
soliton theory one should keep P finite and related to m in
such a way that the soliton mass, identified with the fermion
one, be equal to m. The complete calculation of the two-
point function for any value Oflhr given in Ref. 4 could then
be interpreted as solving the quantization problem of the sine-
Gordon theory for the particular coupling\qur . It seems
likely that the soluble two-dimensional models of the Baxter
type have a critical theory described by a Thirring model® or
equivalently by a sine-Gordon eguation with interaction
proportional to co.sgi . The leading corrections to their
scaling behavior could therefore be computed. Also one should
investigate higher-order correlation functions. It is unclear
whether our trick of replacing an exponential by a sine function
remains valid. It should also be remembered that higher correlation

require unegual time calculations.
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