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ABSTRACT

Finite Dispersion Relation techniques as developed by Aviv and
Nussinov are employed to calculate the decay rate for n - Tr+T1‘-y in an
essentially parameter-free manner, The amplitude for this decay is
obtained by crossing from the scattering process nm — wy which has the
AZ resonance in the 8 and u channels and the p-trajectory in the t-channel,
A single Breit-Wigner resonance of width 85 MeV for the AZ meson
directly leads to a prediction for the rate and photon momentum distri-
bution in good agreement with experimental measurements. The so-
called broad-narrow model can give agreement if couplings of each

component to nw and vy are properly chosen, but all pictures of the AZ

with two narrow components give inadequate results,



I. INTRODUCTION

High-energy scattering techniques and ideas incorporating
duality have led to useful insight and to successful predictions for
several low-energy decay-type processes, For example, the results of
octet dominance in hyperon S-wave decays have been obtained without
use of current algebra through incorporation of the absence-of-exotics

requirements of duality by Nussinov and Rosner !

and by Kawarabayashi
and Kitakado.

More recently, Aviv and Nussinov> made 2 very interesting
proposal which they called the finite dispersion relation (FDR) to treat
three particle decay processes; they applied this method, in particular,
to w—- wmy. In this approach, a fixed t dispersion relation of finite
contour radius is written for a given amplitude of the process, The low
mass resonances, i,e,, near-by poles, contributing to and the s and u-
channel are included as usual; the high mass contributions, i.e., the
distant poles, are represented by the t-channel Regge poles according
to duality arguments. In the physical region of a decay process, the
high mass contributions also exhibit the pole structure ofthe t-channel

which is usually present in a pole model, e, g., the Gell-Mann-Sharp-

Wagner model. 4 Furthermore, in the present work the residue functions
of the Regge amplitudes are related to the low energy resonance amplitude

by means of finite energy sum rules (FESR), > The advantages of FDR over



the conventional pole model can be summarized as follows:

{a} Tt avoids problems with subtractions, (b) The inclusion of the t-
channel through duality and t-channel couplings determined by means
of FESR avoids the intriguing problem of double counting which may be
present in the pole model in which poles in all channels are included
independently, {c) The t-channel structure is more complete.

As a result of their investigations with the FDR approach, Aviv
and Nussinov found an enhancement in the rate I‘w — of a factor five
over previous calculations,in agreement with the experimental bounds.
This method was also applied by Gounaris and Vergan&lakis6 to
n - wyy; they found tremendous enhancement, a factor~90 over the pole
dominance model. The pole dominance model gives I‘ﬂ Ty = 0.6eV,
the FDR result is 70 + 30 e\/I6 and the experimental value is 81 £ 32 eV, !
From this we see that the pole dominance model grossly underestimates
this barticular decay rate  and, -since the FDR method gives reason-
able results, the n — wyy calculation serves to test the soundness of the
ideas behind FDR.

In fact, tests of the ideas behind FDR have not been restricted to
the decay processes described above; it has been applied to scattering
processes in the medium energy range, as suggested by Barger and
Phillips8 and carefully tested by Baacke and Engels, ? These authors9

found that the elastic p It = 0 amplitudes so calculated are in good

agreement with the results of phase shift analysis. Further, applications



to current algebra sum rules have been carried out recently by Ellis
and Weisz and Gounaris;10 with satisfactory results.

In the present work, we shall apply FDR to the decay
n - wwy which is related to the "scattering’ process nm — yr by cross-
ing. The pole structure of the amplitude for this process is very simple
in all three (s, t, u) channels and the existing experimental decay width
is quite accurate. 7 We shall demonstrate that, the FDR approach can
again give good predictions and also we are led to information about
the AZ meson and upon models for explaining the splitting, which has not
been readily available in the past from the experimental mass distribu-
tions.

Consideration of the pole structure for nw — ym shows that the AZ
meson contributes in the s- and u-channels and the p-meson in the
t-channel. However, it is necessary to study how one should treat the
Az—meson in FESR calculations of meson-meson scattering in the
context of the narrow resonance limit. Since numerous models have
been suggested to explain experiments with AZ mass structure (or lack
of it), it is of considerable interest to see what these models predict-
for the Az contribution in n - wmy, according to the FDR metlod, This
process provides, in principle, an independent method for studying

what the A2 is made of and, a priori, the various A, models might well

2

produce considerably different predictions for Fn -yt



In Sec. 1I we employ the FDR method to derive the decay amplitude
for n - mmy. In Sec. III, the AZ contribution is treated in depth for
the purpose of seeing what can be learned regarding the split or
nonsplit status of this elusive meson and to calculate contributions
as predicted by the various AZ descriptions appearing in the literature
and tabulations. The pictures found to be discriminated against are
those in which the AZ has two narrow states of the same internal
quantum numbers, the so-called high-low model, or two different spin-
parity states as found in certain experimen‘cs,1 1Cor', e.g., in four dimen-
sional generalizations of the harmonic oscillator quark model. 12 In
Sec.' IV, we discﬁss another criterion for the choice of-the radius of the
contour of FDR and demonstrate that the prescription given by Aviv and
Nussinc:uv3 indeed satisfies this criterion. We further investigate the
gensitivity of our answer for the rate of n — wwy to changes in the
contour radius, to variations due to possible Re‘gge form factors and

changes in the actual forms of the Regge trajectories. Final conclusions

and further discussion are reserved till Sec., V.
II. THE n - woy AMPLITUDE WITH FINITE DISPERSION RELATIONS

It should be noted first that the process n - wwry does not have a
bremsstrahlung diagram, Therefore, the amplitude which we consider
for n — rny is as illustrated diagrammatically in Fig. 1. In Fig, 1

the 4-momenta and polarizations label the outgoing and incoming particles.



The amplitude for this process is
A = (") Cung (311)2&;‘@? Bwt),

where the Mandelstam variables are defined as
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Under s« u(v e -v}crossing B{v, t) = B(~v, t).
At low energies (say, £ 2 GeV), the internal quantum numbers of the exter-
nal particles are such that only the AZ contributes in the s- and u-channels.

The relevant resonance amplitude can be written as

Bras(0t)= -4 fa,mr Faggr ¥

t - U= W (my - w2 ;2 2 2y -2
[ "2 ) L 9 t-s-m,,(m.,"—m,,)m_% (2)
s-m
Az U =gt )



where g4 and g5 are the physical coupling constants for Azwy
Y 2nm
and Aznrr, respectively, when the AZ is on its mass shell, These

couplings are defined such that the decay amplitudes for AZ -+ 7y and

A_ - nmware given respectively by

2
k) h* (KO [(e- 2 rer kT +

72,_—»?" = Fary
(k)G K37

and

MV
Taonn= Gonm WUK) (kg), (b-g),

where K and q are the 4-momenta of the Az and w, respectively, hH*Y(K)
is the polarization tensor of the Az and k is the 4-momentum of the y or
the n depending on the process,

The p trajectory gives the only known contribution (excluding smail
contributions from daughters which are assumed ignorable in the litera-
ture) in the t-channel where yvn — 11'+Tr-. This is described by the ampli-

tude for odd signature p Regge pole exchange

B (u,t) = 7/ o< (+) -1 3 r(t) -1
Regqe C(tp(t) sinTr ot (t) +C) ]

where T{ay(t)} is used to eliminate ghost states when ap( ) goes through
negative integers and also contains a nonsense wrong signature zero.
We may assume that p is weakly dependent on t, at least for t small,

and take it as constant for simplicity. 13 {See Sec. IV for further

discussiony Taking out the NWSZ does not affect our conclusions. )



Following Ref. 3, we write a fixed t dispersion integral of finite

contour of radius N

' AP
Bw,t)= 57 _1.7’_:;:_-_ Av'z BL(u,t)-fBH(u,gm
where
N y ’
o 20 Im B(o,t) ‘ (5)
B, (w4 = ,—Tj; —T 1 AV
and

-
gﬁ(u)t)’:z?n' f o - pr
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where N is large enough such that the Regge representation for B{v,t)
is valid for v > N; CN is a circle of radius N centered at v = 0.
Substituting Eq. (2) and Eq. (3) into Eq. (5) and Eq. (6) respectively,

we obtain

2 2 t 2,0 1, =2
Bi_(u,t)z-ng ;rr;,'q 2 X+ Ma, =~ My =2 Wy =~ My (ﬂr.t-m,,)m“
2 27” U"(mnf-.zl-qu_mnz_‘_z_f_t)

(u-,-u)] (7)

from the resonance contribution, and

00 - -f
Blot)z-2 L£- 5 (£ 2y " (8)
H Ml t) oo v
(f mz=o O(f(*)-2m-l

from the Regge amplitude. The Regge Coupling § is determined from

the resonance coupling by means of the FESR. The lowest moment sum
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rule
o, (A + 1 N
- A -
= =< | d4v v Im B, %)
[ (o¢p (%) Kp(t)+ | ”5[ (9)

is used to obtain the Regge residue at £=0, 13

= o7 NP 2 2
B=6im N ?4271)-?7127" (/”'54,_ -qu/z"’"n)x (10)
2 2 -
[mAf‘ m,? -2 m;'z‘ Mo (qu-m:)‘"ﬂ:]

where N = N+ 1t and the p trajectory is taken as

o (#) = F + X/(2m°). (11)

It may be noted that the same N is used as the "cut-off' in the FESR as
in the FDR except that in the former t = 0 explicitly.

The approach of Aviv and Nussinov3 is followed in choosing the
cut-off, or the radius of the circular contour in the FDR, N(or NO) as
the average value of NI2 and M2 where A’z is the Regge recurrence

A, 22

of the AZ' With the AZ trajectory as
- L 2 12
MAZ(*) = 35 + 3t/(z2 mﬂz)a (12)

this recurrence occurs at
4 2

This leads to
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2 ! 2
= (5/_;;))%,;,‘2 -3 M —mt = 2.5 Gev? (13)

From these Egs. (4) - (13) one sees that the decay amplitude will be
completely determined ifg AZTW andgA nr are determined. A further
justification for choosing (13) will be discussed in Sec. IV,

To conclude this section, let us note that Eq. (4) can be obtained

in the conventional way with the contour closed at infinity

5 (L,1) = _Lf 20 T 3(1-’)1')1 ’

o’ 2_))1

with.Im B(vt)= Im BRegge (v, t )} substituted in the above expression.
This is no more than a statement of local duality. In the case where an
amplitude needs a subtraction, FDR enables one to determine the

subtraction constant.

[fI. THE AZ—MESON CONTRIBUTION AND

DETERMINATION OF ga Ty AND g5 nw
2 2

The couplings of gAZW and gAZTTTT appearing in Eq. {7) are the
physical coupling constants and are determined from the decay widths of

AZ ~= my and AZ — wn respectively. Since the Az might not be a conventional
resonance, we shall investigate in more detail its role when it contributes

to the direct channel, especially in the narrow resonance limitf as applied

in FESR, In the present case since the contributions of the AZ come from
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2
the tail of the resonance where s and u = (mn - mn) , the narrow reson-

ance limit is indeed justified, There exists direct experimental evidence
on AZ - 71 but not on A2 - my. We shall use the vector meson dominance
model to calculate the latter from the decay AZ - mTp.

A. Calculation With the AZ as a Single Meson

The results obtained at CERNM showing two peaked structure

for the AZ meson in « p collisions at 7,0 GeV/c pion momentum were
placed in considerable doubt when the Northeastern University-State
University of New York at Stony Brook c:;:dlabora’cion15 could not confirm
the split-peak structure in a similar experiment under conditions nearly
duplicating those of the CERN missing mass groups. The need for a
third experiment has been mentioned, 16 since the latter effort was done
with somewhat poorer resolution than CERN's but such a third experi-
ment was suggested not worth the cost unless resolution can be improved
over both earlier experiments.

Assuming the Aa consists of a single conventional resonance, we

take the mass MA ~ 41300 MeV and the width FA = 85 MeV. The
2 2

fractional decay into pm and nw is given in the Particle Data ’I"able7

as 76% and 18%, respectively. A fit using SU(3) relations reported at
the recent phenomenology conference” found similar numbers. In
comparing these values with past best branching fractions one sees that
in approximately one year the prw branching ratio has been reduced and

the nw fraction increased significantly. The main reason for this
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change is the large branching ratio found by a Berkeley group for

A2+ - n1‘r+. 18 (If the AZ_ is actually unsplit as suggested by Ref. 15,

then the difference in charge state has no significance, )
With the branching ratios of Ref. 7, the coupling constants: are

calculated as

2 4
Fazeom /9m = 177 GeV

(14a)

Jasnms /4m = 0.67 GeV ™2

These follow from the expressions for TAZ“"WTJ and TAz"‘TTY given after

Eq. (2), which are used to calculated the decay widths,

2 Ly
- L L : - z 2 .z.] -5
A:_;,Pon:t T 20 47 gﬂfﬁ‘rr*- [/\(”'Az,mf;”‘rr) m‘qz
s
2
- L 4 2 2 -5
2 -
LI 2 2 2 7
ufa’qﬂt 30 7 ?Az‘t?ﬂ': [A(mﬂz ) m'[)m"} mﬂz
where

2
- s 2
[Atr,a,2)] = £*¢ g2t 22 -224-242- 224
Either the p decay width or the results of recent w-p interference
experimen’ts19 leads to a p-v coupling constant efp_1 given by

2
fo /4 = 2.5¢+ o022,
Then,

4 2 2 -1
g,qf,,.:,/#zr = N(ﬁ‘ytf,”;-/f/rr/(f}/#rr) = _f:m.
S0 GeV f
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which gives

[t oty =09 MV,

or a branching ratio of 1% for the ay mode,. 20 These numbers, Egs. (i4a)

and (14b), when substituted into Eq. (4) lead ’coz1

= 0 /48 KeV (1)

>y

when an error of perhaps 20% should be included due to the uncertainties
in the AZ partial widths, This compares favorably with the experimental

7
average value

[
[} ivmy = 0123 £ 0027 KeV.

In Fig. 2, we plot the photon energy distribution obtained in cur
model. The experimental data is taken from Cnopset a.ll23 The solid
curve labeled FDR is the result given by the present FDR calculation;
the dashed line gives the purely phase space prediction. Clearly the
solid curve gives a very good fit to the data, improving considerably
on the dashed curve at high pY values, The curve can be calculated
absolutely, but the data are given in relative intensity units in Ref. 23
necessitating normalization to be adjustable.

The contribution of the high energy amplitude alone to I‘n - Ty

is 0,059 KeV and the low energy amplitude alone gives 0. 02 KeV. Let us
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remark that it is crucial to use the low energy form Eq. (7)in Eq. (4).

If one uses Br‘ Eq. (2), the predicted rate would be 0, 062 KeV

es
instead of Eg. (16).
B. Prediction From The Coupled Resonance Model of the Az
. 24, 25
In 1967 it was suggested that the A2(1300) me son
+

contained two JP = 2 particles which can mix to cause possible compli-
cated mass shapes, calculable via a mass matrix approach., With this

method, the amplitude for a reaction proceeding from an initial state r

to some final state n through the two particle AZ system is

7:‘,(s)= F e Dis» Gt (17)

where the decay and production vertex vectors are, respectively,
n_ (n} (n) a’r (r) er)
Fleo= (R, B") and G'(9=(4", ¢,).

The function D(s) is s minus the mass matrix and its inverse will be

parametrized as 25

S-m,zz +ip My - E(m, +wm,)

-1 |
Dy = (18a)

(s-Ss)(s-5-) ~E(m, +my) s-m5inm,

where the mixing element is, in general, complex £ =c + id and
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Sz = ’é’{”‘uz* "";'.‘z ~i(rm+yymy)

2 ’/ (‘18b)
:I:[(m,z_,:Y,m,—m:-ri’[zmz) + 452(%*"':)2]?.

(n)

For our FDR calculation n = {vy}and r = (mn) since Fi described

the decay of meson i into the wy final state and Gi(r) describes its
production from the wn initial state.

The narrow resonance limit of the amplitude Eq. (17) is readily

found to be
J -1
T —=> (F® a7+ B GI) (s-mP i)™ 19

2
where m, = ;%(I_’ﬂ‘-iz + mzz). Arguments can be made to limit the size of

the off diagonal elements in energy units by the AZ width; this makes
derivation of {19) obvious, 26 Equation (19) indicates a single pole
in the limit but with residue modified from that for the no mixing
single Breit-Wigner case,

The experimental limit on I“'n O30 be directly cast into
- Y

(my) Gi(frn)Jr

“Y)G(ﬁn)rz _

limits on the absolute value squared of the residue F1

Fz(“‘” GZ(“”). Let the F's and G's be defined so that | F'

13,7 MeV2 for the single Breit-Wigner case written in the form of Eq. (17).

Then Eq. (16), T _ = 0,123 £ 028 KeV, implies that
n - mwwy

v ) 2 e
1t mev2<|[FTT Y 4 g"*’a;""'/sw(‘éi)

for the more general case of two mesons., For the single Breit- Wigner
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A2 resonance FZ and Cr2 are zero and the experimental branching ratios

r and T determine 'F (™Y G 1)1Z 143 7 pev?

AZ—“TYP AZ_"TTT? 1 1

as an absolute prediction within the framework of this FDR-FESR
calculation., Models with a breoad and narrow compounent in the AZ can
readily satisfy condition (20) provided most of the coupling to the rp and
w7 is through the broad component. However, for two narrow resonances
of width, say 25 MeV each (and masses 1290 and 1310 MeV given in

Ref. 7), as in the high-low picture of the A_, it would appear that the

2)

largest | Firry G, o F‘ZTTY szn % can be made regardless of the

assumed ratios of vp and mn couplings is 5 MeVZ which is well below
the lower limit in Eq. (20), This number of 5 I\f,[e\/'2 is a model
independent upper limit for two narrow width JP = 2+ objects (making
up the AZ) based only on the total width {or coupling) available. Specific

descriptions of how the heavier particle couples to wp and 7y compared with

the lighter partficle will generally lead to a smaller than 5 MeVZ

2
P, ™G, F,"Y G, "%

Models ascribing different JP to the two peaks will yield a result
considerably lower than 5 Me‘v‘z 1s one of these particles does not couple

to wp or wn. Then, the largest :F Ty Giwn +F Y GZTTT? 2 can be is

1 2

+
1,2 MeVZ, which follows from a width of 25 MeV for one J:P = 2 particle,

1,12 PC -+

. 1 ++
The very special case of aJ =1 mesonand 2 meson

making up the AZ requires extra attention because they couple differently
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. PC -+ - .
to mp and wnp. Let us denote this J =1 meson by A. The couplings

of A to the my and wn systems are given by
= k) € eXtegt
Tany = Ganr € ¥ €np G027 4
and
Tamn = Jiny €5 (&) (3+4)
Amn - JAmy S5 $t
The conventions are those appearing in the expressions below Eq. (2),

except that the corresponding quantities characterizing the Az are

changed to A. The A contribution to BLgglv.t)is

A
Bf‘ﬂ! (

u;t)=-g.ﬁ_"r?i”? [u-}ﬁ,}{-.%m* )+(u-,-u):{(21)

2

which is incidentally also the low energy contribution to Biv,t), i.e.,

3,_(1)(1-',%.) =8 Aeun). (22)

res

The high energy amplitude still has the form (8). However, the residue
function is determined by both the contributions of ¢he narrow)
N N P ++
Az and A, The contribution from the J° =2 component of the A2

is still of the form (10); the contribution from A is given.by

- ~3/2 2 2 2 (23)
A) = 3” - - - - -L m -
B( o Jiny j.ﬁ“{(mﬂ im, ).
The decay formulas for A~ wp, Ty, and v n can be calculated to

be
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I I 2 3
r"- _,,-ﬂ-:tfﬂ T 29 ¢n ?qua”; [mj' )\(JJ m;/m;, Mrz/M32)]

A

. L L 2r 3
r}:_,,,,tr T ¢ o ?;:ynr[mj 7\(1; ”'"z/’”ﬁz; 0)]

3
1 2
Fﬁ*-»ﬂ'*"( B 7‘5. T Ix nn¥ [’”A‘ AL, W/ Mz ’"?z/‘“f)]

For definiteness, we take the masses {this leads to very little error)
and widths of A, and A to be the same, eg., 1300 MeV and 25 MeV,

respectively. The couplings calculated from the above formula are

2 -2
}jf" (47 = O.5¥7 Lp, (GeV)

2 -
Pirn /9?7 /.5¢ X/o"x,rf, (Gev)*

}47:/40: = 020 Xp, (GeV)®

where x and x are the branching ratios for these two modes of
T ks

— i . < : . o
the A decay. Since XTTY? xﬂp < 1 the maximal value of g;,r}wﬂgAmr

is obtained for x =X = 1/ 2 which leads to
TP udy

%‘TY”' 2‘77-’? £ 0.6/ 2’43%7 3’4,777.

Denoting the contributions of AZ to the low and high energy amplitudes

“z) and B(AZ)

by BL H

, we have
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A A,
q) (A.)
BHM < 0.22 8,
This gives the prediction
£ 0009 Kel. (24)

Q-" mrmry

which is well below the experimental number listed in Eq, (16). Thus
we feel that this model“’ 12 is also strongly ruled out as a possibility

for the A;( should it turn ocut to be split).

Still another possibility discussed in the literature
is that only one of the components of the AZ couple to the wp and wn. It
is possible to satisfy the sum rule Eg. (20), with one of the Gri or/and
Fi' i =1,2 being zero, only if the non zero ceoupling is to a broad state

of total width about 80 MeV,

IV, DETERMINATION OF THE pny COUPLING CONSTANT

AND THE CUT-OFF PARAMETER NO

In this section, we shall examine the gquestion of uniqueness of our
choice of No' especially in the sense of the narrow resonance approxi-
mation, The choice of N, is not a new problem in the evaluation of
FESR. To put the question in perspective, we briefly review: Let us

differentiate Eqs. (4) and (9) with respect to N, obtaining



-21- NAL-THY-94

A Xeth)=l g T oy (1)

= N s —_ ’
Im BN t)= Frxgity *oaw r'(q,w)N X (25

(a.wv)

] -
and [ ( )2]% O(P(t) 2n-t
Xplt)=1

Im Blne) = e v + A8 T NEPR {25Db)

P (o) AN T =pt) Xp(#)+]

respectively., The solutions of these two equations are

A Nf(:f}‘ /
F'(O(Pw) 44

AdB/Awv = O. (26b)

Im BNME)= (26a)

This result, Eq. (26a), is again a restatement of duality and 26b) is
obvicus since the Regge residue function can not depend on the cut-off
since the choice of its value is at our disposal.
Now let us examine the FESR, Eq. (9). There is no problem, in
- principle, when N is large enough and the width‘s of all the contributing
resonances are included. In the narrow resonance limit, however
ImB(v,t) is just a sum of §-functions. When N varies from the right
of one resonance to the left of a neighboring one the right hand side of
Eq, (9)is a fixed value, the left-hand side of Eq. (9) varies continuously;
therefore a proper choice of N is obviously necessary.
As stated in Sec, II, our choice of N is thé average value of

mi and mi, , following Ref. 3. This prescription is not unique, there
2 2
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are other criteria, e.g., the choice of N can be such that when extrapo-
lated in t to the p pole the amplitude has the appropriate prm and pny
coupling constants in the numerator of Eq. (8).

When t — mi, we get from Egs. (4) and (8),

lim  (t-wmg)BOE) JT () B DYz gk (27
t->my ™

Ast — mi’ B(v,t) can also be expressed in terms of the p couplings

te mr and ny, il.e.,

lim Bout) = - 2 fony ﬁ’""/”’" (28)

t>mt t - ”'fz'
where we have described the pww and pny vertices by fpnn ep-(qi-qz)

Bov A p . T :
and(fpn\(/mv.)epvkpep EYk p', respectively. The factor 1/mﬁ1s used
to make fPﬂY dimensionless, We have from (27) and (28)
= 2 ' 29

fror Fomn =2 1% 11 8. e

Using fp 11_/4_-11- = 2,56 0,4, 1 we get
2 -
,Cf,,” Sfyn = O./5x, (30)

which probably should be good to 20% due to various uncertainties.
There is no experimental information on fpn\(' We can make,

however, an estimate using broken SU(3) relations, to compare with

the prediction in Eq. (30). Consequently,

FJ"(" = 3-& Fw,n, c:a_s@Q -3 3: ;,',,%) (31)
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where Qp is the n-n” mixing angle estimated from the mass formula

tan Bp = -0, 19;'27 f is the wmy coupling cons‘can’c;28 g4 is the pseudo-

Wy
scalar singled - w - y coupling constant. The couplings g4 and f i
Wy

are related,

?I = rafwn-r/jﬁ

where r = 1 is the quark model result, 27 Using vector meson dominance

we have the m° — 2v and n -~ 2y amplitudes

F "-'-(2&/3{}) ‘Fw;,ru (31a)

mrery

qur = 3""L F:r"rr cos 8[1-2JZ r tand].  (3in

From the experimental rates of 2o - 2y and n — 2y we obtain

r=2.7/1%0.855 or [.94% 0 55

which are obtained with T o 5y 7.74 (1 £ 0.12) eVT or 11,2 +£1.2 eV, 29
LAY

respectively. These values with Eq. (31a) and (31b} lead to

2
ffv/z/zr = 0095« or 0./08« , (32)
respectively. On the other hand if we use the value of f_wy determined

from the rate w — my, we have

Foni/9n = 01180 o 0.0924, (33)

The errors associated with (32) and (33) are also about 20%. We see that

the agreement between the results in Eqgs, (30 and (32) or (33) is very
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good. This strongly supports our choice of No as the approximate
value, which was obtained by following the usual prescription.

To investigate the stability of the result, Eq. (15), we have
varied the cut-off N and given an exponential form factor eat to the
Regge residue instead of the fixed value given in Eq, (13), In Fig, 3,
we plot T° and £° /4m as function of afor both the single

nThTmY PY -
Breit-Wigner and high-low models., We should emphasize that the
curves calculated for the single Breit-Wigner case give the upper
limit for the various possible broad-narrow models; and, the curves
for the high-low models are upper limits obtaining when couplings to
the two narrow resonances to mn and wy are optimal, The curves
labeled I and 1I give l"n . __.vs.ato be read on the left scale and III

™Y

-9 .
and IV give o = f 2 (s, a to be read on the right scale for the two
Pﬂ‘f§ %TT)

(single Bwand high-low) cases, The width I g TTTWvaries slowly with
a, but f‘i‘w/flw is rather sensitive to a. The single Breit- Wigner pre-
di ctions are within the experimental error bars for zero or small
values of a; thus, one sees that the broad-narrow model can be made to
give excellent fits to experiment. However, one se¢es from Fig. 3 that
simultaneous fits within experimental error bars to T . TTTTYand

finy are not possible in the high-low picture. Figure 4 shows plots

of these same two quantities as a function of No’ the radius of the finite

integration contour, The single Breit-Wigner, and tle refore the broad-

narrow model, again give good results although slightly higher values
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of NO will improve them. The high-low model can give acceptable
predictions only at the expense of reducing N0 considerably, i,e.,
N < 2,0 GEVZu
o
We have also investigated the effect of the trajectory functions,
If we take the trajectories to have unit slope, instead of the values in

Eqs. (11) and (12)

o<j,(t)=o.‘//s +ZX  and X, (#) = 0.31 + 2
2.

(giving m = 3,69 GeVZ) the radius of finite contour becomes

2
A o>,
NO =2.5 GeVZ. Repeating the calculation, we obtain

, O./4 Kel/ for a single Breit-Wigner model

n>nmr 0. 056 KeV for the high-low model,

Again errors of about 20% are attached to the above values. The single

Breit-Wigner model or any model with a wide component is still favored,

II. CONCLUSION

The method of combining Finite Dispersion Relations and Finite
Energy Sum Rules appears to be a useful way of predicting three body
decay rates from known couplings and Regge pole exchanges, In nr — yw
both p exchange in the t-channel and Az exchange in the s- and u-~channels
are required; neither pole by itself saturates the width of n — nmy.

Perfectly satisfactory agreement between calculation and experiment
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for Tn — wry on one hand and between calculation and the broken SU(3)
prediction on the other are found with the AZ as a single pole resonance,
This calculation, however, does not discriminate between a single
Breit-Wigner model or the two-pole models with a broad resonance
{e.g., broad and narrow mixed or interfering resonances of the double-
pole model in Refs, 25 and 26), But, within the framework of the
present calculation and within the assumptions herein, the AZ meson as a
single, 85 MeV width resonance leads to a parameter-free prediction

of the n - 1-r+rr_y decay rate which is in fine agreemtent with experiment,
We feel this is rather strong support for the position taken by Bowen

et al. 15 On the other hand, with a wide and narrow sy-stem of two
resonances the calculated value for the decay rate of n — mwy can be
easily brought into agreement with measurement if the couplings of the
two mesons to nr and wy are chosen with the broad resonance dominating the
coupling to one and the narrow to the other channel (in either a mixed

or interfering situation) is strongly ruled out,

Regardless of parameter adjustments, models with narrow,
separate rescnances fail to satisfy or saturate the width relations,
yvielding predictions for widths and couplings well below experimental
limits, Therefore, we feel the numerous versions of the hlgh-low

11,12, 14
a.

model re unreasonable descriptions of the AZ meson and should

not be included in future particle data tabulations (see, e,g., Ref. 7).
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Our results were shown to be stable in the previous section to
reasonable variations in No’ the contour integral radius, and to
variation of the Regge form factor., We feel from this
and the earlier brief report of the result530 that one may safely say
the AZ’ whether a compound sysftem or not, has a broad, ~ 85 MeV width
resonance in it which produces the lion's share of the coupling to 7 and
mp states. This is consistent with the usual phenomenoclogical treatment
of the AZ as a single broad object in, e.g., many t-channel Regge pole

exchanpge models,
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FIGURE CAPTIONS

Figure 1: Diagram for n — wry with four -momentum and polarization
vectors labeling particle lines.

Figure 2: Photon intensity distribution vs. photon momentum in n -
:r+1-r- y. The solid curve labeled FDR gives the result of the
present finite dispersion relation calculation; the dashed curve
is the result following purely from phase space. The data are

from Ref, 23 and do not give an absolute normalization,

Figure 3: Plots of predicted values for T and a_if 2
N~ mwy pny

/4w
as a function of a, where the p-Regge residue function or form

factor is eat. Curve I Fn g for a single Breit-Wigner

resonance (or the upper limit for the broad-narrow picture).

= T

Curve Ii: Upper limit of I'n

Curve III: a—ifp'r?\{/ 4w for a single Breit-Wigner resonance

. for the high-low model,

(upper limit for the broad-narrow picture). Curve IV:
a-ifpn\{/-ﬁln upper limit value for the high-low model. The
horizontal dot-dash lines give the experimental bounds on the
rate for n — nwy decay.

| Figure 4: Plots of T y and ar_ifpnYZ/ 4w as a function of N,.

'zﬂ-mr

The notation given in the caption of Fig, 3 applies.
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