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ABSTRACT

We show that the Feynman rules for vacuum polarization calcula-
tions and the equations of motion in massless, Euclidean quantum electro-
dynamics can be transcribed, by means of a stereographic mapping, to the
surface of the 5-dimensional unit hypersphere. The resulting formalism
is closely related to the Feynman rules, which we also develop, for mass-
less electrodynamics in the conformally-covariant O(5,1) language. The
hyperspherical formulation has a number of apparent advantages over con-
ventional Feynman rules in Euclidean space: It is manifestly infrared-
finite, and it may permit the development of approximation methods based
on a serniclassical approximation for angular momenta on the hypersphere.
The finite-electron-mass, Minkowski-space generalization of our results

gives a simple formulation of electrodynamics in (4, 1} de Sitter space.
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1. INTRODUCTION

Conformal invariance in quantum field theory has attracted re-
newed interest recently, because of its connection with problems of asymp-
totic high energy behavior.l Important results on leading light-cone singu-
larities, for example, have been obtained by the use of conformal in-
variance. 2 Another question to which conformal invariance is relevant
is the study of eigenvalue conditions imposed by requiring renormalization
constants to be finite. 3 To see this, let us consider the single-fermion-
loop vacuum polarization diagrams in spin-é- quantum electrodynamics;
illustrated in Fig. 1. If we work in coordinate space with separated points
x, x' we can freely pass to the zero-fermion-mass, or conformal limit.
In this limit, however, the structure of the vacuum polarization is unique, 2

and hence the sum of diagrams in Fig. 1{a) must be proportional to the

lowest order vacuum polarization tensor in Fig. 1{b),

r (x,x%a)=- 3n F[l](a)w(o)
|.|.v p_v

r

(x,x') . (1)

When Eq. (1) is Fourier transformed to momentum space, using current
conservation in the usual fashion to eliminate the quadratic divergence,
the function F[I](a) appears as the coefficient of the logarithmically di-
vergent term. Requiring the photon wave function renormalization 23
to be finite then imposes the eigenvalue condition F[l](a) = 0. 4

Our aim in the present paper is to study reformulations of mass-
less electrodynamics which are made possible by its invariance under
conformal transformations, with the goal of developing methods which

(1]

may allow one to calculate or approximate the function F appearing



in Eq. {1). Because the singulalfity structure in x and x' is not of
interest (it is just that of the lowest order vacuum polarization), we make
the Dyson-Wick rotation to a Euclidean m_etric at the outset. Thus we
deal with massless, Euclidean quantum electrodynamics. Our principal
result is that the Feynman rules for vacuum polarization calculations and
the equations of motion in this theory can be simply rewritten in terms

of equivalent rules and equations of motion on the surface of the 5-dimen-
sional unit hypersphere. In Section 2 we state the 5-dimensional rules
and verify by explicit transformation that they are equivalent to the usual
rules in Euclidean coordinate space (x-space). We also construct and
verify a 5-dimensional formulation of the Maxwell equations and the equa-
tion of current conservation, and discuss the physical meaning of rotations
and inversions on the hypersphere. In Section 3 we discuss massless,
Euclidean quantum electrodynamics in the manifestly conformal-covariant
0O(5,1) language. We develop the Feynman rules in this formalism, explore
some of their peculiar features, and show that they are related by a simple
projective transformation to the rules on the 5-dimensional hypersphere.
In Section 4 we discuss possible generalizations and applications of our
results. We point out that the finite-electron-mass, Minkowski-space
extension of our hyperspherical results gives a simple formulation of
electrodynamics in (4,1) de Sitter space. The electron wave equation
which we use is just the de Sitter space equation originally proposed by
Dirac, > but our treatment of the Maxwell equations is an improvement

over that of Dirac, and does not require the imposition of homogeneity



conditions. There are a number of calculational advantages of the hyper-
spherical formulation of electrodynamics over the usual Feynman rules

in Euclidean space., First, because the surface of the hypersphere is a
bounded domain, the calculation of vacuum. polarization diagrams in the
5-dimensional formalism is manifestly infrared-finite. Second, because
the wave operators on the hypersphere are constructed from angular mo-
mentum operators, there appears to be the possibility of making semi-
classical approximations when virtual angular momentum quantum numbers
are large compared to unity. This contrasts sharply with the situation in
Euclidean space, where there is no natural distance or momentum scale

which distinguishes regions where ome can approximate the wave operator.

2. 5-DIMENSIONAL FORMALISM
In this section we set out the 5-dimensional formalism and verify,
by explicit transformation, its equivalence to the usual rules in x-space.
Sections 2(a)-2{c) contain a summary ot the fivé—dimensional Feynman
rules and equations of motion, while in Secs. 2{d) and 2(e) we discuss the
transformation to x-space and the interpretation of symmetries on the
hypersphere.

2(a) Summary of Feynman Rules on the Hypersphere

In writing down the 5-dimensional rules and comparing them with
their FEuclidean counterparts, we adhere to the following conventions and
.6 . . .
notation. Five-dimensional unit vectors are denoted by nl,nz, e 5=

dimensional vector indices are indicated by lower case Roman letters
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a,b,... which take the values 1,...,5, and the 5-dimensional metric is

the Euclidean metric éa Similarly, ordinary 4-dimensional vectors
-

b

are denoted by x ., with vector indices p,v,... taking the values

P Xp0 e
l,...,4 and with a 4-dimensional Euclidean metric 6|—'~V' The usual 4x4

Dirac y-matrices are taken to satisfy a Euclidean Clifford algebra

yovt=25, @

and are all hermitian; explicit representations for these matrices are
well known. In writing the 5-dimensional rules we need, instead of the

y's, a set of five hermitian 8x8 matrices @ satisfying the Clifford alge-

bra
{aa,-a:b} =25 . . (3)
In terms of the y-matrices and the Pauli spin matrices Ty g 3 @D ex-
] 3
plicit representation of the a-matrices is
a-p. = y“‘r1 s @ =Ty (4)
since the matrix
@, =T, (5)

2 . .
gsatisfies a, = 1 and anticommutes with the @ the trace of an odd
number of ¢-matrices vanishes. Physical quantities such as the electro-
magnetic current, vector potential, etc. will be denoted by capital letters

(.J'a, Aa’ ...)in 5-dimensional space and by lower case letters (jp.’ ap., I
4

i li . W =

in Euclidean space e let f d'x f dxldx

dx3dx denote the integra-

2 4

tion of x over Euclidean space and we similarly let f dQTI denote the
integration of m over the surface of the 5-dimensional hypersphere,

Finally, we use f:r4 and tr8 to denote respectively the trace over the



y-matrices and the a-matrices.
The connection between the 5-dimensional coordinate 1 describing
a space-time point and its Euclidean equivalent x is given by the stereo-

. . T
graphic mapping

-1
X =K 7m , K=1+ . (6a)
M B s
with the inverse transformation
2x 1 XZ
n_ = ‘-HE s Mg = > . (6b)
R I+x 14x

The 5-dimensional electromagnetic current Ja’ which satisfies the con-

gtraint eguation

n-J=n7J =0 (7)
is mapped into the usual electromagnetic current j by

K 7j =3 -xJ , (8a)

J =k j -k xx+j , J.o=-4k x-j . (8b)

We can now state the 5-dimensional Feynman rules with, for

comparison, their Euclidean counterparts:
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5-dimensional Euclidean
1 1
Lig-n -Dig-n_+ . (x. -
electron -i 2l m Dzla "2 1 -i ¥ (xl xZ)
propagator 2 en 2 2 .4
u (n;tn,) Zm (x-x,)
: &
photon : 1 5ab 1 v
+ gauge terms
propagator 4 2 (.- }2 41"2 (%, - x )2
TN 17%2
(2)
electron-photan jea = 1iela- e ] ie
vertex a ¢ M %a Yo
each closed tr ke
fermion loop 8 4

each virtual
coordinate integration

f de_

(The two indicated forms of 5-dimensional electron-photon vertex are
equal when sandwiched between electron propagators. )

The equivalence of the two sets of Feynman rules for vacuum polarization
(closed-fermion-loop) calculations is demonstrated explicitly in Sec. 2(d)
below.

2{(b) Photon Propagator Equation and Maxwell Equations

To write the wave equation satisfied by the photon propagator on
the hypersphere we introduce the (antihermitian) angular momentum opera-

tor
= (10)
a

When several coordinates NpMgs .- - are present we denote the angular

momentum acting at n, by Ll’ S0 (Ll)ab = (nl)a B/B(n,l)b- ('ql)b a/a(nl)a,

etc. In this notation the photon propagator equation takes the form



2 1 2
(L -4 ——73 =~ B 8gfni-my) (11)

where GS is the hyperspherical delta-function satisfying

f aa, S5l -ny) = f(n,) (12)

for arbitrary f. The constant multiplying the 6S-function in Eq. (11} can

be verified by integrating Eq. (11) over the hypersphere,

o 1
fdﬂl(L12-4) — =- 4 f aQ, —;
(nl-nz) (nl-n 2)
! T
2. 1
{ dell-w) 20
=4 | [ dg (13)
f dull-p%)
| -1 g
2
1 8m 2
=-4 gl 5 o=- 8

where we have written p = LR P and used the fact that

1
fdQ f du.(1- p.z)Xaz:Lmuthal integrations . (14)

Eq. (11) can also be verified from the expansion of (1-—;;)—1 in terms of

Gegenbauer polynomials Cilz(p.), 8

3/2

o0
(2n+3)C" T(w)
1,1 = % {n+1)( :2) 13
H n=0 n n
Using the relation
# 2n+3 3/2
anlYnmml)Ynm(nz)- 2 cXmpen,) (16)

where the Ynm(n) are orthonormalized hyperspherical harmonics, Eq.

(15} becomes
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o0 #*

1 2 Z E Ynm(nl)Ynm(nZ)
7 = 4T (n+1)(n+2) (17)
- n=0  m
(nl nz)
Then, using the differential equation for the hyperspherical harmonics
LEY () =- 20063 Y (n) 18)
1 nm 1’ T mn nm 1’
we find from Eq. (17) that
o0
*
(L2-4)--—1—'———=_81-r22 EY (*q)Yfc m,)
1 2 -0 nm 1 nm &
(m,-n,) n=¢ m
1 2
= - 8r° b (n, -n.) (19)
- m S nl-nz ]

in agreement with Eq. (I1).
To write the Maxwell equations on the hypersphere we introduce
the electromagnetic potential 5-vector Aa, which satisfies the constraint
n-A =0 (20)

and is related to the electromagnetic potential ap. in Euclidean space by

x'la =A -x A . (21)
e oo S

The electromagnetic field-strength is described by the totally antisym-

metric rank-three tensor

= + A+
Fabc La.bAc I"bc: a LcaAb ’ (2)
which is dual to the antisymmnetric rank-two tensor
N F . =¢ LA (23)
ab ~ 6 “abcde cde ~ “abcde e Bnd e
A
The usual dual tensor ?pv in Euclidean space is related to Fab by
- A
S I R : (24)
P py p 5w v opb _
In terms of the tensors Fabc and %ab the Maxwell equations become
=2 25
LabFz—xbc € Jc ! (25a)
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~

I"abec - %ac ! (25b)
with Jc the electromagnetic corrent, :thich satisfies the conservation
equation _
L.J =17 (26)

An explicit demonstration that Eqs. (25) and (26) indeed do correspond
to the Maxwell and current conservation equations in x-space will be
given below in Sec. 2(d).

When Eqs. {22) and (23) are used to express the Maxwell equations
in terms of the potential A, Eq. (25b) is trivially satisfied, while Egq.
{25a) becomes

P A =27 |, (27)
ca a C

with Pca the wave operator

2
= - + .
pca 2 chLba. 6 Lca L 6c:a. (28)

Using the angular momentum commutation relations it is straightforward

to verify that Pca has the following properties,

bcPca - IDbcha. = Pba !
(29)
Fba = 1::.ba‘na. =0
which guarantee the consistency of Eq. (27) with the constraints on J
given by Eq. (7) and Eq. (26}). Eq. {27) can be further simplified if the
potential Aa is chosen to satisfy the condition
LabAb = Aa , (30)

which is the hyperspherical analog of the ILorentz condition. When acting

on potentials which obey Eq. (30) the operator pca becomes simply
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(L2-4) 6ca' Hence the wave equation becomes

(L2-4)Ac =27, (31)

-+

and as expected involves the same wave operator as appears in the photon
propagator equation,- Eq. (l1}.

2(c) Electron Propagator Equation and Field Eqguation

To write the electron propagator equation we introduce the matrix

Yab defined by

1
Yab 4 [aal t:'b] * (32)

Using the abbreviation y , L . =vy-1L, we find that the electron propaga-
g ab—ab _ ¥ prop

tor obeys the wave equation

(a-nl—l)(a-nzﬂ)

—_—
{iv-L +2)

2
. - 2% és(nl-nz)(a-nzﬂ) (33)

.. 4
(nl~n2)

(a'nl-l)(a -nzﬂ)

. GV L,-2) = - 2no6g(n-n )l n-l)

where the coefficient of the Bs-function in Eq. (33) is obtained by averaging

over the hypersphere, as in ¥q. (13). An alternative method for obtaining

Eq. {33) is to use the following relation between the electron and photon

propagators,
(¢ n, ~l}(a-n,+1)
1 p 2 = - %(iy . f l+1) ——-1—2 (a-n2+1) . (34)
n;-n,) (n,-m,)
— .
Applying the wave operator iy- L1+ 2 to Eq. (34) and using the identity
. . 1,1 2
(1y-L1+2)(1y-L1+1) = - E(Ll -4) {35)

we find
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(a-nl—l)(a'nzﬂ)

—_— 2 1
(iy~L1+2) 2 = ;i (L -4) 5 (@, H)
(nl-ﬂzh (nl-nz)
e 2206 1 36
== Ly S(ﬂl'ﬂz)(a'ﬂz ) ] ( )

where in the last step we have used the photon propagator equation, Eq.({ll).

" The matrix Yab is a generalized spin operator for the electron.
Writing
. 1
Sup =" Yap =3 P! (37)

we find that S and L satisfy identical commutation relations,

[Sab’scd] = aacsdb- 6:a.dst:b * abcsad- 6bc‘.sac !
(38)
Loy Leal = Sactan 8 a bt Chctad b cLac
and that
SZ =-5 , i
{(39)

{L-S)2 =3L"S-3L" .
The second relation in Eq. (39) leads immediately to the identity in Eq.
(35).
Finally, in terms of an 8-component electron spinor x the elec-

tron wave equation takes the form

. 8 . 0 .
{wab[na(—ga— - 1eAb(n)) - “b(?ﬁ: - 1eAa(n))-’ + Z]X =0, (40)

b

with the adjoint equation

.

Fa
—{. 5 . . a_ .. .
X{wab[na(anb + 1eAb(1’19 - nb(a"\a + 1eAa(n))i| - 2} =0 ,

X=X

(41)

The electromagnetic current JC which appears in Eq. (31) is given by
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-i -
T == xlame Ix . (42)
Using the relation -
N, 5 -, 5o ) lena )= lamie,] - 2in vy L (43)
aaqc c ana e 'Ta a

and Egqs. (40) and {41}, we see that the current Jc satisfies the current
conservation condition of Eq. (26). The constraint imposed by Eq. (7)
is also obviously satisfied.

2{d} Transformation from the Hypersphere to x-Space

We give'in this section the explicit transformations which map
the hyperspherical Feynman rules and equations of motion into the corres-
ponding rules and equations of motion in x-space. We begin with the Feyn-
man rules of Eq. (9) and consider first a closed fermion loop coupling

to Zn photons, given by

X {_i 3la-n -l n,+) _; slern,-Dilang+l)
-— - tr, i — iee =
2n permutations 8 4 2 4
of 1,...,2n i (y-m5) KR (My-m3)
Ly . it -
s la LP )5 n1+1) .
Y 2 lea . (44)
w n, -1y 1

In order to obtain the corresponding Zn-point function in x-space, we
must transform each of the 2n current indices according to the recipe

of Eq. (8a), which means that we effectively make the replacement

a, - Ki3 (a - x 015) (45)
i By By

for each vertex a - After this replacement has been made, we must
i
then find that a purely algebraic rearrangement of factors gives the 2n-

peint function computed from x-space Feynman rules. For the denomi-
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nator in Eq. (44) the rearrangement is trivial, since substitution of Eq.

{6) shows that

o

2. (46)

( SN
N TS L W TS R B TS
To rearrange the numerator we exploit the fact that the factors a+n 1
appearing in each propagator are projection operators, allowing us to re-

write the numerator of the general propagater according to
Yem -1) Lo o +1) = Yaen -1) 2o s - 1. . +1) . 47
gla-n,-1) sleen,  #1) = 3le-n.-1) - (0, ) zlam,  +) (47)

We next introduce the matrix O(x) given by

It _ o+ x 1 I-a5a"x

Ox) = . O = —25
(1+x7)2

1 » (48)
(1+x2) 2

where o-x denotes the 4-dimensional scalar product o x . Some

straightforward algebra then shows that

L -1
Ofx;) 2 y=m, ) Ok, )
a2, ~-x, ) K. K, %
i ; 1Hz T = (?1 -1z+1) @ lxgmx ) (49)
32
[(L+x, )(1+xi+1)]
and that
O(x)%(1+a-q)(ap—xpaS)%(a-n-l)O(x)-l = %(1+a5)au—;(a5-1) . (50)

Substituting Eq. (4) for the a-matrices, we can pull all factors %(as:tl) =

-;:(1'3&:1) to the left, where they combine to give a single factor %(TEH).
2
The factors 7, appearing in the matrices « then cancel in pairs (7. =1},

1 1

leaving

-tro[3ro4l) X{y}] = - er [X{VI] (51)

3
where X{y} contains y-matrices only. The factor K appearing in Eq.
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[ 811

' 2
(45) precisely cancels the factor (Ki /Ki ) arising from the substitution
of Eq. (49) and Eq. (46)._in.t;n.E_'ge (44), Thus, we have shown that when the

replacements of Eq. (45) are made, Eq. (44) can be algebraically rearranged

to the form

1 ¥ i {-i Y b)) fey Y- bepmxy)
2n permutations 4], 2 o 2 4
of 1,...,2n am beymxy) 2 2w (xymxg)
' Coy ek, -x)
- 2r.
.o 12 L ieyp} R {52)
2m (xzn-xl) 1

which is just the 2n-point function calculated according to the Euclidean
x~space Feynman rules.

The next step is to verify that the hyperspherical rule,
in 6

a.a
1 152
dﬂn s (nl) Ty (nz) ; {53)

2 2
2 1 2 4T (nl-nz)

f dn“l

correctly describes the propagation of a virtual photon from i to My
The use of the current J in Eq. (53) is of course just a convenient short-
hand for describing the 2n-point functions from which the photon is emitted
{absorbed), with all variables other than those referring to the virtua._l
photon in question suppressed. Calculating the Jacobian of the transfor-

mation of Eq. (6) by use of 5-dimensional spherical coordinates gives
df? =« d x - (54)

Substituting Eq. (54) into Eq. (53}, using Eq. (46) to rewrite the denomi-

nator of the photon propagator and Eq. (8b) to reexpress the current Ja

in terms of the combination of components jH = K3(J -X JS) which is rele-
V)

vant to x-space, we find that the factors k precisely cancel, leaving
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.4 4
fdxldxsz

: 1
()] (x,)—= &  (x,x,) . (55)
SRR PRSP
with -
, Z(XI)Ml(xl)HZ Z(XZ)ul(xz)p.z
Ay, ) = 2 [Sp.p.- ~ 2 - 2
1H2 (x,-x) M2 I+x 1+x,
4(l+x. - x.)(x.) (%) (56a)
U2 2,
f——— 2]
- (1+x1 )(l+x2 )
5 . K
)
_ ) 8 2, 3 2
= ( )2 + a(xz) [.En(xl-xz) 5 -*"--*-—a(xl) En(1+x1-r ):l .
% L) Hy o (56b)
2 2, _ 8 2 8 9 1, 2., 2
+ ) [J!n(xl—xz) 2 30k J!n(l-!—xz )-l T TN [z,é'n(l-i-x1 )2n{l+x2 ).
iy 2k ) L 2k,

In Eq. {56a) we give the form of the x-space photon propagator- A (x ,x.)

By 12
which emerges directly from the substitution of Eq. (8b) into Eq. (53); in
Eq. (56b) we show that A can be rewritten as the usual Feynman propa-
gator plus total derivative terms (gauge terms), which make no contribu-
tion to Eq. (55) because of electromagnetic current conservation. Hence
Eg. (53) is completely equivalent to the usual x-space E‘eynrn‘an rules for
propagating a virtual photon. In the next section we will show that the
special significance of the gauge terms iﬁ Eq. (56a) is that they give A
simple transformation properties under coordinate inversion.

To transform the photon and electron eqﬁations of motion and the
current conservation equation to x-space, we rewrite the differential

operators a/aqa and I_.a in terms of x-derivatives according to

b
SRR )5, t terms proportional to (57)
on, ap a5x|.l. ox erms proportion na .



Ly=% -gz—m-xvs—Z— ’ (58a)
u po8x .
L
2 -1, 9
LSp = xl-* X5 + (-« ) _axp. .

— =K x . (58b)

Applying Eq. (58) to Eqs. (21)-(24) we find that Eq. (24) implies the usual

A
connection between the x-space field strength fpv and potential a“,

_ _¢ 9 1 2
fhe ™ Bx. 3¢ " Bx_ a2 ahcrp.vfp.v (59)
A a

Sirnilarly, applying Eq. (58) to Egs. {25) and (26), we find (after con-
siderable algebra) that ;hese equations reduce to the usual Maxwell and
current conservation equations in x-space,
Eq. (25a} =—> apfw =ej, (60a)
Eq. (25b) = 08 f =0 , | (60b)

1 -
Eq. (26) =—= 9 j =0 . {61)

B

To transform the electron wave equation [Eq. (40)] and the expression for
the electromagnetic current [Eq. (42)] to x-space, we first note that the
Pauli matrix 1'2 commutes with the wave operator in Eq. {40), and hence
the 4-component spinors

X, = 20% 75X (62)
alsa satisfy Eq. (40). Defining x-space 4-component spinors lit by

4, =P o, O (63)

we find that the projection of Eq. (42) into x-space takes the form
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3 -i

jp(X) =k 5 X [a-n.au-xPa_ﬁ] X
= i Yamy T , 64)
JP JH | {
with _
o - - 1
Jp = LIJ:l:\pr‘iJ:h , Y, = LN (65)

Since a direct {and again somewhat lengthy) calculation shows that the

Dirac wave operator obeys the transformation
3/2 . 9 . 9 . -3/2 -1
K O(x){ iy ['qa(anb - 1eAb(n)) lu™ (—a_qa - 1eAa{'r| ))] + 2} K O(x)
=19

= - 11'2.!{ Y (Bx - iea) s (66}

the x-space spinors l.le: satisfy the usual mass-zero Dirac equation
-(i jea)y =0 (67)
Yok Tt + )

This completes the demonstration that the hyperspherical formalism is

completely equivalent to the usual formulation of quantum electrody-

namics in Euclidean x-space.

2(e) Interpretation of Symmetries on the Hypersphere

'We briefly discuss in this section the x-space interpretation of
the rotational and inversion symmetries on the hypersphere. As we have
. 2 . .
seen, the photon wave operator is L - 4, and this commutes with the ten
generators La.b of rotations on the hypersphere. Similarly, the free

Dirac wave operator iy+L + 2 commutes with the ten operators

Jab = I"ab + Sa.b !

(68)
which are the hyperspherical rotation generators when spin is taken into

account. We can interpret the hyperspherical rotational symmetry as

follows. Six of the rotational generators L y {or J v) leave the 5-axis
1
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invariant, a.né therefore, by Eq. (bb), leave x2 unchanged-. These clearly-
correspond in x-space to the gﬁex;erators of the homogeneous lLorentz group
{which of course, in the Euclidean metric which we use, has become the
four-dimensional rotation group O(4)]. The remaining four generators
LSV’ which change xz, correspond to rather complicated conformal trans-

formations in x-space. For example, the 5-dimensional rotation

— ! 1 =
TR My 2,37 M,2,3

1 - :

M', =M, cosa - Mg sine (69a)
v i

n5-n431na+n5cosa

corresponds in x-space to the conformal transformation

2
. ! = LI ~Ln- i
x = x": x1‘2‘3 x1’2,3/D, x'y [x4 cos a-3{l-x }sina]/D ,
5 (69b)

o
l+x sin — +x, sina
2 4

D

H]

From this point of view, the manifest covariance of the hyperspherical

Feynman rules under rotations generated by L is a reflection of the

5v
conformal invariance of zero-fermion-mass electrodynamics. We note,
finally, that the ordinary x-space translation x — x' =x +a does not

correspond to a linear transformation on 1, but rather to the nonlinear

transformation
n—n't m' = 4 (@Qmga J/D0
. hp Hgla ]
0. = [ - Laf(4m,) - n-a]/D (70)
5 5 2 5 ’
2
D143 . ‘a = .
: a (1+n5)+n a, mn-a f\pap_

Translation invariance of the x-space formalism guarantees that the 5-
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dimensional formalism is covariant under the conformal transformations
of Eq. (70}, even though this ig_ nat_.n}?,n,ifestly evident.

In addition to the continuous-parameter rotation group, there is
an important discrete symmetry operation- on the hypersphere, the in-

version
m—-n - (7la)

According to Eq. (6), this corresponds in x-space to the inverse radius

transformation

K= . x/x2 . {(71b)

Because the trace of an odd number of o#-matrices vanishes, the hyper-
spherical expression for the closed loop 2n-point function in Eq. (44) is
invariant under simultaneous inversion of all the coordinates TP
Similarly, the hyperspherical photon propagator is inversion invariant.
Hence we conclude that (as long as no divergent vacuum polarization in-
sertions are made) the radiative corrected 2n-point functions in the hyper-
spherical formalism are manifestly inversion invariant. This in turn
implies simple transformation properties for the corresponding x-space

2n-point function under simultaneocus inverse radius transformation of

the coordinates x ,...,x

1 2n To find the form of the x-space transforma-

tion, we follow the notation of Eq. (53}, and let Ja(n) describe the emis-
sion of a photon from the 2n-point function at coordinate n, with the other
Z2n - 1 variables suppressed. In this notation, the inversion invariance

of the 2n-point function reads

Ja(n' =-n)=Ja(n) ; (72)

where, of course, the suppressed variables are also inverted. Projecting
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J'a(n) back to the x-space gives
-3 :
K «j (x)=7J () -x J_(n) , (73)
S B B 5

while projecting the inverted current Ja('q') gives

[ -3 1y — 1 ' 1
()77 6t = 3 ) - X T (74)

with

Meom L x =lamigalong, K = x Sk (75)
B M

Using Egs. (73) and (74), we can convert the equality of Eq. {(72) into

a relation between jp(x') and jp(x), giving

] _,.2.-3 ) .
3000 = 677 MG (76)
where
- 2x xv
M & =08, - 2 MM ) =0 (77

Thus, the 2n-point function in x-space is left invariant under the com-

bined operations of (i) simultaneous inverse radius transformation x. —

2 2n

- xj/xj , j=1,...,2n and (ii) application of the projection operator -H-{x.z)-3 X
Zn | j=

\_l- MH'P- (x.) to the vector indices. This recipe is just the one discussed

=t M3t

by Schreier. In terms of the matrix M , We can understand the signifi-
cance of the gauge terms in the x-space photon propagator of Eq. (56):
the gauge terms guarantee that under inverse radius transformations the

photon propagator transforms covariantly, i.e.

A (x xz)zM ¢ (x. M , (%

2 2
) f= ~,-x Ix, ) . (78)
S L gy 2 L' ree

)Apl r('xl

M2

The usual Feynman propagator, of course, does not satisfy Eq. (78).



..

3. CONNECTION WITH THE MANIFESTLY
CONFORMAL-COVARIANT FORMALISM

In this section we discu;s massless, Euclidean electrodynamics
in the manifestly conformal-covariant O(-5', 1) language, and develop its
connection with the 5-dimensioné.1 formalism of the preceding section.
In Sec. 3(a) we review the O(5,1) formalism and in Sec. 3(b) we develop,
in a heuristic fashion, the 0O(5,1) Feynman rules for electrodynamics.
In Sec. 3(c) we show that the O(5,1) rules are related to the 5-dimensional

rules by a simple projective transformation.

3{a) The 0O(5,1) Formalism

As has been greatly emphasized recerxtly,1 a large class of re-
normalizable field theories containing no dimensional parameters {masses
or dimensional coupling constants) are invariant under the 15-parameter
conformal group of transformations on space-time. In particular, guan-
tum electrodynamics with zero fermion mass is conformal invariant. We
recall that of the 15 confbormrl-group generators, 10 are the generators of
the Poincaré group, 1 generates the dilatations

X —Ax {79)
p [
and the remaining 4 generate the special conformal transformations
2 Co2 2
x = {x tc x }/{1+2c-x+c x ) . (80)
B A :
Although the usual formulations of massless field theories are manifestly
Poincaré invariant, their invariance under the nonlinear transformations
of Eq. (80} is not manifestly evident. However, a very pretty way of

R . . . . . 10
achieving manifest conformal invariance was introduced by Dirac¢, = and

has been further developed recently. The basic idea is to replace the usual
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field equations over the Minkowski space-time manifold xp. by equivalent
field equations over a 6-dimensional projective manifold &A. [We adopt
the convention that 6-dimensional vector igdices are indicated by capital
Roman letters A, B,‘. .. which take the values 1,...,6.] The coordinate
x is related to gA by the projective transformation

x ==€p/€+ » B =6+ E, (81)
When the metric in x-space is the Minkowski metric {1,1,1, -1), the £-
space is endowed with the metric (1,1,1,-1,1,-1); correspondingly, when
the metric in x-space is the Euclidean metric (1,1,1,1), the §-space is
endowed with the metric (1,1,1,1,1, -1}, In either case, if £ is restricted

to the light-cone
£ =0 (82)

then it can be shown that the 15-parameter linear group of pseudorotations
on £ is isomorphic to the conformal group of nonlinear transformations
on x. In the Minkowski case, the pseudofotations fqrm the pseudoor-
thogonal group O(4, 2), while in the ]:fluclidean case with which we are pri-
marily concerned, they form the pseudoorthogonal group O(5,1). So to
construct a manifestly conformal invariant formulation of massless, Eu-
clidean electrodynamics, we must write equations which are manifestly
covariant under the operations of 0O(5,1).

Because excellent reviews are available in the literature,11 we will
not actually detail the development of the O(5,1)~covariant formalism, but

rather will simply summarize the results needed for the construction of

Feynman rules.
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{1} The electromagnetic current is represented by a 6-vector J'A(gi,
homogeneous in & of degree -3 and satisfying the kinematic constraint
§-3(6)=0 . (83)

The equation of electromagnetic current conservation takes the form9

B
Lygd &)= T8 (84a)
with
8 3
Lo=t, — -8, = (84b)
AB A a%B B agA
and JA(E) is related to the x-space current jp.(x) by the recipe
. 3
j )= £, {Jp(ﬁ)- XH[JS(é) rI01) . (85)
Note that Eqs. (84) and (85) are both invariant under ''gauge' transfor-
mations of the form
JA(E) - JA(i) + §AM(§) ’ (86)

with M(£) homogeneous in & of degree -4. The invariance of Eqg.
(85) follows immediately from Eq. (81}, while Eq. (84a) is left unchanged
because
L, 80ME) = €, (546 pIM(E) = £, M(E) (87)
AB A ok A
where in the second equality we have used the homogeneity of M(§).
(2) The electromagnetic potential is represented by a 6-vector AB(«‘,‘),
homogeneouns in £ of degree -1 and satisfying the constraint £-A = 0.
The photon wave equation takes the form
OghgE) =6 Jg8) (88a)

with
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9 3
C, =3 = (88b)
6 : agB E)&B
(3) The electron field is rep-res‘énted by an 8-component spinor x (£},

homogeneous in £ of degree -2, which obeys the wave eguation

{WAB[gA(ETg; - ieAB(ﬁy- §B(a—€az - ieAA(E,))] + Z]X = 0. (89)

The matrix YAB is defined by

i
where the 8x8 matrices ﬁA satisfy a Clifford algebra
with EsB the metric tensor. An explicit representation of the B's is
ﬂp. = - YP'T3 [35 = T]. 56 = - 1T2 . (92)

The electromagnetic current of the electron is given, in terms of the
spinor yx, by

7, =28 % Xx=x 93

AS X YgaX ¢+ X=X B, - (93)

z

These equations completely specify the O(5,1)-covariant formulation of
massless electrodynamics, and, via Eq. (85), allow us to project 2n-point
functions in the 6-dimensional language back into 2n-point functions in x-
space.

3(b) QO(5,1)-Covariant Feynman Rules

We proceed next to deduce, in a heuristic fashion, Feynman rules
for the O(5,1)-covariant calculation of closed-fermion-loop processes.
We will not actually directly prove the equivalence of these rules with the

usual x-space rules, but rather will show this indirectly in the next section
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by deducing the 5-dimensional rules of Sec. 2 from the 6-dimensional
rules which we now develop. To 'begin, we infer from Egq. (93) that the
rule for a vertex where a current with polarization index A acts at co-
ordinate £ is

vertex oc eI"A(E,) =e f:,B[ﬁB, BA] ; (94
clearly, this rule automatically satisfies the kinematic constraint of Eq.
(83). [In Eq. (94) and subsed_uent equations of the present section, we
omit numerical proportionality constants.] Next, we must guess the
rule for the electron propagator S(gl, {:,2). We first note that since x(§)
is homogeneous in £ of degree -2, S must be homogeneous of degree
-2 in §1 and gz independently. A.check on this requirement is pro-
vided by the fact that since JA(E,) is homogeneous of degree -3, a 2n-
point function must be homogeneous of degree -3 in each of the Zn coordi-
nates. Since the vertex I"A(E,) is homogeneous of degree +1, this re-
quirement will be satisfied by propagator-vertex chains of the form

S(E) 8,0, (8)8(80 8,0, (E5) - (95)

only if the propagator is homogeneous of degree -2 in each of its argu-
ments. The homogeneity requirement immediately restricts the choice

of propagator to one of two possible forms,

p-g BE
17 "2
(€, €,)
(96)
1
S (£.E,) s ——~
271" "2 2
(6,78,

We can rule out sl as a possible choice, however, by noting that when
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S1 is sandwiched between the two adjacent vertices we get

[B-8, Ba 18 6B E,[B 8, Ba]

[

I"Al(ﬁ.l)Sl(@l,'éz)FA (£,)

3
2 | (€, £,)
' : (97)
L PR Ea et
= - 3 .
€, 6,)
where we have used the fact that (B - §)2 = §2 = 0. But as we have seen
above, ''gauge' terms of the form (§.) or (£.) project to a null
_ 1 A1 2 A,

current in x-space, so use of S, as the propagator would lead to identic-

1

ally vanishing 2n-point functions in x-space. We conclude that the correct
choice of electron propagator is SZ’ and that the O(5,1)~covariant ex-
pression for a closed fg‘:_rm.ion loop coupling to 2n-photons is given (up to

proportionality constants) by

1 1

e [ﬁ.gsﬁ ]J
£,°80° (g, gt UM

1
permutations trS{(g t )2 [[3 g2"3}%2]
of 1,...,2n . 1 =2

(98)

Although we have constructed our rules to satisfy the kinematic
constraint of Eq. (83) and the requirements of homogeneity, we must
now check whether they are consistent with the equation of current con-
servation, Eq. (84a), To do this, we first examine the effect of the free

Dirac operator on the propagator forms Sl and SZ' By direct calcula-

tion, we find that

AB AB
y,ply ¥2)8(6,6,) =8/(5, 6,0y, L, -2) =0 (99a)
] B
Gy gLy t2)8,(E,¢,) =28/ ,E,)
e (99b)
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all for E,l # E”Z [at él = E,Z there are additional delta-function centribu-
tions, which we omit in writing Eq. (39)]. We see that the correct propa-

gator S, does not satisfy the Dirac equation, and that adding in an arbi-

2

trary multiple of S1 cannot fix things up. In effect, we see that S1 is a

null propagator (because it leads to a vanishing current in x-space) and

that S2 is a pseudo-propagator, which when acted on by the Dirac wave

operator gives a multiple of the null propagator, but not zero.

Let us now examine the effect of this peculiar state of affairs on
the current conservation properties of Eq. (98). We consider the propa-
gator-vertex chain linking the points él, E, E‘Z and act with the differential

B Saed .
operator L, o = §A /o - E’B 8/8€™", giving

Ly ..t 8,1 —— (B 5.6°1— 88,8, 1.
AB FIA g e & gz> ?
pre,B, 1——I[B 5,8, )i —-—-*-—-[ﬁ £ B, ). (100)
VA g e €-e,)° 0 B2
+R, |

The first term on the right-hand side of Eq. (100) is just the result re-

quired by Eq. (84a), while the remainder R, is given by

A

—

1 AB 1
R, =-2¢ {...[[3'&:.,[3 | —— iy, L +2—— [B:E,,B, |...
A A 1’7A) (gl_g)z AB (&,-&2)2 2’7 A,
1 AB }
LprELB, ] 5 Gy, gL -2)—~——[53§ B, ..., (on
. 1 Al (gl_g)z AB (gg 2 A

Substituting Eq. (99b) and algebraically rearranging as in Eq. (97}, we

get?



L BrE(E)aB L,
CRIT R

RA=8§A¥-JﬁﬁpﬁMJ

et (6)a b 8 .
... 3 z[p-gz,pA]... . (102}
(§,°€) (§-€,) 2

Although Eq. (102) does not vanish, the first term in the curly bracket is

a pure ''gauge' term with respect to the index AB’ while the second is a
pure '"gauge' term with respect to the index AI’ and hence both give a
vanishing contribution to the 2n-point function when projected back to x-
space. So we see that because SZ is a pseudo-propagator, Eq. (98) only

satisfies a pseudo-current-consei‘vation condition: when we test current

conservation on a given index, Eq. (84a) is not satisfied in the 6-dimen-
sional space, but does hold when we project on all of the remaining indices
to transform back to x-space.

As an explicit illustration of this pseudo-conservation property,
let us consider the single loop two-point function, which according to Eq.
{98) is given by

trS{[ﬁ'gl,ﬁAl] [ﬁ'ﬁz,ﬁAz]} - 51'§ng1Az'(§1)Az(§z)A1

» {103)
s IR
(€8, (8,¢,)
- AlAy
Acting on Eq. (84) with (Ll) gives
! A
(Llj 4 = 1 + R,
(6, t,) (€ E,)
(104)
a6 6,600, )
’ A
R = - 1 7271 272

6, 8,)°
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As expected, there is an extra term R which, because it contains the

factor (£ , makes no contribution to the two-point function in x-space.

)
2°A,

Interestingly, there is no way of modifying Eq. (103} to make the extra

term R vanish. To see this we note that the only other second rank ten-

sor with the correct homogeneity properties and which satisfies the kine-

matic constraint of Eq. (83} is

(E,), (£,)

. "2 (105)
4
However, Eq. (87) tells us that this expression satisfies
L
Al (E)aE 08,  (E) HE A,
(L}) 1“1 1 2 _ 1 2 , (106)

€ )" € )"

so adding a multiple of Eq. (105) to Eq. (103) cannot cancel away R. We
conclude that pseudo-current-conservation is an unavoidable feature of
the C(5,1)-covariant formalism.

Next, we turn our attention to the photon propagator D (E.,£.).
AlAZ 1" 72

Because the photon field A_(£) is homogeneous in & of degree -1, the

B

photon propagator I must be homogeneous of degree -1 in &,1 and gz
independently. In addition, in order to annihilate the extra "gauge' terms
which appear when we test current conservation on indices of the closed

loop other than AI’AZ’ the photon propagator must be explicitly transverse,

Al AZ
€ Paa (Bt =8, Dy by =0 - (107)

The simplest form which satisfies these requirements is
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. R o~
' (€.)a,8 £, (E,)a

DA A (gl’ gz) _ : ,1g I:gA o __}:..lig.‘ [gCA _ __%_:..ﬁl , (108)
1772 1 72 A 2 £,°8,

-
~ ~

where gl and 52 are arbitrary points which are held fixed when doing

the virtual integrations over £ and gz. Because of gauge invariance,

1

closed-fermion-loop expressicns have no dependence on &.1 and 5,2 after
one sums over all orderings, with respect to other photons which are present,
of the emission and absorption of the virtual photon propagated by Eq. (108).
The simplest way to verify this statement, and to check the correctness

of Eq. (108) to begin with, is to transform Eq. (108) back to x-space. We

find

4.4 A Az
£ &,,F (£)D (E.,E€,)F (E,)) =-2j (x)aA (x,,x,)j (x,) , (109)
1472+ U'7A A, L2 2 T LT T
with the effective x-space propagator given by
, - Spn2 %y %0 g G- x i Fa %2 2
A (x,,%x,} = — + 2 + 2
L L) 12 (x,-x )2 (X, -x )z(x -X )2 {x.-% )2(55 -x )2
- 17 %2 1717 T2 s A
& -x ), (%, -x,)
P mz 27720, (110a)
&%) &pmx))
S
e 3 2, 8 v 2
= . )2 + a(xz) [ﬁn(xl—xz) _;_-"——-"——a(XI) En(xl-xl) :]
*17*2 H2 1
9 2, 8 o 2 ) 3
+ - = ——p— - -
50x,) [‘n(xi %) 2 5GP ] Bk, B(x,)
H ) H ¥2
[1 £n(® -x)% In(X )2] (110b)
< z In(x -x, n(x,-x, .

In Eq. (110a) we give the form of the x-space propagator which emerges

~4 ~
, X, denote,

directly from the transformation; in this equation X2 X)) Xp0 Xy

respectively, the x-space images of § ,E , & ,E . In Eq. (110b) we see
P P § 1’717 2’ P2 4
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that A' is equivalent, up to gauge terms, to the usual Feynman propaga-

tor, and in particular that all the dependence on % ?c’z is contained in the

1’

gauge terms. This verifies that Eq. (108)'is a2 valid expression for the

‘ ~J
photon propagator, and that &1 and ‘EZ drop out of gauge invariant quanti-
ties, such as closed fermion loops. [The derivation of Eq. (110) from the
conformal-covariant expression of Eq. (108) indicates that the effect of the

x-space gauge terms is to render &' covariant under x-space conformal

%. are conformally trans-

transformations, provided that the points ?El, 5

formed along with %y and x2.13]

Finally, calculation of the Jacobian of the transformation of Eq.

{81) shows that
4 -4
fd*x =] as, £ , (111)

where f ng denotes an integration over the hypersphere glz + & 2 +

2
2 2 2 2

§3 + §4 + és = §6 , with F’f) held fixed. Comparing with Eq. (109),
we see that )
fd4x1d4x2(-2)j (xl)A' (Xlnxz)j (Xz)
5 UL L 2
A A, - (112)
:fdsglngZJ (gl)DAIAZ(ﬁl,&Z)J €, .

indicating that the Feynman rule for virtual integrations is simply
virtual integration over £: f ng . (113)

This completes our specification of the O(5,1)-covariant Feynman rules

for calculating closed loop quantities.
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3(c) Projection onto the 5-Dimensional Unit Hypersphere

We complete our discussion of the O(5,1)-covariant formalism by
showing that it is related, by a simple projective transformation, to the
5-dimensional Feyn%nan rules of Sec. 2. The transformation is generated
by exploiting the fact that in an n-virtual photon process, the fixed points

i~

£ 1in each of the n photon propagators can be chosen independently, pro-

vided that over-all Bose symmetry is maintained. Since closed fermion
loop amplitudes are independent of all of the propagator fixed points, they

will be unchanged if we integrate all of the fixed points over their respec-

o~

2 ~ ~ 2
tive hyperspheres &,1 o +§5 = §6 . The effect of this integration is to

replace the photon propagator of Eq.. {108) by the averaged proéagator

(€,8,) = . (114)
AIAZ 2 f dSE dSE
1 2
The integrations in Eq. (l114) are readily evaluated, giving
¢ g 65’
AR A LY
A C~ -
A1 2 E, é 1 (gl)b - AZ 2 (E.) }
. 2'6
+ terms proportional to (F;.l Al or (E_,Z)Az ; (115}
the terms proportional to (gl)A or (ﬁ,z).A are uninteresting because they

1 2
make a vanishing contribution by virtue of the constraint equation, Eq. (83).

The key feature of Eq. (115) is that the quantities in brackets,

g, ,t g
) A16 1C A26

g —=T , & , -§&
i S U A T (5

(116)

both vanish when C = 6, so the sum in Eq. (115} extends only over
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C=1,...,5. This suggests projecting onto a 5-dimensional space, as
follows: (i) The 5-dimensional coordinate n‘a is related to the 6-dimen-

sional coordinate ﬁA by

g

fu

'ﬂa= ’ a.:l,...,5 . (1173)

121
o~

The light-cone restriction on £ implies that

n“=1 ,  (117b)

and scalar products in 6-space may be rewritten in 5-space as follows,

3

2
. — Py

(ii) The five-dimensional current Ja(n) is related to the 6-dimensional

current JA(E") by

3
J () =%, [Ia(ﬁ)-naJﬁ(é)] ) (118)

which is just the projection generated by the brackets of Eq. (116).

We proceed now to combine Eqgs. (115), (117) and (118). Using

4

Jasg=[an £ (119)
we get A . A
1 = 2
fdsgldsng (£))D, 4, (6180 "(6))
-28
f 422
= [dQ d@ T (n)—3 J_ (n,) R (120)
L PR PY 2, 1 (“1“"12)2 a, 2

which reproduces the 5-dimensional Feynman rule for photon propagation.
To study the efiect of the projection operation of Eq. {118) on the O(5,1}-
covariant expression for a closed fermion loop in Eq. (98), we consider

first the projection of the vertex I' ,(£). We find

A
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3. A A
€, (e, m,8, 1T 4(E)

£ 1868 -0 8,1=t. "B n-6,.8,-n B,] (121)

H

4
- §¢ (e milia faem-1) -,
where we have introduced matrices @, defined by
@ == B, - (22)

. Since the propagator (él' éz)'z can be rewritten as

1 4
2 =T 2. 2 T (123)
we see that the projection of Eq. (118) transforms Eq. (98) into
2n Z 1 . . 1
* permutations trB{( _ )4 (e 1’]2.|'1}aa2(9! 712'1) ( )
of 1,...,2n L 273
1
vo ™3 (e n2n+1)aa (a-nl-l)} s {124)

which apart from normalization constants is identical with Eq. (44). So
we have verified that the projective transformation generated by using the
averaged propagator of Eq. (114) just gives the 5-dimensional Feynman
rules for the photon propagator, the electron propagator and the electron-
photon vertex.

To conclude, we show that Eq. (118) and the formal properties of
the 6-dimensional current JA(E) imply the corresponding formal proper-
ties of the 5-dimensional current Ja(n). We begin with the constraint equa-

tion, £ - JA(E) = 0, which can be rewritten as

0=8T (6)- 8T (6) =8 [T ()n T €] =7 n-To),  (25)
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giving the 5-dimensional constraint equation, Eq. (7). Next we consider

the 6~dimensional version of current conservation,

B
Lyp I (8)=3,&) (126)
and use Eq. (87), Witl-] MI(E) = é;l Jb(E), to write
B B,-1 -1 .
Lygll 6)-876, 7, )] =0, -8,E T (&) . (127)
Since the sum on B in Eq. (127) exntends only over B =1,...,5, and

since we are interested only in values of the free index A =1,...,5, no
derivatives 8/8&,6 appear. Hence, on multiplying through by E63 and
using the fact that

8 8

g 2 =17
baga aanb a

9
€, e = L , (128)

Eq. (127) becomes the 5-dimensional current conservation equation

LpJpml =7 () . (129)

4. DISCUrSSION

In this section we very briefly discuss possible generalizations
and applications of the 5-dimensional formalism of Sec. 2. First, we
note that although we have worked with a Euclidean x-space metric through-
out, it should be straightforward to generalize the 5-dimensional rules to
the usual Minkowski case. The hyper‘sphere will then become the hyper-
belic domain

1112+ 1122+ 'r]32- n42+ "'152 =1 |, (139)

which is a (4,1} de Sitter space of unit J:-ad:ius.14 A further generlization

would consist of giving the electron a mass m and, since the distance



-37-

scale now acquires a meaning, calling the radius of the de Sitter space
R, so that Egq. (130) becomes
2 2 2 2 2 2 '
q1+n2+q3-n4‘+n5 =R . (131)

. 5 . . - .
As Dirac” has shown, an appropriate wave equation describing a massive

electron in a de Sitter space of radius R is

2 0 .o
{iyab[na(a]—; - ieAb(n)) - T\b(a; - ieAa(n))] +2 - 1mR}X =0, (132)

which is a simple generalization of Eq. (40). The electron propagator cor-
responding to Eq. (132) will of course differ from the massless propaga-
tor of Eq. {9), but the electron-photon vertex and the photon propagator
will be unchanged. The massive 5-dimensional formalism is not exactly
equivalent to ordinary massive electrodynamics in Minkowski space-time,
but as Dira.::5 has shown, in any finite neighborhood of Ng = R, Eq. (132)
reduces to the usual x-space Dirac equation in the limit R — %, It is only
in the completely massless case that the 5-dimensional and x-space formal-
isms have the same physical content.

It should be emphasized that while our electron wave equation is
identical (in the case m = 0) to Dirac's, our treatment of the Maxwell
equations is substantially different. Unlike our expressions for the electro-
magnetic field strengths, which involve B/Bqa only through the angular

momentum ope::ator L Dirac's e:-.:pressioné5 involve B/Bna by itself.

ab’
2
Hence, in order to avoid going off the hypersurface of constant n, Dirac

finds it necessary to introduce homogeheity constraints on the electromag-

netic potential, of the type encountered in the Q(5,1}-covariant formalism.
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In our formulation of the 5-dimensional theory, such constraints are un-
necessary, and an examinntion of the 5-dimensional Feynman rules of Eq.
(9) shows, in fact, that they are not homogeneous in the coordinates. The
absence of homogeneit.y requirements permii.:s eigenfunction expansions of
the field operators, and should therefore make possible a canonical quan-
tization of the 5-dimensional formalism. 15 The first step in canonical
quantization would be to write down an appropriate Lagrangian density; it
is readily seen that variation of

= - il—z(Fabc}zq- ;{iyab[na(gi— - ieAb(n)) - nb(a—:*— - ieAa(n))] + 2 - imR]x

e > (133)

gives the correct equations of motion. The next step is to pick a "time"
axis for purposes of ordering operator products in Green's functions and
for the definition of canonical momenta. Ordering with respect to n4/(1+n5)
would correspond to the conventional time-ordering in x-space. Another
pessible choice, ordering with respect to Mg would correspond to x-space
2 .
ordering with respect to x , a form ¢f quantization which has been recently
: . .16

studied by Fubini and Jackiw.

This concludes our discussion of possible avenues for generaliza-
. 17 . : . .
tion of our results. ILet us next briefly consider possible calculational
advantages of the 5-dimensional formalism for massless electrodynamics.
The key point to notice is that whereas the wave operator in Fuclidean x-

: 2 . . 2
space is Dx , with a continuum spectrum -p = - {momentum) , the wave
5 )

operator on the hypersphere is L - 4, with discrete spectrum -2{n+1){n+2).

This difference in spectra has two important consequences. First, the
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fact that the spectrum of [:]xz contains 0 leads to the ocgurrence of in-
frared divergences in x-space ﬁalculations of propagators and vertex
parts. These divergences are known to cancel, however, in closed fermion
vacuum polarization loops, 18 and this is reflected in our ability to map
vacuum polarization calculations onto the unit hypersphere, where the
spectrum of the wave operator does not contain 0. In other words, closed
fermion loop calculations on the unit hypersphere are manifestly infrared-
finite. Second, it is difficult to see how to introduce approximations in
massless electrodynamics when calculating in Euclidean x-space, since
there is no natural scale for selecting one region of p2 as being more
important than another. [We have particularly in mind the calculation of
the function F[I](af} défined in Sec. 1, where no natural scale for making
approximations is provided by external momenta.] The situation is dif-
ferent on the hypersphere, where unity is a natural scale for measuring
the spectrurm -2(n+l1)(n+2), and where the semiclassical region of large
quantum numbers, n >>1, providesra natural domain for making approxi-
mations. The development of techniques for making such semiclassical
approximations con the hypersphere is an important problem, which, hope-

fully, may shed light on the nature of the elusive function F[l](a).

ACKNOWLEDGEMENTS
We wish to thank H. Abarbanel, D. Gross and K. Johnson for
helpful conversations, and to acknowledge the hospitality of the Aspen

Center for Physics, where this work was completed.



-40-

REFERENCES
For recent reviews, see @&. Mack and A. Salam, Ann. Phys. 53,
174 (1969); D. J. Gross and J. Wess, Phys. Rev. D2, 753 (1970);
C. G. Callan, S Coleman and R. Jackiw, Ann. Phys. 59, 42 (1970).
E. J. Schreier, Phys. Rev. D3, 982 (1971); R. J. Crewther, Phys.
Rev. Letters 28, 1421 (1972).
This point has been emphasized by M. Baker and K. Johnson (unpublished).
For a review of work on finite electrodynamics, see S. L. Adler,
"Short Distance Behavior of Quantum Electrodynamics and an Eigen-
value Condition for «,' Phys. Rev. (in press).
P.A.M. Dirac, Ann. Math. 36, 657 (1935).
As usual, we take A = c =1, e2/41-r = o = fine structure constant.
The mapping of Eq. (ba) is closely related to the Fock solution of
the hydrogen atom: V. Fock, Z. Physik 98, 145 (1935). For a recent
review, see M. Bander and C. Itzykson, Revs. Mod. Phys. 38, 330
(1966).
The Gegenbauer polynomial and hyperspherical harmonic formulas

are obtained from A. Erdélyi, ed., Higher Transcendental Functions

{(McGraw-Hill, New York, 1953-55), Sec. 3.15 and Chapt. XI; A.

Erdélyi, ed., Tables of Integral Transforms (McGraw-Hill, New

York, 1954}, Sec. 16.3; L, K. Hua, Harmonic Analysis of Functions

of Several Complex Variables in the Classical Domains, Translations

of Mathematical Monographs, Vol. 6 (American Mathematical Society,

' Providence, R.I., 1963), Chapt. VII.



10.

i1.

12.

13,

14.

15.

16,

17.

-41-

This form of the current conservation equation was first introduced,
in the context of the.D(4,2) conformal-covariant formalism, by D. G.
Boulware, L. Brown and R. D. Peccei, Phys. Rev. D2, 293 (1970),
P.A.M. Dirac, Ann. Math. 37, 429 (1936),

See G. Mack and A, Salam, Ref. 1; D. G. Boulware et al., Ref. 9.
We have again omitted delta-function contributions.

Propagators of the form Eq. (9la), with %, =%_, have been studied

1 2’
by M. Baker and K. Johnson (unpublished) and by R. A. Abdellatif,
"Quantum Electrodynamics with no Photon Self-Energy Insertions, "
University of Washington dissertation {1970).

For a good review see F. Gursey, "Introduction to the De Sitter

in F. Gursey, ed., Group Theoretical Concepts and Methods

Group,'

in Elementary Particle Physics (Gordon and Breach, New York, 1964).

For an exhaustive bibliography on field theories in de Sitter space,
see 5. A. Fulling, "Scalar Quantum Field Theory in a Closed Uni-
verse of Constant Curvature,' Princeton University dissertation
(1972).

For discussions of quantization of scalar field theories in de Sitter
space, see S. A. Fulling, Ref, 14, and references quoted therein,
especially M. Gutzwiller, Helv. Phys. Acta 29, 313 (1956).

S. Fubini and R. Jackiw {unpublished).

For completeness, we note that the techniques which we have de-

veloped in this paper for the case of massless electrodynamics



18.

. .

will be applicable to other conformally invariant field theories as

well, -

T. Kinoshita, J. Math. Phys. 3, 650 (1962); T. D. Lee and M.

Nauenberg, Phys. Rev. 133B, 1549 (1964).



- 43-

FIGURE CAPTIONS
Fig. 1: (a) Single-fermion-lopp vacuum polarization diagrams in spin-1
electrodynamics.

(b) Lowest order vacuum pelarization diagram.
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