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Abstract

The structure functiors for the annihilation process et + e -
P+ X are calculated in the neutral vector glucn model in the Bjorken
bimit. Bjorken scaling is broken by the presence of In g2 factors in
a way which is closely related tc the situaticn in inelastic scatter-
ing. All calculations are carried out in a leading-logarithm appro-
ximation. In particular there is a multipticity n = 1n2a® and a close
interplay between the damping of the elastic form factor and the
excitation of inelastic channels. The annihilation structure functions
are shown tc be related to their inelastic scattering counterparts by
analytic continuation and by a physical region reciprocal relation.
The reciprocal relation is observed to have a number of interesting
consequences if it applies, in some approximate sense, to pion, protons,
etc. In addition to the leading logarithm calculations contained in
this paper the discussions given here of discontinuities of the

virtuai-Compton amplitude and the Tongitudinal impact parameter

representation are of general interest and applicability.



[NTRODUCTION

This paper is one in a series of papers] 3 in which we study the
neutral vector gluon model (massive QED) in the Bjorken sca]ingh
limit. The major topic of this paper is the annihilation c:hann\elsu7
e’ + e+ S P+ X, and the relation of the annihilation structure functions
te their counterpart58 In inelastic scattering, e + P ~e” + X . These
relaticns may transcend the particular field theory studied here.

Here, as in all renorma]izableg’IO (in contrast to superrenormali-
zab]eisfield theories, strict Bjorken scaling is broken by the presence
of 1ng? factors in the asymptotic expansion of the structure functions.
We exploit this by caleculating in a leading-logarithm approximation for
a given order in perturbation theory and then summing the result to all
orders in the coupling constant.

As for the inslastic scattering channel, the results we find for
annihilation in the neutral vector gluon model differ greatly from the
neutral pseudoscalar (scalar) fieild theory5 because of diagrams in
which vector gluons are emitted and absorbed by the charged fermion
line between the points at which the external current a(:t:s]2 . These
diagrams sum to an "infrared' type result and generate a multiplicity
of {soft) vector mesons <n> ~ 1ng?,

We find that, after appropriate interpretaticn, the annihilation
structure functions can be reached by analytic continuation of the
inelastic scattering structure functions. Furthermore we find and study
0.,]3

a reciprecal relation, first explicitely noted by Gribov and Lipatovc

¥

which directly relates the annihilation and inelastic structure functions



in their respective physical regions.

In addition to cur calculations for the neutral vector gluon model,
occasional compariscn to the pseudoscalar case and discussion of the
reciprocal reiation, our work here contains two formal sections which
are of general interest and are not restricted to studies in perturba-
tion theory. The first of these is in Sec. || where, after reviewing
the kinematics, we state the various discontinuities of the virtual
Compton amplitude which correspond to physical cobservables and the
appropriate way to analytically continue from one to anotherl
While very little of this is truly new we feel it is useful to pull it
together and emphasize the key points.

The other formal secticn is Sec. V, where we study the lengitudinal
impact parameter representation introduced in Ref. (5). After making
the connection with Regge theory we go on to show how the longitudinal
impact parameter representatiocn provides a compact and efficient way to
study the relations between the annihilation and irelastic structure
functions.

The remaining sections of the work are as follows: |In Sec. II1,
after briefly reviewing the leading-logarithm approximation which we
use, we give the results for the annihilation structure functions in the
neutral vector gluon model. Calculational details are reserved for
Appendix A. We also give the key properties: multiplicities, momentum
distributions, etc., of the important final states which build up the
annihilation cross section. In Sec. |V we discuss analytic continuation

and the reciprocal relation between annihilation and scattering, using



the results of Sec. [ll. We alsec point out a convenient Lorentz frame

in which these questions can be studied for arbitrary diagrams in any
theory without explicit evaluation of all momentum integrations. Ve
illustrate this with simple "diffractive'' diagrams in Yg theory,
Caiculational details are in Appendix B. In Sec. V| we discuss some of
the physical consequences which would follow if the reciprocal relation
were satisfied (in some approximate sence) by protons, pions, etc. This
speculation is very tentative as we discuss in the same section. Finally
in Sec. VIl we give a very short summary of our results. Pesults for a

cutoff theory are reserved for a future publication.



t1. Summary of Kinematics and Structure Functions
In this work we are concerned with calculations of the annihila-
tion process as well as the relaticon between annihilation and inelastic
scattering. Consequently we begin with a brief review of kinematics
and the structure functions for the two processes. To make clear the
conditions imposed by crossing (substitution law) and analytic continu-
ation it is also useful to identify the structure functions with certain
discontinuities of the virtual Compton amp]?tude]
bt turns out to be helpful to consider simultaneously three dis-
tinct physical processes. They are:
Inelastic scattering
e (1) + H{p) » e (2"} + X, (2.1a)
Three body annihilation
e (k™) + & (k) + H(p) ~ X, (2.1b)
and
Annihilation
e (17) + e (27) -~ f(P) + X (2.1¢)
where X stands for the complete sum over the undetected hadron final
states. The one-photon exchange approximations to these processes are
shown in Fig. 1.
In each of the three cases we pick variables as follows:

lnelastic scattering

g = {2-2'}?% <0 (2.2a)
v o= p-(2~2")/m >0 (2.3a)
cos 8 = i3 (2.4a)



Three body annihilation

a2 = (k” + k)2/ m >0 (2.2b)
v=p (kK + kD /om0 (2.3b)
cos o, = k - k' (2. 4b)
and,
Annihilation
g2 = (27+ 252 50 (2.2¢)
v=p- "+ ¢ /m<0 (2.30)

cos B = 2+ P
c

Both cos Ba and cos eb are measured in the hadron rest frame (EfO),whiIe
cos 8_ Is measured In the center-of-mass frame (g=0). [Note that
according to Eq. (2.3¢) v is the negative of the virtual photon energy
in the frame E?0~] For definiteness we will choose the hadron H to be

a proton; m denotes its mass. All our remarks and equations will) hold
for any other choice for H provided m is always interpreted as the mass
of H.

The physical regions for the three processes discussed above are
shown together on Fig. 2. MNote that had we not neglected the electron
mass the processes 2.1{(a) and 2.1(b) would be separated by a gap Acg? =
ﬂmez.

Aside from known factors associated with the electron lines and the
virtual photon propagator, the spin averaged cross sections for the

15

above processes are proportional to
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for 2.1(a), 2.1(k), and 2.1(c)}6re5pectively. In Eas. 2.5{b} and 2.5(¢)

the subscript ¢ denotes the connected part.



The mere fact that we have used variables cf the same name and a
common plot to describe three different physical processes does not in
itself imply any relations between the processes. Some relations which
do exist follow from crossing and aralyticity as we now spell out,

Consider the non-forward, spin-averaged, virtual Compton amplitude

2l . X
MY 6 g2 q2) = | hy ol laytay) 5 Xy v X
™ (5, 0ed05) = i axe! NTT o 1R, T (e, (2.6)
which is illustrated in Fig. 3. In Eq. (2.6)
(s-uy _ PyPy) {a*ay)

v o= =

bm hm

- 2
S (p, +a,)°,
and

14,17)

This Compton amplitude for t<0 (aside from anomalous singularities
is expected to be an analytic function of v, q% and q%. Cne expects
both right (S channei) and left (u channel) hand cuts in v and right
hand cuts in q% and q%.

The substitution law along with the charge conjugation property

ju = -C ju C"’ gives the crossing symmetry property,
™ -y, t, a3, a?) = 7Y (v, t, 4}, @2). (2.7)

After imposing current conservation one finds {as in Eq. (2.5a) that the
spin averaged amplitude is automaticelly symmetric in the indicies u
and v at t=0.

The discontinuities which correspond to the prvsical r~:servables

2.5{a) - 2.5(e) are



THY (v+ie, 0, g%, q?) - %Y (u-ie, 0, q2, o) = 2i W (v, q%)

(2.8a)
with v>0, a“-0,
TUV (U+;€, O’ q2 + iEI, q2 _ iell) _ Tuv (v“iE. O, q2 +i€', qz ‘iE")
= 2i WY (v, ¢2) (2.8b)
with \)>O, q2>o, anrnd
THV (U+EE,0,q2 + je', q2 - je'') - TUV (v-iE,O,qz + ieg', q2_ et 1)
= 2i WY (v, a%) (2.8¢)

with v<0, q2>01respectfvely. We illustrate the discontinuity equations
2.8(a) - 2.8(c) in Fig. 4. The normal threshold cuts in v begir at

Vg = +v0 and vL ==V where

2m Vo = (m + U)Z - mz - q2 + i (E' + €|'). (2-9)

corresponding to single meson production.

We note that for the space-like case (g°<0) appropriate to in-
elastic scattering (2.1a) the right and left hand cuts are non-overlap-
ping as shown in Fig. 5(a). For the time-like cases (q%>0), Figs. 5(b)
and 5(c), the cuts are overlapping and one must take care to circle only
the right hand branch point at +vo when taking the discontinuities in
Eqs. (2.8b) and Egs. (2.8¢c).

By inspection of Eqs. (2.8a) and (2.8¢) along with Fig. 2 we see
a convenient way to analytically continue from inelastic scattering
to the annihilation region: continue in the virtual photon masses from

space-like to time-tie values keeping s fixed at a positive and
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physical value. |t is clear, however, that it is necessary to distin-
guish the initial and final photon masses q%, q% respectively in order
that one may continue q% above its cut {+ie) and q% beiow its cut (-ie).
In the process of continuation we pass through the three body annihila-
tion region; the prescription given is correct for this region also -
Eg. (2.8b).

In addition to the three {s-channel) discontinuities which we have
been discussing there are three additonal (u-channel) discontinuities
of the virtual Compton amplitude which describe similar physical pro-

cesses.,

TV (u-ie, 0, a2, a?) - TV (v+ie, 0, ¢%, a®) = 21 W7 (v, g7)
(2.1Ca)
with v<0, g%<0,
T°" (v=ie, 0, q2- ie, gq2+ie) - Tuu‘(v+ia, 0, q2~ie, q° +ie)

= 2i wcv“ (v, g2) (2.10b)

with v<0, q2>0, and

VU (u-ie, 0, g2 -ie, g2+ie) - T°F {v+ie, 0, ¢? -ie, g2 +ig)

=20 W " (v, @?) (2.10¢)
with v>0, g%>0.

The corresponding physical processes are obtained from those listed
in Egs. (2.1a) - (2.1¢) by the substitution H «~H. The corresponding
physical regions are obtained by reflecting the regions in Fig. 2 about
the q2 axis; see Fig. 6. The crossing property, £q. (2.11), shows

immediately that the cross sections for the Jatter processes

T S TSP
(¢  +H re + X, e +c +H=>X,ande =e +H+ X are identical

to those for 2.1(a) - 2.1(c) respectively. HMNote that certain regions



of the q¢, v plane are inhabited by two different physical processes.
This does not imply that the rates for the two processes are equal

since they are given by different discontinuities of the same master

analytic function (e.g. in general wcvu £ W)
Finally we consider the Bjorken scaling limit. For all processes

we define a scaling variable19

-1

we=x =2mu/(-9%) {2.11)
and consider the 1imit {q?|»~, w fixed. Furthermore in the Bjorken
limit one imposes the additicnal restriction mx2>>m2. For annihilation
therefore

—m
2 2
(2\/E~') w1 - 0of Ul (2.12}
.q2 q2
and for inelastic scattering
m2 -92 /
T+ 0f ) < w < 0f ). {2.13)
g2 T T m?

We pick scaling functions in the standard way.

For inelastic scattering {recall v>0)

Frlw = 1im [m W, (v, @®)] (2.14)
- q2-e
w fixed
and
Fola) = Tim [v vy (v, q) 1. (2.15)
~q 2o
w fixed

A convenient combination is

FL(m) = F](w) - 1/2 w Fylw). (2.16)



In the region w>1 one has the condition F], FL > 0, which follows from

the positivity of the cross section. The Callan-Gross relation20 for

theories which scale is FL =0 (FI = 0) for currents built entirely

from spin 1/2 (spin 0) fields.

For annihilation {recall w<0)

Frlw) = Tim [m W, (v, 92)] (2.17)
@20
w fixed
and
Folw) = 1im [-» W, {v, g%)] (2.18)
qZ
w fixed

Again it is useful to consider a combination

F (w) = F {w) + 1/2 w F (w). (2.19)}

L 1 2

. F s o0

As in inelastic scattering one has a positivity condition F L2

]

= 0) in scaling theories with a

valid for O<w<l. Also F, = 0 (F

L ]

current built from spin 1/2 (spin 0) fields exclusively. [Note the sign
difference between the definitions(2.16) and (2.19).]
For completeness we recall the annihilation cross section in the

center-of-mass system (Bjorken 1imit)

2 2 - -
d’c = u [Fl(m) (1 + coszec) + F

dwd cos?d g

L(m) (l-coszec)] (2.20)

showing the characteristic angular dependence for currents built from

spin 1/2 or <pin 0 fields.
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f11. Perturbation Theory Results

in this section we identify and calculate those diagrams in the
neutral vector glucn model (massive QED) which make leading contributions
in the Bjorken limit to the inclusive annihilation process e + eTPHX,
Previous calculations ég inelastic scattering in the neutral vector gluon
model, as well as scattering and annihilation calculations in YS and
other field theories?_;gable one to anticipate that Bjorken scaling will
be broken by the presence of 1n q% terms. This occurs because massive
QED is a renormalizable but not a superrenormalizable theory.

A complete calculation of all terms which survive in the Bjorken
limit is hopelessly difficult. In all our work we make a leading-
logarithm approximation. Namely, in each order of perturbation theory
we compute those terms with the highest power of 1In g2 and then sum the
result to all crders in perturbation theory.

It should be emphasized that here, as in our previous work, we make
the leading-logarithm appreximation for each exclusive channel n,

e +e +P+n. e then compute the inclusive process e +e 'l +P+X by summing
the result over n.

Theoretical calculations can also be carried out using a different

leading-logarithm approximation. HNamely one can first form the inclusive

corss=section by summing over n and only then in each order of perturba-
tion theory make a leading-logarithm approximation. Obviously one should
compare results from the different leading-logarithm approximations only
in those domairs of common applicability. A detailed discussion of this

and related matters has already been given in Sec. Il of . Let us,
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however, briefly remind the reader that the leading logarithm approxima-
tion which we use picks out a well defined set of diagrams which in fact
contain the key difference between the neutral vector and the neutral
{pseudo) scalar models. Moreover the sum of the terms which we calcu-
late has an acceptable analytic form {no ghost cuts or singularities)
and a simple physical interpretatien.

A convenient frame for the annihilation calculation is

P = (1, 8, m2) (3.1)

¢ = (', 3, q%) (3.2.)
where we have used the (+, L, -) notation for four vectors [(vF, 3, v ) =
(V0 w3, vl vZ, 0= v3)]. Recall aiso from Sec. b mv = -P-q <o,

w = 2mv/(-q%)>0.

Labelling of the additional emitted particles is as follows. The
leading diagrams contain no additional fermion-antifermion pairs besides
the one required to produce the detected antifermion. We call the accom-

panying fermion P',

- . m2apr 2
P' = (u’, 3', POy = (u', ﬁ', = ). (3.3)
Emitted neutral vector mesons are labelled by
> - . le-'-I:i ?
o= lug B kD) s o, B — ), (3.4.)

In this frame we pick out the structure functions as follows:

Fr (v, a?) (3.5.)

g1
v ™

Fo(v, a2). (3.6)



A. Born Temrm

For the Born diagram, Fig. 7, one has

F.® =2 600-0) | (3.7

- B
FL

Even for this simple diagram it is possibfe to find some insights into

= 0. ' | (3.8)

the approximations which are valid in higher orders. According to
Eq. (3.5)
- B 1 du'd?P' 1 o,
P "L‘J‘_u' §(=-1-u") §2(F")
12 : 1 1
Xs(q2w-m2- E—jFE-) Tr[(P-m} v (f'+m) vy J. (3.9)

The trace is easily evaluated and equals
b (e b on2yiem?)
2 2

from which it trivially follows that

B—
1T

FP = P 3 m2uten)sd <) (q2a) (3.10)
where u' = m/(q%w), P'~ = m/u’ = q?w. Thus dropping 0(1/q2) terms
one obtains Eq. (3.7).

We see that P'~ was 0(q2) while P'" = 0(1/q2). This result
generalizes to more complicated diagrams as follows. The + momentum
brought in by q predominantly follows the P (antibroton) line and the
momentum predominantly follows the P':(proton) line.

let us turn now to higher order diagrams. |In what follows we shall
reserve more detailed célculations for fppendix A and present only the

results ‘and salient approximations in this section. As we mentioned

above we can lean heavily on our previous work on inelastic scattering
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in the vector gluon model.
B. One Meson Production

Diagrams with one meson in the intermediate state are of the three
main types shown in Fig. 8. Fig. 8(a) is analogous to the ''outer
rainbow' or ladder diagram for inelastic scattering. We found in | that
these diagrams, although leading in g theory, are non leading in
massive QED. The same is true for annihilation. We see from Ea. {A.5)
that the structure function corresponding to Fig. 8(a) contains a single
power of In g2 with no potential for further powers of In g% upon inte-
gration over w. This is typical of all outer rainbow diagrams. They
form a simple exponential series in e®ln (q2/u?), the logarithms arising
from ultraviolet values of the transverse momenta, Kiz :_qu. In fact,
as in the scattering case, the resuit for the outer rainbow diagrams
can be obtained simply from the 75 annihilation result by the replace-
ment g<-2e?. [g is the coupling conséant in Vg theory, e the coupling
in the vector theory.] The rainbow diagrams are leading in the Vg
theory.

Fig. 8(b) is the analog of the ''inner rainbow' diagrams of inelastic
scattering. Again in the vector theory they are non-leading and form
an exponential series in in g2 which can be obtained from the Y anni-
hilation result by g2-2e?.

Fig. 8{(¢) is the diagram {plus its mirror image) which makes the
leading contribution in 0{(e?) to the annihilation structure functions

for the one meson production channel. [t is the simplest member of the

class of leading diagrams and is analogous to the "inner-outer' diagrams
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we found important for inelastic scattering. From Eqg. (A.9) (:ze?/1672)

z 8(c)

R R P I Y (RO R [531%:324_ (3.11)

H
valid for 1>1-w>>{u2/q%). The presence of the (i-w)_] factor in Eq.
(3.11) enhances the region w™1 and can give a further logarithm upon
Integration over w. |In obtaining Eg. (3.11) one may neglect ki- addi-
tively compared to pro o= q?w. The logarithm comes from a transverse
momentum integration; in higher order diagrams of this class one also
picks up logarithms from longitudinal integrations.
L. Two Meson Production

Consider next the leading contributions to two meson productions
which come from the diagrams in Fig. 9(a) and 9(b). Their sum, from
Appendix A, is
OB n ) = s20mw) 7! I [ﬂfiélﬂlq. (3.12)

"
We see that compared to Eq. (3.11) one has gained two powers of In q2
at the price of a single power of 4. By contrast the C(3%) generaliza-
tios of Figs. 8(a) and 8(b} only increase by a single additional power
of in g2and thus are non-leading by our rules,

As we discuss in Appendix A, considerable simplifications occur if
one combines the expressions for 8(a) and B(b) before carrying out the
phase space integrations. After a more difficult calculation one finds
that diagrams 9(a) and 9{b) separately contribute (g"’ gauge) 2/3 and
1/3 respectively of the answer quotedin Eq. (3.12). The fact that the
graphs combine to a simple eikonal-like result is completely character-

istic of massive QED. In particular we note that the w®1 enhancement
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is a result of the (approximately) freely propagating antifermion; the
(1-w)_] factor can be directly traced to the (P-q)2-m* pole term in
diagrams 9(a) and 9(b).
D. General Case

Having identified the class of leading diagrams we calculate the
aeneral case for the production of n mesons in o(A™) .  The leading
diagrams are the obvious generalizations of Figs. 9(a) and 9(b) and are
represented by Fig. 10. The shaded box is meant to indicate the summaticn
over all permutations of attachment of the vector meson lines. As
expected on the basis of remarks above and our work in [, after summing
over all such permutations of the meson attachments one obtains a simple,
eikonal-1ike result.

Namely when the two groups of vector mesons in Fig. 10 contain r
and L particles, r+g=n, we find

n o1 itr [ln qz(l-w)] cl . (3.13)
l-w glr! ‘.-12

EI(E,F)(

w, In q2) = )

The integration regicns which are important for Eq. (3.13) are as follows.
Label the two groups of vector mesons with and without primes. We pick

up n uitraviolet logarithms from transverse integraticns over the re=-

gions

L2

k. =« q%w u. (3.14)

5 2 |

k!, < e'q%w u. (3.14")
and n-1 infrared logarithms from integraticn over longitudinal momenta.

The important regions for the latter nest according to
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1 L2 .

Ly ceu,, .19
l.._ “2 < I« ' u | _j.:H (3 ]51)
S R ' '

1
The final integrals over Uy and u; treak into the sum of two terms.

U

One is integrated —— ui < ey with U fixed by the delta function

=3

]
U] = l-w; for the other let Ulr* U]. [See the discussion above Eq.
(4.17) in 1.]
Summing the result given in Eq. (3.13) over all allowed values of

£,r consistent with £+r=n = fixed gives

n-i
?—'](”)l = 2a (]_Iw) In [qzii_“)] (nlm {ZA ]nz[_____quL-m)])
(3.16)

Eq. (3.16) is not the final result for intermediate states with n
mesons along with the proton-antiproton pair. It is only the contribu-
tion from the lowest order in the coupling, namely O(An), which can con-
tribute to n meson production. For fixed n and higher order in x one
has vertex and self energy corrections to the order A" diagrams. We
shall not gc through an explicit study as we did in the inelastic
scattering case since the technigues are so similar. Instead let us
merely state the obvious and analogous results.

The leading diagrams are of the type shown in Fig. I1. The shaded
boxes stand for the sum over all permutations of real and virtual meson
emission (absorption) as is characteristic of a gauge invariant vector
theory. To leading logarithmic accuracy interactions between the meson
lines can be neglected.

After evaluating the leading contribution of the sum of all graphs
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of the type shown in Fig. 11 cne finds a simple result. The result is
the lowest order result, Eg. (3.13) or Eq. {3.16), multiplied by the
absolute square of?ﬁ(qz). jr;(qz) is the elastic form factor evaluated
to leading logarithmic accuracy in the time-like limit g+~. For the

space-like 1imit g2+-= one has3to leading logarithmic accuracy

!J_/
$,@%) ——= exp (-2 In? [-g%2/%]). (3.17)
—q2e
Since
In {-q2 + ie) = In{g?| + im,
we have

;?](q2)*‘§1(q2) exp (=21 1n? [q%/u%] + 22 =2)

= exp (-2x 1n? [q?/u2])

to leading-logarithmic accuracy. Thus our final result summed to all

orders in the coupling for n meson intermediate states is

E](n)(u, In g2} = 2x 7 ) In [qz(;_w)] exp (21 In? [:gi])

T-w) . y
Xty (21 ) 2 (@2 (1) )" (3.18)
—) n B . .

Such a simple result for the higher order radiative corrections
naturally has a simple interpretation. We see from Eqs. (3.14), (3.14'),
(3.15), and (3.15') that the produced vector mesons have transverse
momenta small compared to q? and small longitudinal (+) momentum fractions.
Therefore the proton-antiproton pair produced by the external current
are quite close to their mass shells. Hence it is quite plausible that
the elastic form factor enters.

The result given in Eq. (3.18) forms a simple exponential series

which is easily summed over n,
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= oy ] qz(]"w)

F] (w, In q=) = 22 e In {'—:;;-'“]

Xexp (25 In? [M] -2 Inz[-q-z—]). (3.19)
ué u?

We note that the presence of the elastic form factor correction in
Eq. (3.19) provides strong damping at large g2 which compensates the
growth due to real vector meson productien - the sum over n. This is
physically sensible and necessary and leads to a well behaved total
cross section as g2+,

in particular we note that there is an explicit cancellation of the
1n2{g?/u?] term in the exponent of Eq. (3.19) leaving as the exponent
2x Inl{g?/u?] In (1=} + x In*(1-w). This means that for the inclusive

(n)

quantity F],in contrast to the exclusive quantities ?] , the inner-

outer diagrams we consider form a series in single powers of In g°.

This, as we remarked above, is origin of the difference between the
leading-log approximaticn we employ and that of Ref. ( 8 }. The can-
cellation of real and virtual meson processes has its origin in the
same mechanism that underiies the infrared reqgion for photons in mass-
less QED.

It remains to calculate EZ by, say, evaluating the usv={-) compon-
ent of W' ; see Eq. (3.6). Again we spare the reader a tedious repeti-
tion of a similar calculation in Il for inelastic scattering. The result

is

F, (w, Tn g=) = -(2/u) ?, (w, In q?) (3.20)
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or equivalently
FL (@, In q2) 2 0. (3.21)
where = stands for equality to leading~logarithmic accuracy.
E. Distribution Properties and Integrals

We conclude this section on some of the properties of the final
states which build up the structure function Ei(m) in Eq. (3.19).

The average number of emitted antiprotcens is a constant equal to
one since cur leading diagrams contain just a single fermion - antifer-
mion loop. This is because in annihilation, as for inelastic scattering,
for a given total multiplicity of fermions plus mesons, diagrams with
additional fermion-antifermion pairs, either from closed loops or from
Z graphs, are smaller by at least a logarithm in each order of perturba-
tion thecry than the diagrams illustrated in Fig. 11.

As a check on our results let us compute the fermion multiplicity

n{P) by integrating over the inclusive cross section.

. 1 i
~:<n(ﬁ)>>=(a)"j, (dQ ( g 93
J

[ o dode
Lo
fq°
= f do w2 F, (u) (3.22)

1t
£'Jq

where we have used Eg. {(2.20) and used the leading logarithm result
EL (w) = 0. Using Eq. (3.19) the integral in Eq. (3.22) is easily

carried out:

<<a(P)>> = 1, (3.22)
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Note that this integral is just the sum rule quantity I, defined by

2
Eq. (6.2) of 1.

Similarly one can calculate the fraction <w(P)> of the center of

mass energy Jﬁ which is given to antiprotons

Lu?
. € g2
<<w(P)>> = dw w? ZF](m) = | (3.28)
e |
J_]u_z_
E‘qz

This second integral is recognized as the quantity Z! defined in Eq. (6.1)
of |. The fact that the quantities <<n(P}>> and <<w(P)>> are independent

of g2 even though the structure function F, itself does not scale is an

1
Interesting and non-trivial result,
We turn now to the properties of the mesons which accompany the

photon-antiproton pair. The multiplicity of produced vector mesons for

fixed w is

atem)> = (20 F My F )
n n
<2 12 [E0zw)y (3.25)
U2

Similarly the spread in average number also grows like ln2q2,
<nfvm)>% = <n(vm)>2 = <n{vm)> . (3.26)
Eqs. (3.25 and (3.26) are, of course, a simple consequence of the
Poisson nature of the distribution in n which is manifest in Eq. (3.18).
This Poisson structure reflects the fact the in the leading lcoarithm
domain in which we work one has, after summation over all diagrams of

the type shown in Fig. 11, independent, uncorrelated emission of vector
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mesons, and hence an eikonal type result.

The average energy fraction of the vector mesons, already known to
be small by Eg. (3.24), is

<<{l-w)>>

(J{dw {1-w)w l?]}/( J‘dw w I—-'])

1]

¢{u?/q2) (3.27)
which reflects the strong peaking of E] near w<1,

It is easy to see from Eqs. (3.14), (3.14'), (3.15), and (3.15')}
that in the center-of-mass system the vector mesons arrange themselves
in two cones around the proton-antiproton direction. The individual

vector mesons in the cones are characterized by opening angles

tan 6, = a(ui)_]/2 (3.28)

as in 1. [See, too, Fig. 8 in I.]
The average transverse momentum of a vector meson with respect to
its ''parent" fermion is
>, - 2(1-
> = g2 (1-a)/ (1 (228 (3.29)

U2

Thus on average the transverse momentum grows linearly with ¢? except in
the threshold region (1-w) = 0(u®/q?). This growth reflects the absence
of a transverse momentum cutoff in perturbation theory and undermines

Bjorken scaling.
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I1V. Reciprocal Relation and Analytic Continuation

In this section we discuss the relations which hold between cur
leading-iogarithmic approximations to the structure functions. For
convenience we will continue to discuss the spin 1/2 theory for which
FL = FL £ 0. Essentially identical results hold for spin 0 nucleons
{massive scalar electrodynamics).

A. Apnalytic Continuation

In a scaling theory the statement that the annihilation structure
function is the analytic continuation in w of the inelastic scattering
structure function implies

-.l:'](m) = Fl(m) . {4.1)

[The minus sign in Eq. (4.1) is purely conventional. HNote that the
positively conditions mentioned in Sec. Il only apply in the physical
and F..] Eq. {4.1) has the following interpretation.

i ]

One first evaluates 1im (m w1(u, g2)) = F](m) in the Bjorken limit

regions of F

with w>»l and then analytically continues the result to values G<w<l
and compares to F](m). Naturally if one evaluates 1lim{m w] (v, 9°))
far w<l the result is trivially zero; this, however, is irrelevant to
the continuation of F](m}.

As discussed in Sec, |l the continuation is conveniently done

along the path S=const. Therefaore since w = s/(-q2) + 1 as w varies

we may expect to encounter singularities in g?. When this happens, as
discussed in Sec. |), we must separate g - q%, q2 and go around the
2
a%, g2 singularities in complex conjugate ways. One must therefore
1 2

introduce twin scaling variables wy = S/(-q?) + 1 and wy = 5/(-q§) +1

and interpret Eq. (4.1) as
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_E](m) = ;iz F] (ml = u+ iz, by = W ic), (4.2)

where on the right hand side the limit is taken after the continuation
is performed.

In renormalizable field theories which characteristically break
strict Bjorken scaling because of In g% structure one ciearly encounters
singularities in g¢ during the continuation from scattering to annihila=-
tion. Let us now study this explicitely in the vector gluon model.

So far we have not distinquished the initial (q?) and final (qz)
photon masses in our work. |t is easy toc see, however, that the

scattering function

Fils, In (-a?)) = 2 retlel
W uz
}(exp{.ZA 1né [:ﬂiif:llﬂ =23 1n2 [:524 } (4.3)
u M

computed in | for q2<0, w>1 is more property written

-2 Z
- q -q
F] = 22 In {~jﬁ exp% 2% 1n? D—i] =i In [—L ] -a Dq—a]} (4.4)
w=1 2 L2 W: )
where s = —q% (m]-l) = -qi (w2~l), aside from 0(m?/42)} corrections.

In Eq. (4.4) all logarithms are real for s-0, -q%>0, -q%>0. Similarly

in place of Eq. (3.19) one ought to write

2 2
q q ’
- 2 s s S 2 o1 2 2}
= =i -1 -
F] T In [Egi exp { 2x 1In [;7] CIn [E?J A in [;24

(4.5)
where all logarithms are real for s, q?, qg >0,
21
In the continuation of Eq. (4.4} to time-like photon masses the

correct phase choices are
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2 2
-4a G
In (-—Jﬁ + In (—iJ -iw
pe u
2 2
-q q
In (—3) > in (=<2 +in (4.6)
1.!2 U2

Therefore dropping -n

compared to 1n?[q?/u?] we see that the analytic
continuation condition is satisfied. [It might be arqued that in lead-
ing logarithm calculations one may neglect +in compared to In [|q2]/u?],
and hence one need not be concerned with ic prescriptions. Such an
attitude is improper, however, since the neglected next-to-leading
logarithmic pcwers are real and therefore cannct cancel spurious
imaginary terms which arise if the branch points are not c¢ircumvented
properiy.]

B. Reciprocal Relation

Putting aside matters of analytic continuation we see by inspection

that Eqs. (3.19) and (4.3) are connected by a reciprocal relation

- .o 1
2y 2 — -’
Fle, 1) 2 e i (=g, (4.7
To establish Eq. (4.7) we must make the approximation

n 2 (-0

In [H%ﬂ] - In(w)
In [-;-3- (1-w)] . (4.8)

This approximation is acceptable within our leading-log philosophy since
even though we have treated In(q?/u?) and In{w-1) consistently on the
same footing we have not done the same for any In(w} factors.

This reciprocal relation, first established in the Mellin trans-

form space for the rainbow diagrams in YS theory, was first stated in
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the form of Eq. (4.7) by Gribov and Lipatov in their extensive studies
of scaling in perturbation theory? The relation holds on a diagram by
diagram basis. For this reason it is unaffected by the fact that the
authors of Ref. { 8 ) use a different leading log criterion which picks
out a different (wider) set of diagrams than the one we select. It is
easy to see by studying low order examples that for a given graph the
reciprocal relation, Eq. (L4.7), breaks down at a sub-leading~
logarithm level. [Recall that the same is truezfor the Callan-Gross
and other formal light cone-parton model relations.]

Unlike analytic continuation, which cannot be checked experimentally,
the reciprocal relation (4.7} connects Fl in its physical region to
E] in its physical region. It is tempting therefore to abstract the
reciprocal relation from its perturbation theory origin ard suppose it
true for the real world. This is a delicate matter, however, since the
reciprocal relation must fail for truly composite systems. [ We discuss
this further in Sec. VI.]

C. Alternate Techniaue

in our work so far we have studied the reciprocal relation and
the analytic continuation question by actually carrying out all momentum
integrations. To extend this study to other classes of diagrams and
other theories it is more efficient to use the method we discuss now
which allows one to make the comparison at the integrand level after
establishing certain approximations.

The method involves only a change of frame for the scattering

calculation from the frame of |,
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)

e 5 (~q2u-12 (1w
-x,)

)

X (1-u-]

1
o (4, 14)

-+ -
After a change cof variables Xp o tup, by Ky in Eq. (4.14) and taking

account of an overall sign (a Jacobian factor) because of the delta
function,we sse ?](83) and F](]Z) obey the analytic continuation rela-
tion, Eq. (4.1).

To see the reciprocal relation perform the scaling

- -1 »2

2
XI -+ WUy, i] - W ki (4.15)
in Eq. (4.14). By inspection one then establishes the reciprocal rela-
tion, Eq. (L.7).

It is easy to extend this to the general diagram. Using an obvious

notation one has

)(5(-q2w-22;) f (p'li; 2.°8.) (4.16)

o

for inelastic scattering. In Eq. (4.16) the index i runs over all

H

final fermions and mesons. For the corresponding annihilation diagram

one has

du.
- N -
F, = It j-;'— d?—ki 5w ]-I*Eui) 6(2)@&’;)

2 eyl Dol - .
Xa(g?w=zk.) £ (-P kjsk, kJ.) . (4.17)
where i runs over all fermions and mesons which accompany the detected
antiproton.

In writing these equations we have neglected mass squared terms in
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the dynamical term f. This is appreopriate in the Bjorken scaling limit.
Mass terms are necessary only to provide cutoffs (scale factors) for
logarithmic integrations. After a scale transformation in Eq. (4.14)

S2 R (4.18)

Xj

>
> owup, Ay
a generalization of £q. (4.13), direct comparison to Eq. (4.15) shows

that the reciprocal relation holds provided

Fylp2s 2 gj) > FolPekis kook.) . (4.19)

The key point is that after the transformation (4.18) the phase space

factors and delta functions in Egqs. (4.16) and (4.17) are identical.

[Recall also one changes -g® + +q in the reciprocal relation.] In

Appendix B we give an additional example of these scaling techniques.
D. Other Graphs and Other Field Theories.

We have studied in Section |1l the "inner-outer' graphs, which are
the leading graphs in massive QED. This class of graphs satisfied both
analytic continuation and the reciprocal relation. In Y5 theory, which
is the other interesting renormalizable theory, these inner-outer graphs
are negligable since they are down by 0(gq™2).

Another interesting class of diagrams is the outer rainbow (ladder)
graphs. We studied in massive QED a specific example above in part C.
Any specific diagram of this type differs from the same diagram in Y
by the replacement g2 -+ 2e2 to leading-logarithmic accuracy. The rain-
bow graphs has been extensively studied in Y5 and both analytic con-
tinuation and the reciprocal relation follow. Therefore both follow

in massive QED as well. Recall these diagrams represent the leading

non-diffractive diagrams in TS theory, and the leading non-diffractive
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diagrams in the limit w»e (w>+0) for scattering (annihilation) in massive
QED.

A new class of diagrams (''towers') which we now discuss are the
leading diffractive (same for proton or neutron targets) graphs in both
theories. Figs. 13{a) and 13(b) for Yo theory and the analogs 13(c) and
13(d} for QED are the lowest order examples of this class. Figs. 13(a)
and 13(b) are explicitly treated in Appendix B. Graphs 13(a) and 13{c)
are 0{x?1n?{-q%]) while graphs 13(b) and, in the Feynman gauge, 13(d)
are 0(2°1n[-q2]). Higher order graphs of the types {a) and {b) form a
series in 321n?[~q°] and are therefore as important in the leading log
sense as$ the rainbow graphs. Gribov and Lipatovgand Mason‘%ave treated
the entire class in detail.

Both relations between inelastic scattering and annihilation obtain
for both theories. |t is perhaps amusing that these relations also
hold for Figs. 13(b) and 13(d), even though they are non-leading. If
we can abstract this result, the two relations are properties of the
leading bebhavicr of any given graph.

22
Superrenormalizable theories such as 1¢3 or a cutoff theory such

as the Drell, Levy, Yan6Y5 theory, are qualitatively different than the
renormalizable theories discussed above. This is because their more
convergent behavior gives Bjorken scaling.

For the ¢° thecry, intuition about momentum flow is a reliable
guide to the behavior of any particular diagram. Each additional pro-
pagator in an infinite momentum path gives damping by a power of g2.

This means that diagrams in which the interacting boson propagates

freely, as in Fig. 14, tead to 0(q?); form factor ccrrections to the
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external vertices are also absent to O{g °). This simplifies the

L T and FT

are zero to 0{gq™?)) and analytic continuation follows as previously

analyticity properties of the structure function F, and EL (F

cutlined. The reciprocal relation for FL and EL is

W, (k.20)

n

- 1
FLo{w) = +—=F

or in terms cf FZ’

Fy (1) = =w %R, (@), (4.21)

. . . 2
This relation holds in ¢3 at least for the ladder dlagrams.3

Cutoff renormalizable field theories, which are non-local, are
more complicated, and work is presently in progress on the questions

of analytic continuation and the reciprocal relation.
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V. Longitudinal Impact Space

In a previcus study of scaling in the Vg field theorySEIQOngitudina1
impact parameter (LIP) representation was introduced.  This representa-
tion was both given a physical interpretation and shown to be convenient
for calculations. This section is in two parts. First, we continue the
discussion of the physical interpretation of the LIP representation by
showing that it is a natural extension of the Regge description of
scattering to the Bjorken region. Second, we show how this representation
provides a convenient and economic way to study the reciprocal and analytic
continuation relations between the deep inelastic and the annihilation
structure functions. This discussion is general and is not restricted
to perturbation theory.

A. Longitudinal lmpact Parameter Representation

We begin with a brief review of the representation itself. We
suppress possible explicit dependence on In q2 (present in perturbation
theory), and without loss of generality, we consider the F1 and ?]
structure functions only. [We drop the subscript 1 throughout this
section.] For the scattering process define the transformed structure

function F{1) by the Mellin transform
1

F(r) = fdx 1 E(w). (5.1)
0
where x = 1/w. 1In the usual definition of the Mellin transform the
integral runs from o to =. In writing Eq. (5.1) we have integrated

only over the physical range of x as is natural.

The inversion formula to Eq. (5.1) is
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Flw) = j ir— W Flt) (5.2)
C-iw

where ¢ is real and the contour is to the right of all singularities
of E(T).

That 7 is an impact parameter may be seen by analogy to the usual
transverse impact parameter b, . First we rewrite Eq. (5.1) as a Laplace

transform

;(T) = j dze 2 Fle%) {5.3)

where

Such a Laplace transform is analogous to the Fourier transforms one
writes in the usual eikonal representations with T playing the role of
the impact parameter b . This analogy is even sharper if we recall that
the two sets of variables
(b, = E/p", b, = E,/p", T = K3) (5.4)
and
(pys pys = 2= In (p'/m). (5.5)
form conjugate sets
by, pyl = [by, p,] = [1, ~2] = -i. (5.6)
in Eq. (5.4%) K3 is the generator of boosts in the 3 direction and E,, Ey
are Euclidean translation operators in the }, 2 directions. [See Chang
and Fishbane, Ref. (10}, for details.]
The product b.p, appearing in the commutators(5.6) has dimensions

of angular momentum. Therefore 1tz has that same dimension. However,

according to (5.5) 2z is dimensionless, so that 7 is itself an angular
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momentum.

Now it is clear from Eq. (5.2) that if we push the contour to the left

and cross, say, a pole of F{1) at T=q we will have

cl+ioe
F = dt 1>
(w J s w (o) + v (w)® (5.7)
cl-ie
where v is the residue of the pale. |In the limit ws= the oole term will

be the leading part of the amplitude.
Consider now the usual Regge description as applied to the forward
virtual Compton ampiitude T"'(v, o, q%, q%). The Compton amplitude may
be expanded in invariants T], T, in complete analogy to Egs. (2.5a)-(2.5¢).
For simplicity we work only with T] and tet T(v, g<}zm Tl(v, o, a2, g4).
Recall, by virtue of Eq. (2.7),
T{v,q2) = T{-v, g?) (5.8)

The standard Froissart-Gribov definition of the positive signature

analytically continued t-channel partial wave amplitude is (recall t=0)

T0at) = [ et o ey Laise, T6r, 0f) + dise, TO, a0}

2m
%o (5.9)
where
disc T(-v', q?) = disc, T(v', q?) = m W, (v, 9}, (5.10)
and
v'o= (8t - m2- q2)/(2m). (5.11)

The corresponding Sommerfeld-Watson transformation, after picking up a

Regge pole at j=a, has the fcrm
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BT LGN RN(E f—-;)} T(, 92)
T(\), q?_) - - [‘ ___J_ (2J+]) [ m | m
25 . .
J 2 sin 7 j
CR-lm
P (-1 4 52) P (1 - o) |
-m8{(q?) (20 + 1) "2 2m = LI (5.12)
2 5in T o
In the limit s+, g° fixed
o -imo
2y - - ol 5 4 \(e + ]z
T vy a®) = 0800 G s IR (5.13)
¢ = {20 + 2)
@ 2 [T (a+1) ]2
Therefore
1. 5 o[ s\
—disc_ T(v, g<) = C B(g*) | -~} + ... . (5.14)
T 5 a 2m2

I we impose Bjorken scalingon Eq. (5.14), in the region w= (s/-a2)+I1>>1,

then the residue functicon 8 must have the formza

2m2\®
¢ 8(a%) = r(—m-; y ~gioe
~q
where vy is independent of q2. Thus
. 1 . 2 l a
Fl(w) = lim ;—dlscs T(v, q )J = v (w) + ..., {5.15)
Yo
w>>1

The connection with the longitudinal impact parameter representation
of Eq. (5.7) is now obvious. Poles in the variable t occur at =a(Q)
where o(0) are the positions at t=0 of the even signature Regge poles
which can be exchanged in the t-channel of Compton scattering. The
residue of the poles in T space are the Regge pole residues after a
(q2) ¥ dependence has been factored out. [Strictly speaking since the

expansion in Eq. (5.9} is in terms of powers and the expansion in Eq. (5.12)

is in terms of Legendre functions, a pole at T=a corresponds to a set of
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Regge poles at t=~, a-1, a-2, ... and conversely.] The expansion of
the inelastic structure function F{w) in terms of a few leading poles
or cuts in v is, of course, only relevant to the w>>1 region. This
does not prevent us from talking about a L!P representation, Egs. {5.1)
and (5.2}, for any value of w, however.
B. Relations in 1 space
In a manner which is completely analecgous to what we did in

part A we define a transform F(t) of the annihilation structure function

-1 =

dw w Fo{w), (5.16)

As we did for scattering, we integrate only over the physical region
for annihilation. For anninilation, since o<w<l, there is no w*>>1 re-
gion where we can think about the dominance of one or a few 1- poles.
One may ask what relation is satisfied by the Mellin transforms E(T) and
g(r) if the analytic continuation relation (4.1) is satisfied. It is
obvious without calculation that there is no reiation in general since
one is integrating F(w) over l<w<= in Eq. (5.1) and F(w)=F(u) over o<u<]
in Eg. (5.16). We return to this point below, however.
The reciprocal relation {(b.7) is a physical region equation so we

expect a relation in the LIP space. \Using Eq. (4.7,
1

i
F(1) = Idw o1 Fw) = fdu: Wt 2 r:(‘;)
Q

o}

The converse of this relation is aiso true. That is, if E(T) = F(r-1),

then the reciprocal relation Fla) = w @ Flo ]) is satisfied.
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As an example consider the outer rainbow (ladder) diagrams in YS
theory. These were conveniently calculated in the LIP space and for

the 0(g2") graph the result was

;_(n)() _ 1 3 :
o= 2(nt1} |t {=+7) (5.18)
and '
z(n) 1 [ a 1
PR = e {T(j_,)] (5.19)
where
z -2
=T Nz (5.20)
and
_ 2 q2
a= 3—;}“7 n L (5.21)

Clearly Eq. {(5.17) is satisfied and hence the reciprocal relation (4.7)
foillows.

Consider now the combination of aralytic continuation and the
reciprocal relation. Eliminating Flw) between Egs. (4.1) and (4.7) we

have a condition on F{w) itself,
]
Flo) = == F(). (5.22)
Y] W

We now state a theorem: |f the transform ;(T) satisfies E(T) =
%(‘T"), and moreover if E(T) has only isclated poles and/or essential
singularities in t then F(w) satisfies £q. (5.22). [By making the for-
mal transition from Mellin transform to Laplace transform as in Eq. (5.3)
and by shifting the origin in E(T), E(T) = ;(1- %-), then the statement
of the theorem is changed as follows: Let &(T) and G(T) be Laplace
transform pairs. Then if é(r) is even(odd) in T and moreover has only
isolated poles and/cr essential singularities in 1, then G(z) is odd

(even) in z.]
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The proof is straightforward, First note that singularities of
F(t) come in pairs symmetrically located about the line Ret = -1/2.
Suppose that E(T) has a pole at T=a with residue y. Because E(T) = E(‘T'l)
we must also have a pole at = -(a+l) with residue -y. Use the inver=
sion formuia Eq. (5.2) and close the contour to the left picking up the
singularities at t=a, -a-1 as illustrated in Fig. 15. One finds

Flo) = (¥ - w-u_])

(5.23)
which satisfies Eq. (5.22). The result may be immediately extended to
a sum {finite or infinite) of simple pole singularities of ;(r). Since
second order and higher poles can be build up from a coalescence of
simple poles and an isolated essential singularity is just an infinite
order pole the proof holds for such cases too. Hence the theorem is
proven.

))-”2 that

It is easy to see by taking as an example %(T) = (7(1+]
the hypothesis of no branch points is necessary for the theorem. Like-
wise the hypothesis of isolated singularities was clearly used in our
constructive proof,

The converse to this theorem is that given the relation (5.22) and
some restriction on the class of functions F(w) one must have E(T) =
E(-T‘]). However, we are unable to give at this time a satisfactory
characterization of the restriction except the too narrow one that F(w)
is the sum of terms of the form Ywa .

By inspection of Eq. (5.18), the result for the rainbow graphs in

v, theory, we see that the hypothesis cf the theorem are satisfied, hence
5

we may conclude that the self-reciprocal relation (5.22) is obeyed.
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in the same spirit we state a final theorem which applies to the
analytic continuation relation: |f E(T) and E(T) have only isolated
poles and essential singularities and satisfy E('T) = E(T)then the
analyti¢ continuation F(w) = -F(w) follows. |

The procf is as above except that we alsoc need the inversion for-

mula for Eq. (5.16), which is

c
Flo) = j dr 57 F(o),

where the contour lies to the right of all singularities of F(7).
Naturally the theorem is satisfied by the example given by Egs.

(5.18) and (5.19).
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V1. CONSEQUENCES

In this final sectiocn we discuss further the reciprocal relation,
Eq. (4.7), and some consequences which follow if it is taken seriously.
This discussion is subject to the caveat that the reciprocal relation
cannot he correct as it stands for all systems. 1In particular we can
expect that the reciprocal relation does not apply tc weakly bound
composite systems like nuclei. By weakly bound we mean, of course, that
the binding energy is small compared to the rest masses of the constitu-
ents.

One may ask about particles like the proton, pion, etec. We know
that these particles also are composite systems. They are guite differ-
ent from nuclei, however, since typical binding energies are of the same
order of magnitude as the rest mass of constitutents - whether one re-
gards the hadrons as composites of themselves or of more elementary
building blocks like quarks. While it is true that there is nc compel-
ling reason why the reciprocal relation, based as it is on perturbation
theory, need apply to this latter class of tightly bound composite
systems it will be amusing to see if it satisfied in some approximate
way, nevertheless. Let us spell our a few consequences.

A. Multiplicity
One important experimental number is the average multiplicity of
hadrons produced in annihilation. This quantity can be expressed as an
integral over the inclusive cross-section. The resuit which we now show
is that, when coupted with diffractive behavior in scattering, the re-

ciprocal relation leads to logarithmic growth in multiplicity.
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We imagine we scatter off nucleon targets and are measuring the

inclusive annihilation experiment, cross section d35/d3p, with detected

nucleons, and that FL = EL = 0. Then
o 3
<n> = o ! J~d3P EEE
d-p
2_
- -1 do
= 0r jdwdcosﬁm. (6.1)

We use Eq. (2.20), perform the cos § integral, make the one photon

approximation o = aT/(qz), and find

L ] % 'notz a_l_-l J dw i—:T(uJ)'Lu (62)
2 JmZ/q2
=8 a2 a7 e Fo(1/w)
3 T THW (6.3)
ijZ/q2

In going from (6.2) to (6.3) we have assumed the reciprocal relation (47).
Now diffractive behavier in scattering means that F2 = vw2 = { = constant

for large w, or

]
FT (w) e T C w. (6.4)

We see this behavior leads to a logarithmic divergence for smail w in (6.3),

-1

2 ar Cln g%;J + const, {(6.5)

“n> = g—ﬂa
3

Such logarithmic growth is contrary to recent light cone arguments25
which claim that ?T(w) is non-singular as w-0 and hence that <n> = const.
This claim is contradicted in massive QED by the diffractive digrams
as in Fig. 13{c), wnich give ET(m)+w_2, and Tn 2¢° 23, where ?T(m)*m_l.
Logarithmic grewth in muttiplicity due to the tower diagrams is a typical

multiperipheral mechanism, and is different from the logarithmic growth
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of mesons in Eg. (3.25).
B. Parton Model
It is natural to ask what is required to obtain the reciprocal

relation in the parton model. One finds that it is necessary for f(x),
the probability of finding a parton constituent in a physical hadron
having longitudinal momentum fraction x(x=1/w), to be the same function
as g(w), where g is the probability of finding a physical hadron in a
one parton state with fraction w of the parton's jongitudinal momentum.
in general there is no need for the functions f and g to be so related.

However, in perturbation theory the physical hadrons are dressed
partons (partons = bare quanta) and in the leading-logarithm approxima-
tion resemble the bare constituents closely enough that f and g are
appropriately related.

In the parton model of Berman, Bjorken, and Kogut26 the functions
f and g, while nct giving the reciprocal relation everywhere, are pro-
portional in the reciprocal regions x»0, w>0 and therefore generate a
logarithmic annihilation multiplicity like Eq. (6.5) given the diffractive
inelastic behavior expressed by Eq. (6.4).

C. Dynamical Sum Rules
Given the reciprocal relation (4.7) and the existence of dyna-

mical sum rules for inelastic scattering, e.g. the Adler Sum Rule 27 s
it is possible to write sum rules for the structure functions of
annihilation. Recall the sum rules of inelastic scattering provide a
unique test of the quantum numbers of the canstitutents of the hadrons.

Given these quantum numbers, the reciprocal relation predicts easily
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measured quantities like multiplicities in annihilation.

Unfortunately most of the inelastic scattering sum rules involve
neutrino scattering,for which the annihilation counterpart is at present
unrealistic. There is, however, one interesting sum rule for inelastic

scattering which follows from combination of the Adler sum ru]é7and the

. 28
exchange degeneracy relation )

1
ep _ ¢ en -1
de ki (w) F] (wﬂ =z - {6.6)
o
Application of Eq. (4.7) gives for annihilation
1
[eu[FPe - 0] =4 (6.7)
o

With the help of Eq.(6.2) we can cast Eq. (6.7) into a prediction for the

difference of proton and neutron multiplicities

<np> - <nn> = —2!-— . (6-8)

In obtaining Eq. (6.8} we have used in Eq. {6.2) the value a. = §-va2

T 9
This value and the %—on the right hand sides of Egs. (6.6) and (6.7)

follow if the popular SU(3) quark model aigebra applies. For an under-

lying SU(2) symmetry let ag = E-naz

3

Egs. (6.6), (6.7) and (6.8) to %3 %3 and 1 respectively.

and change the right hand sides of

D. Kinematic Considerations

The physical region for annihilation, Eq. (2.12), is actually
rather small (i.e. does not extend even approximately from 0 to 1) for
most masses and presently available colliding ring energies. To take

an example, even for g = 25(Gev)? and detected protons, w runs oniy
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from ".4 te “.%2. The accessable region for pions in annihilation is

much wider for a given G%; we are already seeing evidence for copious

29

pion production at present machine energies | f one wished to
test the reciprocal relation for pions one would require deep inelastic
scattering from pions. The possibility of accumulating this data,
using a region in which one-pion exchange is visible in scattering from

30

nucleons ,has recently been discussed .
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Vit. Summary

In this paper we have studied the annihilation process e~ + e’
P+ X in the neutral-vector-glucn mode!l in the Bjorken limit. We find,
using a leading-logarithm approximation, results wHich closely resemble
the inelastic scattering channel e~ + P = e + X. Namely, for each
definite final state, Bjorken scaling is broken by In2g? factors which
exponentiate into an eikonal~like form after summaticn over final states.
There is alsc a close interplay between virtual mescn form factor
corrections and the emitted mesons. COpious '"soft' vector meson emission
characterizes the final states. In particular the multiplicity grows
like 1nq2.

We also find, after taking cognizance of the branch points in g2
which are present because of the scale breaking In q¢ factors, that the
annihilation structure functions can be reached by analytic continuation
of the inelastic scattering structure functions.

Finally we observe and study a reciprocal relation which connects
the annihilation and ineilastic structure functions in their respective
physical regions. This study is facilitated by use of the longitudinal
impact parameter representation. We show here that this representation

is a natural extension of the ordinary Regge representation cum Bjorken

scaling.
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Appendix A
This Appendix contains detaiis behind the results for the low
order diagrams which we guoted in $Sec. Il!. Ve use the notation and

Lorentz frame discussed there, and refer to the figures for the momentum

Jabels.
A. Diagram 8(a)
oL 2 Jﬂiﬁ}ﬂﬁf \szP'dzk] 6 (™ = 1mupmu )
Xcs‘(ﬁwr:]) ¢ (qPummi-p ok B a1

where

N2 TE v b e VR (R | (a.2)
and

D = [(P+ky)2 - m2]2 = (K2 + Ap)2u, 72, (A.3.)

Ay = u2(1+uy) + m?ug >0

In writing Eq. (A.2} we have dropped fermion mass terms; they make no
contributicn to the leading logarithmic answer. {Throughout this
section +, 1, - superscripts on delta functions are used for a convenient
reminder that these delta functions express conservation of +, L, -
momentum respectively.]

Without loss of generality we take P' to be in the 2-direction, and
find

N =16 Piky P'ok (a2

1
n -
We next perform the B and u' integrations by means of & and & res-

-+ -
pectively. For the k] integration there are two regions to be considered:
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if E% is comparable to g%, then NK(E%)Z and the integration is not
logarithmic. |f u2<<z%<<q2mu]. then N¢Q§ and the integration is
logarithmic. The latter obviously gives the leading behavior. There-

fore

-~

N = hk; uP' = 4 ﬁ% a?w (A.201))

and

+, -1
_ N - 8 (0 -1-u,- qZuw
IC [du u, “[ d(k3) S !

!
Py (A.b)

= ky[dulu] In(%;J 6+(l+u]-m‘]). (A.5.)

Thus we find a result which is proportional to a single logarithm.
Moreover we note that the uy integration is such that the integral of
E] over w cannot generate an additional logarithm. It is fer this rea-
son we have dropped the Wy factor in the argument of the logarithm in
going from Eq. (A4) to Eq. (A5).

B. Diagram 8(c)
The expression for ?]8(5) is given by Ea. (Al) with
N Te b k) R Y k) v ) (h.6.)

and

o
1]

[(P+k )2 - m?][(P '+ )2 - m?]

$u T RAD [T q2e-R2LL (A.7.)

Again with P in the 2-direction, we have

N2 16 PPl (Pak ) - (P k) (A.6'.)
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> * - . .
We do the P' and u' integrals with ¢ and 2 . The E? integration is
logarithmic only in the interval u2<<E%<<q2wu]. Knowing this we can

make the approximations

P-P' = gq%uw, (P+ky) = (P'+k ) = (1+u)) g%w (A.8.)
so that
N = L(g2w)? (I+u]) . (A.6'.)
and
D = u]"] (K2+ A)) (1-w)q?
Therefore
. EQ?wUI 0 ) 72
E‘s(c) = ALEQE% J d (k%) ?Ti15%§§5173 5+(m"1""“1'5%@)
B2
£
L kfﬁ%IT Jadu] (1+u,) 6+(w-]-1‘u]) ln(ﬂifﬂia. (A.9.)

The remaining integral over u is done by the 6+ function. The result
has a single overall power of In g2. Because of the overall (I-w)_l
overall factor a second logarithmic power can be generated if we inte-
grate over w in the region w*l. This time, therefore, we are careful
to retain the Uy term in the argument of the logarithm in Eg. (A.9.).
Thus we have the result quoted in Egq. (3.11).
C. Diagrams 9(a) and 9(b)
Although it is instructive to consider these diagrams separately,

it is most efficient to combine the calculations as we shall do here.

We have



A% |
o

_ . rdu du,du' |
Flg(a) ,9(b) = LHATZ \/i Uluzil szktdzk%dZPl
- -~ - yla), (b
X5* (o7 1 muymut) SLE ) 6 (e T k) e
5 @), (6)
(A.10.)
where
102 2 7o { (Bek k) v (k) By (8K k)
k) by g, (A 11.)
002 = [(Pri))2 - m2I[(Prk #k))7 = m2] [(a-P)? - m2][(q-P=k,)? - m?],

]
(A2}

WD T L (b o) v (k) by Rk ) ety ey
‘ ' (A.13.)

and

jur}
|

®F o [Pk, 2P 1 [(Prk #,y) 2om2] [(q-P)? 2] [{q-P-k )2 -n2].
(A.1L.)

We may now apply the lessons learned from the lower order diagrams.

To extract the leading behavicr of the numerators let the - momentum
introduced by g flow along the P' line and the + momentum flow along

the P line. One finds

N(a) = 8(I+u]+u2) (]+u]) P

1 fp 4k e 1
{P + 2) (p +k]+k2). (A114)
After identifying the region cover which the Ki integrations are

logarithmic one has P' = q2uws>k, so that {A.11'.) may be further
i

simplified to
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w08 2 g ru) () (q2u) 3. (A.15.)
Similarly we can simplify Eq. (A.13.) to

N(b) = 8(]+u]+u2) (l+u2) {qZuw) 2. (A.16.)

tn the same fashion we exploit the fact that in the important
integration regions q->>k;, P in order to simplify the last two

(a), (b)

factors of D according to

. -1
[(a=P)2-m?] [(@-P-k)2-m 1 = [(1=0)a?] [(w™'=1-u)q2ul. (A.17.)
At this point we combine the two integrands. We have a situation
analogous to Eq. (3.8) of |, in which the sum of two diagrams can be

drastically simplified, The analogous simplification here goes as

follows:
N Hﬁa) . E-(b) i 8(1+u]+u2)(qzm2)
D D(a) D(b) {(1-w) (wnl-l-u])
o b 1+u T4y 1
G o -
(P+k]+k2) -m¢ L(P+k1) -m (P+k,)o-m* |
8(|+ + ) 2w2 r k
. 2d L (a8
(1-w) (o —l*u]) [(P+k])2-n?][(P+k2)é-n?]

We see that the net result as far as the E] and EZ integrations are
concerned is a factorization into two plieces, each identical in form to
the transverse integration for diagram 8(c).

One completes the calculation as follows: First perform the P and

u' integrations using 55 and &~ respectively. WNoting that
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[(P+k,)? = m’] = ui"(K:;-Jr A (A.19.)
one obtains
~ o2
= 9(2)49(b) » o M1 R
! J (1-w)(m_]-l-u]) Von (R

i d2k k2
X 2 5w 1m0 e m0 (D). (A.20.)

m (k§+A2) q°

The leading legarithms come from u2f<K%<<q2wui; we call these ultra-
violet lcgarithms. Because of the limits on the Eithe " argument
simplifies to d+(w—]-1-u]‘u2). The remaining longitudinal integrations
are strongly coupled. |In particular the denominator factor {m_]-l-u]) = u,
shows the Uy integration islogarithmic over the interval u2/(€q2)<u2<su];
we call this an infrared logarithm. The final U, integral is performed

with the aid of the 6+ function, which by now takes the form d+(m“]—l-u]).

The final result is given in Eq. (3.12).
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Appendix B
In this Appendix we verify the analytic continuation formula
Eq. {4.1) and the reciprocal relation, Eq. (4.7), for the lowest order
"diffractive'' diagrams illustrated in Figs. 13(a) and 13{(b). These
figures are drawn for the scattering case; their annihilation analogs
are obvious.

For Fig. 13(a) we have (recall -g% = Q2:0)

13(a) . 1
1 72

2 ]
( 92 ) v{ dx]dxzdx %

2 . 1 o
32 XIXZX

F

X &0 oo ) SRR e Gt - e Ly 0
x' X X, D
where (8.1.)
p' = (x', B', p'itmz
L. = (xi, Ei’ Z;?ﬁi)
and

wE e b brrg) Triby b vghyrg bt

=32 p-p! [zz-(p'*p) ﬂl'(p'-p) oty pp'l (B.2.)

=
I

= [(p'-p)z-uzlz{(P‘-P+2|)2-m2]2

(2 p-p')2(-2pp'-2pe,+2 p'e2))?. (8.3.)
The factor N/D in Eq. (B.1.) is the function f3 we discussed in part C
of Sec. IV. We want to simplify f3 keeping only those pieces which

make maximal logarithmic contributions.
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Rather than doing & rigorous mathematical exploraticn of all the
regions over which f is integrated, we present here an analysis based
on the physics of momentum flow. This analysis is supported by a more
careful study. The large minus momentum introduced by g will he pro-
portioned between k] and k2 in all pessible ways., However, no more
than an e fraction of g~ can leak through the meson line p'-p and end
up on the fermion line p'. This follows because any larger leakage
will make the meson propagator large and hence suppress the result. We
conclude therefore that no component of p' is large. Therefore since
a™=0(¢%) we can anticipate

Lythys PTRys PRy, PUtLy, P, = 0(0?) (B.4.)
and
-p = 0(1). (B.5.)
Therefore
falpep’y priy, podys 2y78,) E-%

8(p'p')22-(p'"p)il'(p'“p) 22,.(p"-p)

(p-p)2l22,-(p'-p)]? (pep)iy (p'-p)
7
L. 4 0j34
B p?p! (-2 = — ;gf : (B.6.)
4 23 (<
X X]

For the annihilation diagram analog we have

2 )
g ) du]duzdu

3272 u

E]]3(a) L l__(
w2

z 2 2ot
| d k}d kZd P

U, u

172
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2 > >
. _ P! kZ kZ
Xs" (w ]-l-u'-u]-uz) *L(P+k]+E2) g2w - — - L -2-)
1%
XfB(-P°P', = Prkys T Pokyg kg tky) (B.7.)
Again after a simple consideration of momentum flow
2 K
f3(—P-P',—P-k],—P kosk k) & —=— (=
P-P' Kk
k2 ]
P2
_'312 122 .
H u 'Jn‘ \u] r"

To establish analytic continuation cone need only make in Egs. (B.1.)

and (B.6.) the variable changes xi+~ui, Ei - Ki’ X! > -ut, E’ "

To establish the reciprocal reiation we perform the scalings given

in Eq. (4.18). One finds

pop't 2 Pepl K (8.9.)

which agrees with Eq. (4.19) since N=3. This completes the proof.

| f one actually carries out the momentum integrations in Eq. {(B.1.)
after having approximated the integrand according to Eq. (B.6.) one finds
the following, One finds two (nested) ultraviolet logarithms coming from
the QI and 12 transverse integrations. The longitudinal integrations
are not logarithmic. Thus the diagram is 0(g"1n<02) with no special
enhancements in w. This graph is therefore of the same size and import-

ance as the 0(¢"“) outer rainbow (ladder) diagram.
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The other 0(g") diffractive diagram is shown in Fig. 9{b). A
similar analysis shows that this graph contains only a single power
of In Q2. Both the analytic continuation and reciprocal relation can

be established by the same techniques as we have used for dizgram 13(a).
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Figure Captions
Three physical processes considered in the text. (a) inelastic
scattering, (b) three-body annihilation, {¢) ordinary annihilation.
The physical regions for the three processes illustrated in Fig., .
The Compton amplitude. Varicus discentinuities of this amplitude
control the physical processes of Fig. 1.
The discentinuities of the Compton amplitude which give the physi-
cal processes {a) - {c) respectively in Fig. 1.
The positions of the cuts for the physical processes in Fig. 1.
and the paths which must be followed in taking the discontinuities
in Fig. b.
The physical regions for the processes similar to those in Fig. 1,
but with proton, antiproton interchange.
Born diagram for annihilation. The heavy line indicates the detected
particle.
0{e?) graphs for annihilation in massive QED. (&) and (L) are the
analogues to the ''outer' and "Tnner rainbows' of inelastic scatter-
ing, while (c), which gives a leading contribution, as explained in
the text, is the "inner-cuter rainbow' analcgue. The heavy line
indicates the detected particle.
Two-meson intermediate state inner-outer graphs. To leading-
logarithmic accuracy, these two graphs comtine in an eikcnal-like
fashion.
The general leading graph without form factor corrections. The
shaded areas imply that a sum over all orders of connection of the

vector meson legs is taken,



15,

64,

The general leading graph inciuding the leading form factor
correcticns. The shaded areas again indicate a sum over all
permutations of meson emission and abscrption.

Lowest corder outer rainbow, or ladder, diagram for inelastic
scattering in massive QED.

Lowest order diffractive graphs. {a} and (b} are in Yg theory and
(¢) and {d) are in massive QED. Diagram (a) is more important
than diagram (b) by a power of In ¢®. In the same way (c) domi-
nates (d) (Feynman gauge).

The general graph for inelastic scattering which expresses the
contiguous vertex approximation. The interacting particle is point-
like,

Contours in the t-piane, Ci is the initial contour. Cf is the
final contour, which encloses the contributions of poles and iso-
lated essential singularities lying symmetrically about the point

Re T = -1/2.
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Errata For
INELASTIC e-p SCATTERING IN MASSIVE

QUANTUM ELECTRODYNAMICS

P. M. Fishbane and J. T}, Sullivan

Phys., Rev. D4, 2516 (1971)

(i) Fig. 2{c}): Interchange ]r{1 and k2 labels.

{ii) Eq. (4.4}): Change overall factor from (% to (%—) .

(iii) Change Eq. {A6)to read

! 2 —b' — —>2
N = 16{(:1-X1)Q +X1Q ki-ki}.
(iv) Change Eq. (A15) to read
2 2 -1
(p+q ki) = XZQ (1-x1-x2)
(v) In Appendix B when the '"seagull" graphs are included the

vWZ(scalar) Cf4x

vWZ(spinor) -2

{correct) result becomes



